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INTRODUCTION 


Our book “Higher Secondary Mathematics: Paper I? was published 
in October, 1976. Having appreciated the special features of that 
book some student and respected teachers have recently been 
enquiring whether Paper 11 of the book has been published, We are, 
however, extremely sorry to say ihat due (0 frequent loadshedding 
the publication of our book *Higher. Secondary Mathematics : 
Paper II" has been long delayed. But for the untiring efforts of my 
son Sri Debiprasad Nag and the reputed publisher Sri Paresh Chandra 
Bhowal and the devoted co-operation of the workers of Calcutta Book 
House and the printing concerns the publication would have been 
further delayed. 

This book (Paper II) has been prepared with my co- 
authors Prof. Keshab Basu (my beloved —ex-student ) and 
Prof. Sri. Anandamohan Ghosh in active collaboratian- with · 
Dr. Rajkumar Roychoudhury (ex-professor of mathematics, Maulana 
Azad College, Calcutta). In this booK also all the special features of 
my previous books on Mathematics, such as copious worked-out 
examples, have been maintained. 

I hope this book also will be as cordially received by the learned 
teachers and professors as my previous works and our Book Paper T. 
Any suggestion from them towards the improvement of this book will 
be gratefully considered. 


2003 


eed Keshab Chandra Nag 


PREFACE TO THE THIRD EDITION 


In this edition all the errors and misprints of the Previous edition 
have been corrected. Many new sums have been worked out and also 
set as exercises. Addition of short answer type questions on both the 
branches of Mechanics is a special feature of this edition. 
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Elements of Calculus and Mechanics 


Elements of Differential Calculus : 30 Marks 
Rational Numbers. Real Numbers and their кошы 
representation. Functions of а single variable шшш tri- 
gonometrical functions, Limit and continuity (geometrical and 
intuitive approach). Inverse functions. Standard Limits such as 


Lt sinx Lt e*—1 Lt log (14-x) 
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x0 x '!x0 x x0 
( Proofs not required ) 


Fundamental limit theorems (statement only). Differential 
coefficient of a function and its significances. Rules of differentiation 
of sum, product and quotient of two functions, Rule of differentiation 
of function of a function (Proof not required). Differential coefficients 


of x” (n rational), sin x, cos х, є“, log x from first principles. Second 
order derivative ofa function. 


Integral Calculus and Differential Equations : 30 Marks 


Indefinite Integrals. Standard forms, 


Integration by simple substitution, 
cases. Definite Integral as the limit o 
Fundamental theorem conne 
(Proof not required), 


Integral by parts in simple 
f a sum and as an area. 


ing primitive with definite integral 
ation of areas in simple cases, 


ct 
Determin: 
Solution of first order differential equations by separation Method. 
Elements of Mechanics : 4o Marks 


and of any two accelerations of a 
particle, Relative Velocity : 


Expressions for velocity and 


acceleration of a particle in 
cartesian co-ordinates, 


Newton’s laws of Motion ; Equation of 


(51 


motion. Motion of a particle in a straight line. Simple Harmonic 
motion. Vertical motion under gravity, Motion of a projectile under 
gravity, Motion of a projectile under constant gravity neglecting air 
resistance. 

Resultant of two concurrent forces, two like parallel forces, two 
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plane Lamina: simple cases. 

Resultant of three or more non-concurrent forces in a plane, 
conditions of equilibrium— Triangle of forces. 


List of Greek Letters used in Mathematics 
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“Give me a place to stand on and I will "Eupper si muove” 
move the earth.” (And, yet it moves) 
— Archimedes (287-212 B. C.) — Galileo байв (1564-1049) 


“If I have seen a little furthor than "I have so many ideas that may 
others, it is because I have stood on perhaps bs of some use in time if 
‘éhe shoulder of g anta.” others more penetrating than I, go 

— Isaac Newton (1642-1721) deeply into them some day and join 


the beauty of their minds to the labour 
of mine,” —G. W, Leibniz (1646-1716) 


DIFFERENTIAL CALCULUS 


CHAPTER ONE 
REAL NUMBERS 


$11. Introduction. What is Calculus? It is not possible 
to answer this question correctly at the beginning. In fact it is 
very difficult to define any subject. Indeed, one cannot understand 
the exact nature ofa subject unless he acquires some knowledge 
about it. On the other hand, some elementary idea about a subject 
makes the students interested in learning the subject. So, in this 
article we are briefly discussing the content of calculus, 


In Algebra or Geometry; up to this stage, you have used four 
operations, viz, addition and multiplication and their inverse 
operations, subtraction and division. In calculus a fifth operation; 
viz, limit operation is defined. 

The difference between elementary algebra and calculus is, in 
the main, due to the use of this limit operation. In Trigonometry 
іп proving that the ratio of the lengths of the circumference of a 
circle and its diameter is constant, you have unknowingly used 
this fifth operation, In algebra while evaluating a recurring 
decimal or in geometry, while finding the tangent to a curve at a 
point you have made use of this operation, though not in a 
formal way. 

In calculus, the process of finding the limiting value of a function 
has two-fold applications. In the first case, by the limit operation 
the instantaneous rate of change or the derivative of a function at 
а point is determined, The second application is concerned with 
the determination of the area bounded by a function or the definite 
integral of the function- The first application is the subject 
matter ofthe branch of calculus known as the Differential Calculus. 
The other branch of calculus, viz, the Integral Calculus is concerned, 
with the second application. 

§ 1'2. Historical Notes. In Latin, the word calculus is the 


name of a stone. These stones were used by the Romans for 
calculations. But now the term Calculus means the most 
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important branch of Mathematics. In modern days, in every field 
of learning, where there is use of mathematics, there is extensive 
use of Calculus, 


In ancient times, the process which the greek mathematicians 
adopted for determining the area of a circle, the length of a portion 
of a parabola, the volumes of regular solids such ав parallelopipeds, 
cones and spheres, was nothing but finding the limit of sum. There 
is evident similarity between this process and the branch of 
Calculus, known as Integral Culculus. 


In the writings of Zeno (495—435 B. C.) and Eudoxus (408 B, C. 
-4355 B.C.) there are evidences of the concepts of the infinite 
and continuity. The methods used by Archimedes ( 287—212 B. С.) 
for determination of the area ofa circle and tracing of the curve 
known as Archimedian spiral were nothing but elementary forms of 
the Differential Calculus and Integral Calculus, the two branches 


of Calculus. 


In the seventeenth century Descartes ( 1595—1650 ) introduced 
the concept of variable quantity in Geometry. The introduction 
of this new concept was epoch-making in the history of mathematics 
and led the mathematicians of the west to use this concept in the 
discussion about drawing of tangents to curves, determination 
of extreme values, determination of areas and volumes, etc. 
Fermate ( 1608—1665 ), Pascal (1623—1662 ), Kepler (1571—1630 ), 
Roberval (1602—1615 ), Haygens ( 1629—1695 ), Barrow ( 1630— 
1677 )and many other mathematicians discovered methods for 
drawing tangents of particular curves and determination of areas 
bounded by particular curves. They discussed every problem 
independently and could not discover any general rule. But in 
each case there were evidences of use of the concepts of Derivative 
ofafunction or the Definite integral of a function, Amongst the 
contemporary mathematicians of the orient, there аге evidences of 


the concept of calculus in the writi i 
ыз itings of Sekikowa ( 1642—1708 ) 


E E e half of the seventeenth century these unorganised 
concepts led the English Mathematician Newson ( 1642—1727 ) 
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and the German Mathematician Leibnitz (1651—1708) to define, 
independent of each other, Derivatives and Integrals of functions. 


Leibnitz used the symbol & for differential coefficient and the 


symbol of integral now in use. Both, Newton and Leibnitz are 
known as discoverers of calculus. 

After the discovery of the elementary rules of calculus by 
Newton and Leibnitz, mathematicians of different European 
countries used calculus in solving different problems of mathematics 
and different branches of science. Amongst these mathematicians 
names of Euler (1707—1783) D' Alembert (1717—1783), Lagrange 
(1736—1813), Gauss (1777—1855), Laplace (1749—1827), Cauchy 
(1789—1857), Abel (1802—1829), Weirstrass (1815—1897), Reimann 
(1826—1866) are worth mentioning. 


It may be sald that the improvement of modern physics and 
chemistry have been possible due to the application of calculus in 
those subjects, Indeed, in the realm of knowledge, where there is 
use of mathematics, there we find use of calculas. 


$ 1:3. Calculus is based on two concepts, The first one is the 
concept of function and the second one is the concept of limit, 
Again both the concepts are based on the notion of numbers. 
Hence before discussing the concepts of functions and their limits 
we must discuss about numbers, In this chapter we shall discuss 
about numbers. The subject matter of the next two chapters are 
functions and the concept of limits respectively. 


$ 1'4. Rational number : 

The numbers 1, 2, 3,----аге called Natural numbers ог Counting 
numbers as they are used for counting. The sum of two natural 
numbers is the sum total of the two quantities, Multiplication 
of natural numbers is defined as contracted addition, as for 
example 4x3=4+4+4=12; subtraction and division аге 
respectively inverse operations of addition and multiplication. For 
example, as 4+3=7, we say, 7—3=4 and аз 4x3=12, 
so 12+3=4. 

The natural numbers are closed with respect to addition and 
multiplication. i.e., the sum and product of two natural numbers 
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are natura] numbers. But the natural numbers are not closed with 
respect to subtraction and division. For example 2— 7 or 5--3 are 
not natural numbers. For making the subtraction and division 
possible, new numbers are created. 


With the discovery of the number zero апа negative integers, 
subtraction of a natural number from another natural number 
becomes always possible. This means that the totality of natural 
numbers (positve integers) zero and negative integers are closed 
with respect to subtraction over above addition and multiplication. 
Thetotality of the positive integers, zero and the negative integers 
constitute what are known as integers. 


To make division always possible, fractional numbers are created, 
4; 3, —9 etc. are fractional numbers or fractions, Fractions are 


generally expressed in the form 7 where p, q are integers and 


4530. The integers and the fractions together constitute what are 
known as rational numbers, Any integer can be expressed in the 
form of a fraction as T For example, 6=4 (p=6, q=1), — ed 
(p— —7, q— 1), etc. 


Hence the rational numbers can be defined ín the following 
way. 


Def. A quantity which can be expressed in the form 


7 Where p and q are integers and 4540 is called a rational 
number, 


Addition, Subtraction, multiplication and division of rational 
numbers are defined ав follows : | 


р r 
If 2 (9550) and 5 (5 #0) be two rational numbers, then 
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Examples! 

2,3 2.1--3.3. 144-9. 23 

377 327021 1 

2 5үс-2-4,(-23-4),8 
( 3 = ha д aT 2 
$ 62344-1513 

qu xL wi 3 


0)0)-1-2-2 


Note: (1) Division by zero is meaningless. For, Let 15+0=a. 

According to the definition of division, 15=ax0. But we 
know that ах 0=0, ,, 15:20, which is absurd. ,, 15-08 
meaningless. 

Hence no number can be divided by 0. That deviation from 
this rule leads to absurd results is illustrated in the following 
example. 

Let, а=5, ,', a?—25 or, а2—52=0. 

Again, a—5=0, S. a2?—25=a—5, 

ог, (a—5)(a+5)=a—5. Dividing both sides by a—5, we 
obtain a+5=1, 

Putting the value of a, we get 10=1, which is absurd. The 
absurdity occurs due to division of both sides by a—5 which is 
equal to 0. 1 


а2— 5?  (a--5)(a—5).. 
See that qs = POM. CUges when 4555. 


2..52 


For, a=5, 2-2 7 is undefined. 


Note: (2) Historically, negative numbers and fractional 
numbers originated in the efforts of measuring opposite . quantities 
and part of an object respectively. 


$15. Some properties of rational numbers : 
(i) The sum, difference, product and quotient (when the 


divisor is not zero ) of two rational numbers is a rational number. 
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(1) If x, у; z be three rational numbers, then 
(а) х+у=у+х, ху=ух 
[ Commutative laws of addition and multiplication. ] 
(b) (¥+y)+2=x+(y+2z), x(yz) (xy) 
[ associative laws of addition and multiplication, ] 
(с) (x+y). z=x.z+y, z 3 Ху+2)=х.у-+-х.2 
[ distributive law. | 
(11) If x and y be two rational numbers then one and only 
one of xz y, x=y and x<y will be true. If z be any rational 
number such that x<z and z<y, then x «y. [Law of order] 


(iv) Thereare infinite number of rational numbers between 
any two ratlonal numbers. 


$1'6. Decimal expression of a rational number : 
Let 2 (4520) be a ratlonal number. In Order to express this 
4 


number in decimal we first. divide P by qand then multiplying the 
remainder by 10 we again divide by 4. The remainder of this 
division is multiplied by 10 and we again divide the product by q. 
In thís way as we divide by q the product obtained by multiplying 
the successive remainders by 10, the quotients will be the successive 
digits after the decimal point. 


If after a few steps the remainder be zero, then the decimal 
expression will be finite. If the remainder be never zero, then at 
each step, the remainders being less than q will be one of 1, 2, 3-- 
4—1. Since the numbers 1, 2, 3... 4—1 are finite in number and 
the remainder is never 0, after a few steps the remainder will be 
equal to one of the preceding remainders, From this Stage the 
division-process will be the same as before 


quotients will be equal to the preceding quotie 
at the beginning of the 5 
will be repeated andt 
bea recurring decimal 


and the successive 
nts, till the quotient 
tage is repeated. In this way the quotients 
he decimal expression of the number will 


Hence we find that the 


Ж. ; decimal-expression of a rational number 
is either finite or infinite re 


curring decimai, 
The above reasoning is explained in the following example, 
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Example. Find decimal expressions of the numbers 3 and 3,9. 
Here the remainder becomes 0 after 


M 30 Р three steps. Hence the decimal expre- 
7 ssion is finite and $2375. 
56 ( 
) 40 P 
40 
x 
Dividing 10 by 7 and also the product 
JE ail of the successive remainders and 10 by 
7 in succession, the remainders are 
ү E respectively 3, 2, 6, 4, 5, 1, 3, etc. Notice 
7 that the remainders are less than 7 and 
)u( the first remainder is repeated after 
0 58 C 7 — 1 divisions. 
1) 56 ( 
Н id 
) Ti 
49 | 
* 10 Ы 
7 


Now, the divisions will be as before i.e, the remainders and the 
«quotients will be successively as before and after 6 more divisions 
3 will be the remainder, In this way the process will be repeated, 


18—1:428571. 


48177. Geometrical representation of rational numbers : 


The rational numbers can be represented as points of a straight 


"line in the following way. 

Let O be any point on a straight line. The point O divides the 
straight line into two parts, we may take one part as the positive 
side and the other negative side. Generally the right side is taken 
{о be positive. On the Positive side (i.e., on the right of О), we 
‘take another point J. The numbers 0 (zero) and 1 are indicated by 
‘the points О and J respectively. The point O is called the origin 
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and the length 0118 called the unit length. Now any rational 
number can be represented by a point on the straight line 01. 


If -+a be any positive number, then the number will be repre- 
sented by a point P on OZ on the right of О such that ОР--а.ОГ, 
As for example, in the figure the number 2 has been represented 


= 


-2 4 0% 1 2% з 0а 
А Ї Oke .* A DBR Р 


Fig: 1 
by the point 4; where 04=2.01. The point В on the right of O, 
where ОВ--3.О1 represents the number 3. 


A negative number —b will be represented by a point on the 
left of О at a distance b.OJ from О. The point —1 is represented 
by the point Гоп the left of O such that 07--01, The number 


—2 is represented by the point 4’ on the left of O such that 
OA’ —2.0I. 


A fraction 5 will be represented in the following manner, Let 
420 (this is always possible, for if the fraction be negative, then 
we shall take p as negative ; as for example, -1- ЗЭ Divide the 
line segment O7 in 4 equal parts ; let ОХ be one such part. Now, 
и2 be positive, then the number 2 will be represented by a point 
R on the right of O such that OR—p.OX. Similarly, if pO, then 
the number а will be represented by a point R’ on the left of О 


such that OR’=OR, To express the number 8, first divide Q7 into 
two equal parts OC and 


O such that OD — 


<> 
A мэ 
number line. и Straight line OZ is called the 
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3158. Irrational Numbers. 

In the last article we have shown that corresponding to every 
rational number there is a point on the number line, Now, it 
will be shown that the converse is not true ; i.e., there are points 
on the number line which do not represent any rational 
number, 

At the point 7 on the number 
line, draw a perpendicular on the 
number line and on this perpendi- 
cular take a point E such that 
OI-IE. Join OE and take a Fig. 2 
point F on OJ on the right of O such the OF— OE. 

Now, ОЕ=0Е= JOB X- IE: 

[ `` AOIE is right angled | 
—w/OI?--OI3 [as by construction OI— IE ] 
= уо = /2.О1. 

. The distance of the point F, on the number line, from О 
is ,/2 times the length of the line segment ОГ So, the point F 
will represent the number „Z. But J2 is not a rationnal number. 
This can be proved as follows. 

If possible let J2 be a positive rational number and 


let 42-48, where т and n are two positive integers. Now; 


we may assume that m and n have no factor in common. For, 
ifthey have any factor in common, we can cancel that at the 
very beginning. 
s 2-4", SO n.4/2-m. Squaring both sides we get 
n 


2n2=m?, 2, 2 isa factor of m? and so m? їз an even positive 
integer. So is also an even positive integer [ for, if m be 
odd, then m can be taken in the form m=2p+i; and so 
m?-(2p4-1)?—4p?-F4p4-1—2(2p?--2p)--1 which is ап odd 


number J 
Let m=2k, where k is a positive integer. 
2. 2n?zm?-(2k)? ог, 2?=2k2, 


Hence as before, п? and so п is an even integer. 
Hence 2 is a common factor of m and n. 
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But we assumed at the very beginning that m and n have no 
common factor. Hence we get an absurd result, The absurdity 
is due to the hypothesis that ,/2 is a rational number. Hence 

4/2 cannot be a rational number. 

So, on the number line the point F does not represent a ratio- 
nal number. In this way one can show that there are infinite 
number of points on the number line which do not represent 
rational numbers, With each of these points which cannot 
represent a rational number, is associated а new kind of number, 
called an irrational number. 

Hence, with the introduction of these irrational numbers, we 
can say that every point on the number line represents a number 
either rational or irrational, The totality of the rational and 
irrational numbers 18 called the system of real numbers. 


Since the irrational numbers cannot be represented in the 
form of a fraction i.e., in the form : (4550 and p,q integers ), they 


are said to be incommensurable, But every irrational number 
represents a definite magnitude and this magnitude can be 
represented by rational numbers to any desired degree of 
approximation. This is explained in the following example. 

We have seen that /2is not a fraction. But we can determine 
the approximate value of ,/2 to any desired degree. 


12724722. SQ 14222 
the value of ,/2 lies between 1 and 2. 
Now squaring 1:1, 12, 1:3, 1-4,......, 19, 


We see (1:4? —1:96 <2 and (1:5)2=2:25>2 
2.2 14647215, 80 /2-:1:4--. 
Again, squaring 1:41, 1:42, 1°43,...... ‚ 1°49 
We see, (1:41)2—1:9881.—2 and (1:42)2-:2:0164:-2 
1:41-2,/2-21:42, so ху2--1:41---- 
Similarly, as (1:414)221:999396—2 and 
(1415)? =2:002225>2, so 
1'414< J2<1-415, A20 21414... 
Continuing this process one 


can find the val 2 correct 
to any place of decimal, отор 


The decimal expression of ,/2 will 
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not be terminating or non-terminating recurring. For, if it 
were terminating or non-terminating recurring, then ,/2 would 
have been a rational number. But ,/2 is not a rational 
number, 

Similarly one can determine the approximate value of any 
irrational number correct to any place of decimal and that decimal 
expression of the number will be zon-terminating and non-recurring. 
Conversely, it can be proved that any non-terminating and non- 
recurring decimal expression represents an irrational number, 

From the preceding discussion about rational and irrational 
numbers we can say that if the decimal expression of a number 
be terminating or non-terminating and recurring, then the 
number is a rational number and if the decimal expression is 
non-terminating and non-recurring, then the number 18 an 
irrational number. 

The sum and product of two real numbers are also real numbers 
and the real numbers satisfy for addition and multiplication the 
properties of rational numbers stated in $ 155. 

The totality of all real numbers between any two real numbers 
a and b (4-5) is called an interval. 

If the extreme points a and 5 be included in the interval, 
then the interval is called a closed interval and is denoted 
by [ a, 2 ]. 

If the extreme points a and b are not included in the interval, 
then the interval isan open interval and it is denoted by (a, 5). 
Hence ifx be a number belonging to the closed interval, then 
a<x<b. If x be a number belonging to the open interval, then 
a<x<b, The totality of real numbers is frequently denoted 


as —<<x<ec. 


819. Absolute value: 
The absolute value of any number а is denoted by the symbol 
lal and is defined as follows : 
|a| =a, if a be positive, i.e, 4250 
=0, if a=0 
= -a, if abe negative, i.e., a<0 
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For example, . 
1|3|-53(-23»0), |0] —0, 
[5[=—(—5)=5(.2 —5«0, | Y2| = y2 
| 2—3 | = | —1 | =1 etc. 


,. The absolute valk of a number а is its numerical value. 
If | x | =a, then x= +4, or —a. 


Example 1 
Ex. 1. For which value of x, the following are undefined ? 
а 235—8 poy. о; у х2 +4541 
(1) 5222 (ii) = (iii) ер 


(i) when х=2, х—2=0. Since the denominator cannot 
be zero, so the quantity is undefined when x—2, 


(ii) When x=0, the value of the quantity is of the 


form 0 which is undefined. Непсе m is undefined when 


` z-—0, 


(iii) When x=1, the denominator becomes zero. Hence the 
quantity becomes undefined when x—1. 


Ex. 2. Show that V3 is an irrational quantity. 
If possible let з=, where р and 4 are two mutually 


prime positive integers ( i.e., p and q have no factor in common ) 
and 470. 
—P 3 
B= .. М3.а=р, 
squaring we get 3 42=р2. | 
3 іва factor of р?, So, 3 is albo a factor of р. 
[ For; if p=3k+1 or, 3k 4-2, then р? will bez 3(3k? 
or, 3(3k? --Ak--1)4-1]. 


р can be written as p=3k, 
where k is a positive integer, ! 


+2k)+1, 


р®=9К?, ог, 342--р2-:9д8 
ог, 42=3К2, So 3 is a factor of 


q? and hence of 4 (as 
before ), Hence 3 isa common factor of 


P and q. But this із 


^ 
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contradictory to our assumption p and g have no common factor. 


The contradiction is due to our assumption {//3=2, 
q 


Hence ,/3 cannot be expressed in the form P and 43 is 
q 


irrational, 
Ex.3. Find the value of 33 to the second place of decimal. 
18=1<3 and 25=8>3, 
. 13.6328, ог, 143322 
Now cubing 1:1, 1:2,-.1:9 we find, 
(1°4)8=2°147<3 and (L5)? 23:375-3 


2, 14431215. 
cubing 1°41, 1°42,++-1°49 we find, 

(1:44)3 =2-985984.<3 and (1`45)5=3-193625;>3 
3, 14443У221:45. 
и, 381544. 


Ех. 4, Show that [ab | = |а|. [0 | 


If a0, 9220, then ab>0, 
|a| =a, | b | =b and |ab| =ab=|a| |6 | 
If ado, b<0, then ab<0 and |a | =a, 


| | 2—5 2. [ab | =—ab=a(—b)= |а| | 6] 
Similarly, if a<0, b>0, |ab| = |а| |%| 
If a<0, b<0, then ab>0 and |а | ——a, 

|b | =—b, | ab | =ав=(—а0—0= 141,101. 


Ех. 5. Provethat | a--b |< |а| 4- [9| 
Ч [ep = +а when a>0 
=—a when а<0, 
so, а&|а|,—а<|а| 
Now if a4-bz0. then | a+b | =a+b< |а| + |0 | 
and ifa+b<0, | a+b | =—(a+b)=—a—b 
< 1а I5 
So, for ай values of a and b, | a+b | < 121+ [2]. 
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Ex.6. Show that between two rational numbers there exist an 
infinite number of rational numbers. 

Let a and b (Бра) be two rational numbers and also let z 


T —4. А ^ 
be a positive integer. Now 5-0 is a rational number. Since 
n 


the rational numbers are closed with respect to addition, 
so 218-5, 26228, р, аъ(п 12° 
п п п п 


are all rational numbers clearly each of {һезе numbers lies between 
a andb. Hence between a and b, we obtain n number of rational 
numbers. Now ncan be made large at pleasure. Hence between 
a and b there exist an infinite number of irrational numbers. 


[ Note: Between any two real numbers there exist an infinite 
number of real numbers. | 


Ех. 7. Show that if^ be a rational number, then ep J2 and 


гу? are irrational numbers. 


If possible let Pr is rational and s 2-2 Їр, 4,7, 5 are 
integers and 4540, 570 1. 


ifs Jam Pa rational number, 


But 4/2 is not a rational number. So, there must be something 
wrong. The only possible reason of the mistake is our assumption 


7% X/2isrational. So Ag »/2 18 irrational, 
Similarly, if possible let 5 A2 is irrational. 


р Г. P Я 
апа 4 Jac * amt, (assuming p#0) 


ат 5 
Б. which is rational. But ,/2 is irrational. 


Хай 2 42. is irrational, 
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Ex.8. Find two irrational numbers whose 40) sum and 
(ii) product are rational numbers, 


(i) 2+/5 are 3— J5 are two irrational numbers, but their 
sum (2+./5)+(3—./5)=5 is rational, 

(ii) 3--4/5, 3— J5 are two irrational numbers but their 
product (3-4-4/5)(3 —4/5)29 — 5— 4. 

Ex. 9. Prove that, if | x—a | <b, then a—b<x<a+b. 

If x—a>0, then x—a= | x—a | <b 


x<a+b. 
Again, '; х—а]>0. 12 xa Су ас 
S. а—&<х [ '.' bis positive 1 
SQ. a—be«x«a-4 b. 
If x—a«0, then | x—a | =a<x. 
So a—x<b SQ a—b<x, 
Again, as x—a<0, 26 хк, s. х<а+Ь 


['. 2 is positive 1 
Hence in this case also a—b<x<a+b. 


Exercise 1 


1. For which values of x the following are undefined р 


tan x “гү I—cos2x „ x5—32| 
TEE (1) зіп дї. (0 х= 


(i) = (ii) 


which values of x, the following equations are not 


2. For 
true ? f 
на LX?—xa--a? 
ü 1-1 QE mus 
3n i 1—cos 2x, - 
(ii) DA =j— Jz (iv) ae 


3. Prove that 4/5 is an irrational number. 
4. Find the value of 4/7, correct to four places of decimals. 
5. Find the value of 3/2, correct to three places of decimals, 


D, C.—2 
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6. If г be a positive integer and nota perfect square, then 


show that 2 Vr is an irrational number. (р, 4 integers and 4720). 


7. Find eight rational numbers between $ and 41. 
8. Show that 4372. Find four irrational numbers between 
42 and «3. 

9. Show that corresponding to every irrational number а, one 
can always find an integer n and an irrational number b, for which 
a=n+b and 0-15-11. 

10. Show that between апу two irrational numbers there exist 
an infinite number of irrational numbers. 

11. Between } and 1 

(i) how many real numbers are there ? 
(ii) is there any rational number which is not an integer. 
(iii) is there any rational number which is not a real 
number ? А.І. н. S. ?70] 
12. Select suitable words from the brackets for filling up the 
blanks : 
à) The sum of two-« «15 always ае 
[ rational numbers, irrational numbers ], 

(i) The decimal expression of an irrational number is 
aee decimal, (terminating, non-terminating recurring, 
non-terminating non-recurring ], 

(0) If the decimal expression of a number is terminating, 
then the number 18---44| rational, irrational ]. 

13. Show that if the square of an odd integer is divided by 8, 
the remainder 18 always 1. [А.І H. S. 72] 

14. Prove that the product of three consecutive natural 
numbers is always divisible by €. 

15. Arrange the following numbers in order of magnitude, 

(i) м3, V8, ү10, (à) 3/2, 43, 47, 
qi) 4/9, /23, V8- 1 


 —= 4 


СНАРТЕВ ТУО 
VARIABLE AND FUNCTION 


$21. Variable and Constant. 

While discussing Mathematics, different Natural science such 
as Physics, Chemistry or different social Sciences such as Economics 
we have to deal with different quantities, like mass, time, weight, 
temperature, price of commodity etc. The magnitudes of these 
quantities are generally expressed by real numbers. We generally 
get concerned with their numerical values without taking their 
units into consideration, So the quantities are taken as pure real 
numbers. , 

The quantities are denoted by the letters a, b,c, x, у, z-of the 
English alphabet. 

In different mathematical discussions, we have, in most cases, 
to use more than one quantity. Of these quantities, some changes 
in value and others do not, Quantities whose values can undergo 
changes are called variable quantities or variables and which cannot 
undergo change are called constants, 


For example, let a particle starting from a point O moves along 
а straight line with uniform velocity. Nowifwe denote time Буг 
and the distance of the particle from О by sand also the velccity 
by a, then we find that the values of ¢ and s change, but being 
uniform velocity, the value of a cannot undergo any change, So 
here г and s are variable and a is a constant, 

From the above discussion we can define variables and 
constants as follows. 


Def. If ina mathematical discussion, a quantity can assume 
more than one value, then the quantity is called a variable quantity 
or a variable. ) 

If in a mathematical discussion a quantity cannot assume more 
than one value, then ít is called a constant. Following are some 
examples of variables and constants which you should note 


carefully, 
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Ex. 1. Ifthe area and radius of circle be denoted by 4 and r 
respectively, then A-ar?. Here for different values of r, the 
values of A also become different, but л remains constant. Hence / 
when r is variable, then A will be a variable quantity but л is 
always a constant. 


Ex. 2. Let us consider the case when water is heated in a pot. 
Now if the temperature of water be denoted by f, then ¢ changes 
with the gain in heat, so that ¢ is a variable. 


Ex. 3. Leta particle is falling due to gravity. If the distance 
of the particle from the earth’s surface be x and its velocity be >, 
then both x and > are variables. But if the acceleration due to 
gravity be g, then gis constant, 


Ex. 4. The equation ofa parabola is y?—4ax. Неге х and 
y are variables but a is constant. 


Note: (1) Ifa variable can assume only real values, then 
the variable is said to be a real variable. In this book we shall 
discuss only real variables. So, by a variable quantity ог variable 
we shall mean a real variable. \ 

(2) Conventionally; constants are denoted by the letters a, b, 
с, d, etc. of the upper half of the English alphabet and the variables 
are denoted by the letters x, y, Z, и, Y, w,-of the lower half. 
Remember that this is just a convention and not a rule, 


$ 22. Range of a variable. 


A variable may not be capable of assuming all real values. 
The totality of the real values which a variable can assume is 
called the range of the variable, Note carefully the following 
examples 

(1) Let ¢ be the temperature of water contained in a vessel. 
Now the value of ¢ cannot be more than 100°C; for, if the tem- 
perature be more than 100°C, then the water tecomes vapour. 
Also the temperature of water cannot be less than 0°C ; for in that 
case the water becomes ice. So, in this case we can say that the 
value of / сап be any real number between 0 and 100. This is 
expressed as the closed interval 0<1<100. Hence the range of ғ 
is the closed interval 0</<100. 
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(2) Let x be the number obtained by a student in Mathematics 
in the secondary examination. Now the student may obtain 
respectively 0 and 100 in the minimum or maximum. Again, as 
in the secondary examination marks are published in whole 
numbers, so the possible values of x in this case are the wholc 
numbers between 0 and 100. 

Hence the range of x is { 0, 1, 2, 3,--., 98, 99, 100 ] 

(3) Lety- V (x—1)2-x) where y is real. Now y ќо be real, 
the value of (x—1)(2—x) must be positive which is possible if 
and only if the value of x is greater than or equal to 1 but less than 
orequalto 2. Hence the range of x in this case is the closed 
interval 1<х<2. 

In example (1), the value of ? may be any real number between 
Oand 100, But in example (2), the value of x cannot be all the 
real numbers between 0 and 100. In example (1), the variable ¢ 
is a continuous variable and 1n example (2, the variable x is a 
discontinuous or discrete variable, Hence continuous variable 
may be defined as follows, ; 

Def. Ifa variableis capable of assuming all values within an 
Interval, then the variable is said to be continuous in that 
interval, 

Otherwise, the variable 18 said to be a discontinuous or a 
discrete variable. 

С Note. In this book we shall generally be concerned with 
continuous variables and by a variable mean a continuous variable, 
except otherwise stated. ] 

Sometimes by imposing conditions we take a part of the 
natural range of a variable as its range. For example, if the 
equation of a Circle be x?-Ly?—1, then y=+Vj—x2, As y is 
real, so 1 —x? must be positive, Hence the value of x must lie 
between —1 and +1. Hence the natural range of the variable 
fs —1<х<1. 

Now, if we take into consideration only the portion of the 
Circle in the first quadrant, then x cannot be negative and then 


the range of x will be 0<х<1, 
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Ex. lfy-sinx,then x may assume any real value, but the 
value of y will lle between —1 and +1. Нерсе the range of x 18 
— oc «x « - and the range of y is —1«y« 1. 


If now the conditiou 0«х-5 be imposed on x, than the range 
of y will е0«х-1. 


$2/3. Function. In different mathematical discussions it is 
frequently found that two variables are connected in such a way 
that one is dependent on the other. For example, the area of a 
circle is dependent on the length of the radius. For every value 
of the radius, we get a definite value of the area, so the area of a 
circle is said to bea function of the radius of the circle. Hence 
functions can be defined as follows. 


Def. Ifina mathematical discussion two variables x and y 
be connected in such a way that for all possible values of x, 
there exists a definite value of y, then y is said to bea function 
of x. 

Since y is dependent on x, so x is called the independent 
variable and y is called the dependent variable. 


For example, let x and y be respectively the length of a side 
and the area of square. Then y—x?. 
Now, if x=1, then yz1?—1 
x=1'1, then yz 1:12 — 121 
x=2, then y=2?=4 
x=: 2, then y=( /2)?=2, etc, 


Hence we find that for every value of x, we can get a definite 
value of y. Hence y is a function of x. 


Let us take another example. Let a particle is moving in a 
straight line starting from the point О. Let at time z after start, 
the distance of the particle from O be s. Now at every instance, 
the particle will be ata definite distance from the point О, So 
for every possible values of t ( here the range of ¢ is 0 and all 
the positive real numbers i.e, 0<{<е<),5 has a definite value. 
Hence s is a function of £. This is generally expressed as s—/ (0). 
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Note. Ify bea function of x, then forall values of x in its 
range y will have definite values, Now, it may so happen that for 
different values of x, the value of y remains the same, In that 
case y is a constant function of х. 


$2'4. Notation of function. 

If y, be a function of x, then we write y=f(x). (This is read 
as y is equal to f, x). 

Hence y and f(x) denote the same quantity. f is the first 
letter of the word function. y=f(x) means y is the dependent 
variable and x is the independent variable and y is a function 
of x. 

F(x). Ф(х), g(x) are also used to denote functions of x 


The totality of the values of x for which values of y=f(x) can 
be obtained. i.e, у= (х) is defined, is called the domain of definition 
of the function, 

If y-/x—-i1jQ—x) ie, y=/(x)= J(x—1)2—x) thsn the 
domain of definition of f(x) is the closed interval 1<х<2; values 
of x outside this closed intervals make y imaginary. 


A mathematlcal equation connecting x and y generally defines 


a function. 

For example, from the equation y=sin х; for every value 
of x we get a definite value of y, (If x=0, then y=0, if 
х= then y=1, еїс,). Непсе у is a function of x, Hence we 


shall write f(x)—sin x. 
Ifa beany real number, within the domain of definition of 
p=fix), then we denote the value of y when x—a by fia). 
à If yz fix) x?— x 4-1, then 
700) is the value of y at x=0. 
Now, when x=0, then y=0?—0+1=1. 
S. £0)=1. Similarly, /(1)2212 —1--1—1. 
Дїл)-(11Р-141-41:4111,Дараа2-а4 1, etc. 
If f(x)=sin x, then /(0)=sin 0—0. 


f(5 sin ah (3) —sin (725 etc, 
G,C.ER T., West Benga 


Г ЧЧ os cu en dio 2208 EROR 


22 DIFFERENTIAL CALCULUS 


A ——4_ 

Н f= Fo then Д0)=7=—5=2, 
12-4 —3__ _4—4_0 
fi)j-1——--—1-5 ID=) 


which is not defined. 


Hence at the point х=2, ie, when the value of x is 2, the 
function is undefined, 
2+h)?—4_h?+4h 
2+h RE =A AEA 4 
eg а 
If x and y are connected by an equation of the form f(x, y)=0, 
then y is said to be an implicit function of х. 


[ fix, p) is a function depending on tbe two variables x, y ] 


The equation f(x, у)--0 can in many cases be solved in the 
form y=¢(x) A function expressed in the form y=f(x), is 
called an explicit function of x. In fix, y) 2x? — 2xy -- 4y -1—0, 
yisan implicit function of x. Solving the equation f(x, y)—0, 


3 
we can write jel So the equation fix, y)=0 is expressed 
2(x—2) 
ха x?-4-1 : 4 
in the explicit form у=) 4 —3y But an implicit function 


cannot always be expressed in the explicit form. 

For example, the equations x?+xy+3y3+44x3 —3=0, 
eY +x2-+-y2=0 cannot be expressed in the explicit form y=f(x). 

If a function y=f(x) can be expressed in the form x=¢(y), then 
¢(y) is said to be the inverse function of the function f(x). 


For example, if y=2x+1, then xl 


So xml! is the inverse function of the function у=2х+1. 


Similarly, the inverse function of ya? is x—log,y. The inverse 
function of y=sin x is x=sin-ly, It may not be possible to 
determine the inverse of every function. 


` For example, y=x*+x2+1 cannot be expressed in the form 
, *=9(y). The inverse of the function p=f(x) is frequently written 
аз x=f-1 (у), 
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$25. Graph of a Function : 
Let y=f(x) be a function of x. Two mutually orthogonal straight 


€» > > 
lines ХХ, yy’ intersect ato, The unit distance on хх is fixed by 
taking a point | on ox as in chapter 
one. So any real number, can 
now be represented by a point on 


€ . . = ^ 
xx’. Similarly points on yy’ can 
also represent the real numbers, 


<» 
Let the points м оп xx’ and м 
Г. xd 
оп Үү represent respectively a 


particular value of x and the 
corresponding value of the variable . Fig. 3 


y. Now through M and N draw parallels to oY and ox respectively 
to intersect at the point Р. Then the co-ordinates of Р 
аге (x, у). Now, as x varies іп its range, then P will also move 
in the xy-plane and describe a curveinthe plane, This curve 
is called the graph of the function y=f(x) Hence as x 
varies in its range, the set of polnts on the xy-plane with 
abscissa x and ordinate y constitute the graph of the function 
у=/х). 

Note (1) The general rule of drawing graph ofa function is 
to determine values of y corresponding toa few values of x and 
plot points on the xy-plane, the points with the values of x as 
abscissa and the corresponding values of y as their ordinates. 
Now these points are joined by a free-hand line to determine the 
graph. 

(2) Graphs are geometrical representations of functions. This 
geometrical representation makes it more convenient to discuss 
the properties of a function. 


(3) А function may not have amathematical form, But its 
graph may be drawn and with the help of this graph we may 
understand the nature of the function. Let at time /, the 
temperature of a patient be °C. Now at each instant the 
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patient has a temperature. Hence 0 will havea value for every 
possible value of z. Hence is a function ofz. It is difficult to 
connect Ө and / by any mathematical relation, but the graph can 
be drawn, 


Ex. 1. Draw the graph of the function Дх)=2х 4-1. 


Let y=/(x) and determine a few points on the graph from the 
following table. 
210111:-4 
»|1|[3] 0 
Now, plot the points (0, 1), 
(1, 3), (—1, 0) and draw the curve, 
(in this case a straight line) joining 
these points. The straight line is 
in this case the required graph. 
From the graph note that, 
() The function is not discon- 
nected anywhere i.e. there is no 
gap in the graph. 


Fig: 4 
(ii) The value of y increases as the value of x increases (such a 
function is called an increasing function), н 


Ex. 2. Draw the graph of the curve /(х)=х*. 
Let у=х? and determine a few points on the graph. 
x10|1]2]—11—2] +3 Y 
У101114| 11:41 9 \ : 
Now, plot the points (0,0), TP 
ч (1, 1), (2, 4), (—1, 1), (-2, 4), 
(3, 9), (—3,9) and join them bya 62,9 
free hand line, The curve obtained 
is the required graph. 
Note that (i) as the graph Y 
crt A lies above the x-axis, the Fig. 5 
value of f(x) cannot be negative, (ii) The minimum value of fix) 


is 0, (ili) fix) has no finite maximum value. (iv) There is no 
gap in the graph. А 


VARIABLE AND FUNCTION 25 


Ex. 3. Draw the graph of the function fix) | x]. 
Let yz | x | 
x|0|1]2|—1] —2 
У|013.|2| il 2 

The points (0, 0), (1, 1), (2, 2) etc. 


> 
are points on the line oA and the 
points (0, 0), (—1, 1), (—2, 2) are 


points on the line oB. Hence 


OA and o8 are the graphs of the 
given function. Here note that (i) 
f(x) is not negative and its minimum Fig. 6 
value is 0, (ii) the graph has two branches which are not dis- 
connected and (iii) the graph is symmetrical about the y-axis. 


Y Ex. 4 Draw the graph of 19, 
| 
А| (0-1) —>B Here when x>0, у=Лх)=5=1 
| - 
= m When x<0, yf ==- 
0С and when x=0, у= Лх) = 19-0 
n which is indeterminate, 
х Let Aand с be the points (0, 1) 
e > 5, 
Fig. 7 and (0, — 1). AB and ср are straight 


lines parallel to the x-axis. Now, АВ is the graph of y=1 and бо 
is the graph of y=—1. à 
-» => 

Hence the rays AS and ср except the points A and Care the 
graphs of the function, [ That the points A and c do not belong to 
the graph have been shown in the graph Бу ) аад (signs | Here 
note that (i) The function is not defined when x=0, (ii) The 
furction has two branches and (iii) The graph. is disconnected at 
the point x=0 and the graph cannot be drawn continuously without 
withdrawing the pen from the paper. 

$276. Continuity of a function : 

Let the domain of definition of the function у=/(х) be an 
interval of x. 
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Now the function f(x) 18 sald to be continuous at a point x=a 
ofthe interval, if on both sides ofthe pointin the neighbouring 
region the graph of the function be continuous i.e., if on both sides 
in the neighbouring region ofthe point, the graph can be drawn 
without withdrawing the pen from the paper, Ifa function be 
continuous at every point of an interval, then the function is said 
to be continuous in that interval, Hence iff(x)be continuous in 
an interval, the graph of the function within that interval can be 
drawn without withdrawing the pen from the paper, 

Ifatany point there be any break in the graph of a function, 
‘then the function is said to be discontinuous at that point. In 
the neighbouring region of a point where a function is not continu- 
ous, the graph of the function cannot be drawn without with- 
drawing the pen from the paper. 


In the last article (§ 2:5) the function of example 4, (ra=) 


is discontinuous at the point x=0, At all other points the graph 
is continuous. 

There is no break in the graphs ofthe functions in examples 
1,2,3, The graphs of these functions can be drawn without 
lifting the pen from the paper, Hence these functions are continu- 
ous everywhere, 

$ 27. Basic elementary functions and their graphs : 

The basic elementary functions are as follows : 

I. Power function: Its form ls fix) 2x", where n is a constant. 

IL. Exponential function: f(x)=a* where a is a positive 
number whose value is other than 1. 

III. Logarithmic function : 

f(x)clog.x, where a>1 but a1; logarithmic functions are 
inverses of exponential functions, 

IV. Trigonometric functions : 


sin Х, cos x, tan x, cot x, sec x and cosec x are trigonometric 
functions of x. 
. V. Inverse trigonometric (or circular) functions: 
sin-lx, соѕ-1х, {ап-!х, 


» COt^!x, соѕес-1х and вес-1х are 
Inverse trigonometric functions 
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We shall now discuss about the range, domain of definition and 
graph of these elementary functions. 

I. Power function: у= (х) = х". 

(i) If n be a positive integer, then the range of x is —oo «Хоа 
and that of y is (i) Oy «co when п is even and (iij) —w<y<o, 
when л is odd. 

In figures $and 9,the graphs of х" for different positive 
integral values of п are shown. 


n=eyen>O n=odd>0O 
Fig. 8 Fig. 9 
(i) If m be a negative integer, then the range of x and y will 
be the same as before, only x0. 


n=even<O 
Fig. 10 
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In figures 10 and 11,the graphs of х" for different negative 
integral values of n are shown. 


Figures 12, 13 and 14 are the graphs of x" for different 
fractional values of n. 


Fig. 14 


П: Exponential function: y=a", a>0, a1, 


Range of x : —oo <x<0 , and the 
range ofy : O<y<oo 


In Fig. 15. graphs of the function for different values of a аге 
shown. i 8 
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1 
| 


Fig. 15 Fig. 16 


ПИ, Logarithmic functions: y=f(x)=loga%s a#l, a>0. 

The range of x is 0<x<% and that of y is — o «y«. 

The graph of the function is shown in fig, 16. 

IV. Trigonometric functions: The trigonometric functions 
are periodic functions. A function is said to be a periodic fun- 
ction if there exists a constant a, such that f(x a)e f(x), i.e., 
the values of f(x) at the points x and х--а be the same. a is said to . 
be the period of the function, You have learnt in trigonometry 


that, 

sin (x --2z)—sin x, cos (x -22)—008 X, 

tan (x 4-2z)—tan x, cot (X 4-22) cot x, 

sec (x-+2x)=sec x, cosec (x-+2x)=cosec x. 

Hence the trigonometric functions are periodic, each with 
period 2л. The range and graphs ofthe trigonometric functions 
are given below, 


Fig. 17 Figs 18 
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(i) yzefix)—sin x, – о <x<%, —1<y<1 [ Fig. 17 ] 
(ii) y-cos x, — о «x«c, —l«y«l[ Fig. 18] 
(iii) y-tan x; the range of x is all real numbers excepting 


the numbers (22 + 1) 2 where n=0, +1, +2, +3,-+-and the range 


of p is — оо <p<oo [ Fig. 19 1 


Fig. 19 Fig. 20 
(iv) y=cot x; the range of xis all real numbers excepting 
the numbers пл, when n—0, +1, +2, +3, апа the range of y is 


=% LyLo. 
(») y=sec x; the range of xis all real numbers other than 


the numbers (27+ 15, n=0, +1, +2, +3...е++--.ап@ the range of 


yis —оо <у<—1 and 1<у<оо i.e., all real numbers other than 
the numbers within the interval —1<y<1. [ Fig. 21 ] 
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Fig. 21 


(vi) y=cosec x; the range of x is all real numbers other than - 
the numbers nz, n—0, +1, +2, +3,.and the range of y is all 
real numbers other than those within the interval —1«y«l. 
[ Fig. 22] 
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Y 
cx ue Seu Er 37 ай E ЖЕЛИ 
2210 = 1% 483... 
i A / Y 
Y 
Fig. 22 


V. Inverse Trigonometric functions 1 
(1) у=эзїп^!х; —1<х<1; -59 «5 


Actually for every value of x within —1<х<1, y will have an 
infinite number of values, But we shall consider only those values 


within the interval —5«x«5 [Fig. 23] 


Y! 
Fig. 24 Fig. 25 
(ii) у=с05-1х; —1<х<1,0«у<х (Fig, 24) 


Fig. 26 
D, C.—3 
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(iii) y=tan x; —=<х< =, —5««5 (Fig. 25) 
(iv) y-cot^!x; —o «x« c, 0<у<я (Fig. 26) 
Y (V) узшзес:їх|-ос«Хх48-1, 
— 1&x« c, 0«y«x (Fig, 28) 
(vi) yacosec^!x ; —oc «xs —1, 
1&ix« c, -5«Y«5 (Fig. 27) 


$ 28. Other types of functions ; 
function of a function. 


By addition, subtraction, 


Fig. 28 multiplication and division of the 
elementary functions one can obtain other types of functions. For 
example; from the elementary functions x?, sin x, e?, etc. we obtain 
the functions x? —3 sin x, xe* +sin x, rr 

A function of the form ayx"+a@,x"-1+---+a _,x+a (where 
do, бүенээнйд are constants and misa positive integer ) is called a 
polynomial function. Ё 

The quotient of two polynomial functions is said to be a rational 
function. 

х? +3х+4 реа rational function. The general form of a 

x? +2х+1 
ах" -d4X"7! + Ба ух+а, 
box" b XI p bg XT bg, 

Polynomial functions and rational functions are called algebraic 
functions. Function other than algebraic functions are called 
transcendental function. 

Let u=sin x and y=e" ; now, for every value of x, u has a value 
and for that value of u,y hasa value. Hence fora value of х, 
we get a definite value of y. Hence yisa function of x. The 
sin x 


rational function is 


explicit or direct relation between x and y is y=e Le 
In general if и=/(х) and y=¢(u), then we сап write р=Ф(и) 
ЗОЛ. (f(x) is called a function of a function. 


A function is frequently defined by more than one mathematical 
relations, - 
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For example, fix) 2x when xz0 
=—х when x<0 


Iff(—x)—f(x) then f(x) is called an even function and if 
J(—x)— —f(x) then f(x) is said to be an odd function. x3, x*, 
cosx etc, are examples of even functions. For, (—2)?—x3, 
cos (—x)=cos х, x,x?, sin x etc, are odd functions, for (—x) 
——2X,(—z)——x?, sin (—x)=—sin x, The function x?--x is 
neither odd nor even, 

If in an interval, as x increases, the value of f(x) also increases 
then f(x) is said to be an increasing function in that interval. Ifas 
value of x increases, f(x) decreases, then it is said to be а decreasing 


function. ‘For example, in the interval 0«х« Д(х)=зїп x is in- 


creasing, but /(х)=соѕ x in decreasing in this interval (see the 
graphs of the two functions. ) 


Examples 2 


Ex.1. Draw the graph of y=[x], where [x]is the integral 
part of x. 

(r5]z1, (1:61-41, (61-20, as the integral part 08:61, 06 
is 0, 

When x lies in 
1xix«2, then yz [x] 1, 

When xlies in 2&х<3, 
then y=[x]=2. etc. 

Fig. 29 is the graph of 
р=[х], 

The function is called а 
Step function. The functlon 
is discontinuous at the points 
0, 1, 2, 3, —1, —2, —3, etc. 


Fig. 29 
Ex. 2. Determine the range of the function p= x. xis 
defined for positive integral values ofr 2, "The range of x 
is all the positive integers, i.e., (0, 1, 2, 3]. The graph of ix is 
the totally of the disjoint points (0, 0), (1, 1), (2, 2), (3, 6), (4, 24), 


(5, 120) өс 
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Ex. 3. If fad. find the value of f(x)—fix+1) and hence 


Л 9 
find the sum of ЇЕ: З дуа mq aet n terms. 
1 
femi cfe D— uis 


1  (x-l?—z? 2x41 


1 
Se, fe)—fe-tl— 5 (541 x eth? x e+) 


Now, putting x—1, we get pPRPE 
putting x=2, ,, pop De 
putting x=3, ,, wp ap 
putting х=п. „ нээжээ 
Adding, we get, Bap atest Rei 
1 20-ын2 | 


Hence the required sum is PEDE СЕЗШ 


Ех. 4 Iff(x)—zx?--2x--2, find the value of 
к= a 
fla+h)= „н 
f(a)—a? +2а+2 


SQ fa h) —f(a)-a? +2ha+h? --2а--27--2 
— (a? -2a4-2) z2ha 4- h? 4- 2h 


шин гэн 99.404 afa Dh 
Ex. 5. Iff(x=x+4, show that 
O СЛ) апа ci) (1) =f) 
(b [Да (D) aene 1 2 
Again, fG*)—x*-l. 2, tp pas) 42. 
n to da (=у+т=+х=/@® 
5 х 
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Ex.6. If ›=Лх}=?®—, show that х=Ду) 


2x—3 
Кешр? Or, y(x—2)=2x— 3, 
—?2)x—?, =2- 3 
ог, (у—2)х=2р—3, Of, X ; 0. 


Ех. 7. If y be the length of a chord a circle of radius a, 
at a distance x from the centre of the Circle, express у as a 
function of x. What аге the ranges of x 


and y ? 
From the figure, it is clear that | 
2 
a=x? +4, 
or, у=2 „Ја? х? * 
The range of x is 0<x<a and that of р 
у is 0-2р« 20. Fig- 30 


Ex.8. Iff(x)—log,x and &(x)=e*, show that 
Лв(х = Лх} 
fig) mu), [ where и= (х) = =] 
=log ,u=log,e*=x log e=x.1=x. 


Again, 1/02) = ellog x] 6198.7 =x, 
Ло) Дх) 
Ех. 9. If f(x)=ax?+bx+e and 
f(0)—1, f(1)—2 and f(— 1)—0, find the value of Д2). 
f(x)—ax? 4- bx 4-c, 
SS 0d2f(o)—a.0? 4- b.o-- ec, С. 0m] 
2--/(1)-са.12--5,1--с-:4--5--с 
S. @+6=2—c=2—1=1, 
0=f(—1)=a(—1)2+4(—1)+e=a—b +e 


a—b=—c=-1, 


Adding we get 2a=0; 2. a=0and so b=1. 
ЛО)--0.х2--1,х--1--1-2х--1 
f2)224-123, 


Ex. 10. Iff(x)=2*, show that 


2-8 fœ+1)_ 
f(x4-1) f(x —1)2 3 f(x) and ях 1) 
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Қх+1)=22+1=225 ; f(e—1) $2771 27.21 Sh, 
fel) —fle—1)=2.2% — 1.2% = (2—}).2* = 8.27 =$ f(z) 
fin, 22* , 
Х(Х-1) 129 ~ 
Ex. 11. Draw the graph of f(x) | x—1 | + | x+1 |- 
If x<—1, x—1 and x+1 are both negative. 


SS [x—1| + |x+1 | =—@-1)-@4+)l)=—22. 
If —1<х<1, x—1 is negative or zero and x+1 is positive. 
2. |x-l| + [x41] =—(x—1)+x+1=2. 


If x>1, then both Х-1 
and x+1 are positive. 
|х-11 415411 
=x—14+x+1=2x. 
Hence f(x)=—2x, when 
х<—1. 
=2 when —1<х<1 
Fig. 31 —2x when x>1. 


The graph of f(x) consists of three line segments. From 
the graph it is evident that the graph is continuous every where. 

Ex.12. Water can be brought into a cistern by two taps. 
Opening the first tap; level of water in the cistern can be increased 
Бу 1 сш|пїп, and opening the second tap, level can be increased 
by 2 cms/min. When the level of water is 10 cms., the first tap 
is opened. After 15 minutes of this, the second tap is opened and 
both the tap remain open for next 20 minutes. Then the first tap is 
closed and the second tap remains open for further 15 minutes, If 
y cms. be the level of water, x minutes after opening the first tap, 
express y as a function of x. 

During the first 15 minutes, the level of water increases by 1 cm 
per minute from 10 cms, If x<15, the height of the water level 18 
10--х, After 15 minutes, both the taps being open, the level of water 
урмыг E cms per minute, hence the level of water is 
р Re Man ‚4 5-2 in (x—15) minutes. As both the taps 
15<4х<435, the height of iul Ba Euh жыйы нир 
minutes, first tap being ied ni APA ques i slips 

Y ; the water level during next x minutes 


| 
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time increases from 85 cms by 2(x—35) cms, 3. When 
351х150), the height of water level is 85--2(x— 35) cms, 


After 50 minutes, both the taps being closed the water level will 
not further increase. 


y=10+x, when Ocix« 15 
=25+3(x—15), when 15 15135 
=85+42(x—35), when 35 ix «50 
alr when x «550 


Exercise 2 


Л. If fix)=x5—2x244x+1, then find the values of Д0), 
А1), 1271), A — 2), Да), Д—х), flat В). 


2. If f(9)22 cos 0+1, then evaluate /(0), /(5) 1(3) /0) 
(9+8), о). 

3. Iff(x)—x? find the values of Д2), /(2-1), 702-01), /(2:001), 
Roe Aon 
*000 x 

(х-3(х-44(х--1) 

4, Tt foe DO RD, 

ЛЗ), 00), 1-1), ft- (1) and д) 


5. If f(x)=a*, find the values of f(0), /(ювсх), 
Joc h) — f(x) 
b А 


find 


Ом 


Jé Wf 


K=1), f2x), f (D), roc. 
LE fata, show that f(tan x)=cos 2x, ~ 
SiJeos x) =tan?5. 
8. If f(@)=sin Ө and g(6)=cos 0, then show that 
(i) /04-4):5/(0)8(9)--1(4).8(0). 
(i) (f(912 -(s(6)? — 1. 
(iii) {g(@)}? — (f(0))? = 2(20). 


(iv) 1-4). £(5) | J 
1+8@) «(2 
2 
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9. If fix) =3°, show p age 
—f(x—2)= Jx-2)4- f(x — 1) _ 28 
fo-e2)— po e ro), Fert Dae. 


f (a. f) — f(a- b). 
10. Iff(x)=log x, then show that 
f(1)—0, fO=1, f(xy) =f (х) +70) 


famem / (2) Sen ron 


3x—7 


11: df ус Лааг: = show that 


d) x-f( 09 S.S (= 


12. fene show that f2(x)=x, where f2(x)=f{f(x)} 


13. Show that if /(@)=sin Ө then f(—6)— —/(9) 

and if f()- 9, then f — 0)=/(0) 

14. Show that f(x)—x*-Fsin?x--2 is an even functlon and 
g(x)-x —sin? х is an odd function. 

15. (1) If f(x) and g(x) be respectively an even and ап odd 
function, can you say anything about f(x) g(x) апа 9 ? 

(ii) Show that for any function f(x), (a) /(х)--Д(--х) is an even 
function, (b) f(x) —/( —x) is an odd function. 

16. Show that the sum and product of two even functions 
are even functions and the sum and product of two odd functions 
are respectively odd and even functions. 

17. Determine the domain of definition of the following 
functlons : 

"UA X 
0) /(ж= Ji—x* (ii) f(x) Jac x--6—2)* 
(1) э=(х+а)}—(х—5)% (v feri. 
Ei 
(V) yx? (vi) y-log (2x41). 
18. Draw the graphs of the following functions. 
(i) y=—3x+1, (ii) y=cos 2x, (iii) yax?—2x--2, 


- 
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1 
(v) yl (v) ›=соз(х—4), (vi) y=cos x+2 sin x, 


(vii) y=6, (vii) y-X—l 
x—1 
19. In the closed interval [ — 1, 1 1, the function f(x) is defined 
as follows, f(x)—x?; 0<х<1 
=2x, —1<х<0. 
Draw the graph of the function. 
20, In the closed interval [ —2, +2], the function f(x) 15 
defined as follows ї 
Дх) = —2x, — 2«x«0 
=2х+1,04х<1 
=4х—1,1<х92 


Find the points of discontinuity, if апу, of the function. 


21. Show $a Na is equal to 


h 
sin, 
(l) cos (5) when /(х)-:8 x 
2 
Ра 1 in А 
(ii) Ерен T when f(x)=tan x, 
соф(х--2) sin) 
(ii) — Яа(сЫы зах 8? when /(x)=cosec x. 
2 
(fv) e De when f(x)=e”. 


h 

22, From the four corners of a square plate of side 16 cms. 
made of tin, four squares each of side x cm. in length are cut off 
and then the plate is folded to form a box open at the top. If v be 
the volume of the box, express v as a function of x. What is the 
range of x» When x=2, then what is the value of y ? 


23, If the area and length of a side of a square be A and x 
respectively, express A as a function of x. 

24, Iff(0)—a--b cos Ө and the maximum and minimum value 
of /(0) be 3 and 1 respectively, Find the values of a and b, 
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25. 1t fi) ax +, and f(—2)— —1, f(—1)=2, 
f(1)—4, find the value of f(2) 
26. Find the inverse function of the following functions : 


0) у= Jic-x?,x20 (ii) y= JTXxi-cx, 


1 1--х2--х4 
х? a 


(1) у=х?+ (у) у= 


27. Express the following equations in the form x=¢(p). 


_1l—cos x 
14-со8 x 

28. The fare of ataxi for a distance of less than or equal to 
one kilometre from start is 1 rupee 80 paise. For each of the 
subsequent distant of 100 metres or less than it, the fare is 18 paise. 
If the fare for a distance of x kilometres is y rupees, express y as a 
function of x. 

29. A cistern has two pipes. By the first pipe water can be 
entered into the cistern to increase the level of water in the cistern 
by 2 cms. per minute. By the other pipe water can be taken out of 
the cistern to decrease the level by 1 cm. per minute. When the 
level of water is 50 cms., water is taken out of the cistern by opening 
the second pipe for half an hour, and then the first pipe is opened. 
Both the pipe remain open for the next half an hour and then the 
2nd pipe is closed. One hour hence first pipe is also closed. If p 
cms. be the level of water x minutes after the opening of the second 
pipe, find the relation between х and у. 


(1) а-фх--су--дху--0 (ii) y 


CHAPTER THREE 
LIMIT 


$31. The concept of Limit is most important in calculus, 
In chapter one, we have already said; that both the branches of 
calculus viz, Differential Calculus and Integral Calculus are 
based on this very important concept and it is this concept which 
has separated Calculus from Algebra. In this Chapter, we shall 
explain the concept of limit by intuitive and graphical methods. 
Formal mathematical definition of limit is outside the scope of this 
introductory discourse. 

$3:2. Meaning of 'variable x approaching a constant 07. 

Let x be a variable and the constant a is a point in its range, 

Since x is a variable, so its value can be changed. Now the 
value of x may be so changed that the value may be nearer to 
а at pleasure, In such cases we say that x approaches а, To be 
more clear, x approaches a means the distance | x—a | between 
xanda may be made smaller than any positive number however 
small If x approaches a in such a way, We express it by the 
notation xa. 

Hence the meaning of x—a is that x changes its value in such à 
way that atlast the distance | х—а | between x and a will be 
smaller than any positive number, however small. 

Now, let us explain the meaning of xa with the help of the 
number line. Let the point A on the number line represent the 
number a and the point P on the number line represent any 
position of the variable x. 

Now the meaning of x approaches a is that the point P 
gradually approaches the point A along the number line in such а 

way that if we take a point A' on 

uc sca ' the line very near to A, then P 
BBAAAP will finally cross the point А. If 

Fig. 32 we take a point А”, more near 

to A, then the point P will also cross the point A”, and come very 


near to A. In the figure, the points a’, A” have been taken on the 
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right of А. Similarly if we take points в; B” etc. on the left 
of A, then P will also cross those points from the left and come 
nearer to A. 

Example. The meaning of x—2 is that x changes its value in 
such a manner that the distance | x—2 | between x and 2 can be 
made smaller than any positive number, however small, 

Let Ч be a positive number, 

The value of x will be finally such that | x—2 | will be less 
than'l. i.e., | x—2 | «21 which means 2--1:2х-12-11 ie. the 
value of x will lie within the interval 19<x<2'1, 

Similarly if we choose the positive number *00005, then finally 
‘the value of x will be such that | x—2 | «00005, 

Le. the value of x will lie within the interval 1:99995<x 
«:2:00005. 

Note: (i) By x—a, it is meant that x assumes values very 
near toa. It is immaterial whether x assumes the value a or 
not. But generally we presume that x does not take the 
value а, 

(1) If x approaches the value a from values greater than a, 
Le, on the number line x approaches A from the right side of a, 
then we write x—a+ and say that x approaches a from the 
right, 

Similarly, 1f х approaches the value a from values less 
than а i.e., on the number line x approaches A from the left 
side of A, then we write х-эд-- and say that x approaches a from 
the left. 


х-»а means both х--2-- and х--4--, So x approaches or tends 
to a means x approaches the value a from both right and left. 

(iil) х-эа refers to a particular mode of change of values of 
the variable x, If when x change its value in this particular way, 
how a function of x will change its value, is the maln point of 
discussion of the present chapter. In the next article we shall 
-discuss about it. 


(iv) To determine the mode of change of the value of ? 
function f(x), we generally take numbers close to the point 2 
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and determine the mode of change ofthe value of the function. 
These values are taken according to convenience taking care 
that the values of x approach a, both from the right and the left. 

For example, if we areto determine the mode of variation in 
the value ofa function as x2, we shall have to determine the 
values of the function at points very close to the point 2. 


The points may be taken asthe points 19, 1:99, 1:999, etc. and 
21, 201, 20001 etc. x approaches 2 from the left through the 
points 199, 1:99, 1:999 etc. and from the right through the points 
2:1, 201, 2:001 etc. Notice thatthe polnts have been so chosen 
that the distance | x—2 | between x and 2 becomes smaller and 
smaller and ultimately can be made smaller than any positive 
number small at pleasure. 


Instead of taking the points 19, 1:99, 1:999 etc. and 2:1, 201, 
2:001 etc, we may chose any other set of points such as 1:95, 
1:995, 1:9995...and 2:5, 2:05, 2:005, 2:0005,.... For these values 
also, x ‘gradually approaches 2 both from the left and the right. 
Hence we can choose the points in any manner. Only taking 
care that the points lie on both sides of the point x—2 and that 
the distance between x and 2 gradually becomes smaller and 
smaller. 


Ex. To study the nature of variation in value of a function as 
x0 we may take the following values of the variable. 

1, 3,4, 1,1 etc. and —1, —$, — $, —1, —} etc. As х takes the 
values 1, 1, 3, 19 1 etc. we find x>0+ and as x takes the values 
—1, —1, —}, т-1 ete. we find х--0--. Note that if x assumes 
the above values the distance | x—0 | = | x |, of x from the point 
x=0, Le. the origin, can be gradually made smaller than any 
positive number however small. 

If 00005 be any preassigned positive number, then if we take 

= i. эь +1 etc., then | x zl. ses 5 
х= zgpor 209092 te then | | <20000— 0000: 

In this way corresponding to апу preassigned positive 

number, we can find a value of x such that | x | is less than that 


number. ^ 
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$33. Discussion about limit in the intuitive method. 
Let y be a variable depending on х. So, y is a function of x. 


Now if x approaches a given number, let us discuss how the 
value of y changes, 


First let us take a few examples. 


Ex. 1. Let y=2x+1 and х1, ie, the value of x appro- 
aches 1, 


The table below shows the values of y=2x+1 for values of x 
close to 1. 
First let x>1+ 
Ж | 1-1 | 1:01 | 17001 | 1:0001 
y-2x-c1|32|302]|3002 | 3:0002” 
From the table it is evident that as x approaches 1 from the 
right, then y also gradually assumes values close to 3. Actually by 
making x sufficiently close to 1, the distance between y and 3 i.e., 
| »—3 | can be made small at pleasure. So, as x—1+, then y3, 
ie., ав x approaches 1 from the right and side, then y approaches 
the value 3. In the language of Calculus, опе can say that as x 
approaches 1 from the right the limiting value of y is 3. 3 is said, 
in this case, the right hand limit of y=2x+1 and in symbols this 
is expressed as 


etc. 


lim y 


ра ОР ог 


Lt 
x14 2* +1=3 
Similarly, let us form a table showing the corresponding values 
ойх and уаѕ х approaches the value 1 from the left, 16, as x» 
assumes values very close to 1 but less than 1, 
х|:9 [99| 999 | -9999 t 
у | 28 | 2-98 |2998 | 29998 Ste 
Evidently as x approaches 1 from the left, then the value of y 
approaches 3. Actually making x sufficiently close to 1 we can 
make the distance | y—3 | small at pleasure. In such a situation 
we say that as x approaches 1 from the left hand side, the limit of 
yis 3, 3iscalled the left hand limit of y and in symbols thís 18 


Lim y_ Lt 
xsl- 79 ог Q,, 2z41-3. 


expressed as 
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Here the left hand and right hand limits are equal. This 
соттоп limit is said to be the limit of y=2x+1 as x approaches 
I and is denoted as 


lim y_ lim (2x+1)_ 
ХЭЛ =3 or, ХЭЭ = 
lim y_ -— 4 
Непсе зл =3 means that by taking x sufficiently close 


to 1 the distance | 7-3 | between y апі 3 can be made small at 
pleasure. 

In general, if y=f(x) be any function of x, then E Дх) zl 
means that by taking x sufficiently close to a one can make the 
distance | f(x)—/ | , small at pleasure. 

From the above discussion we can define limit as follows. 

Def. When a variable x approaches a constant a, belonging 
to its range, then the constant ' is said to be the limit of f(x) 
ifby making the value of x sufficiently close to a the distance 
| f(*)—L | between f(x) and | can be made smaller than any 
preassigned positive number, small at pleasure and this is denoted 
by the symbol 

lim f(x)=/ on Lt f(xj-. 
х->а xu 
The definition is explained with a few more examples. 


lim 5x 
-»2 


Here /(х)-55х and х approaches 2. 


Ex. Show that 2510: 


Hence we shall have to discuss the values of 5x for values of x 
close to 2. In the following tables values of 5x for values of x close 
to 2 are tabulated. 

ж. 1191 9911999 |1:9999 

| У(хуг55х | 9:5 | 995 | 9:995 | 9:9995” 
x | 21] 201| 2001| 2:0001 
Хо) 5х | 105 | 10:05 | 10-005 | 100005 

From the above table it is evident that as x approaches the 
value 2, whether from the left hand side ог the right hand side, 
the value of р approaches 10. Actually by making x sufficiently 


etc. 


» etc. 
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close to 2 we can make the distance | 5x —10 | of 5x and 10 smaller 
than any pre-assigned positive number however small. For 
example, let `1 be a preassigned positive number. Now there 
are values of x close to 2 such that [5x—10 | «1. Actually if 


| 5x—10 | «1, then | x—2 | «i-o. So, when | x—2 | «202 


i.e., for all values of x within the interval 1°98<x<2:02, | 5x —10 | 
will be less than '1. 


Again, if the preassigned positive number be ‘003, then for ай 


values of x within the interval 1:999 — x 2:001, | 5x —10 | «20005, 
Similarly itcan be shown that corresponding to any preassigned 
positive number, small at pleasure, we can find values of x close to 
2 such that | 5x —10 | will be less than that preassigned positive 
number. Hence we cansay thatas x tends (approaches) to 2 i.e, 
x—2, then the limiting value of f(x)—5x is 10. 


In symbols thís is denoted as "mw ME 


Let us now make the above discussion graphically. 


In the graph of y=5x, the point A on the x-axis is the point 
X-—2. Ay, Аз, "Аһ etc are points оп the x-axis situated on the 
right of A. The points P,; Parn, 
P, etc. are on the graph of р=5х 
whose x co-ordinates are res- 
pectively OA,, ОА», ““ОА, etc. 

By, Bo,eB,, are points on the 
y-axis with ordinates same as. 
those of P,, P5,---.P,. The point 
B has ordinate 10. Now as x 
approaches the point A i.e., the. 
point 2 through the points A;, 
Ag,'',A, then y approaches the 
point B ie. the point y—10 

Fig. 33 through the points B,, B,,---B,. 
Hence as x approaches the point A from the right, then p аррго-. 
aches the pointe. Similarly ав х approaches the point A from 
the left then y approaches the point B (y—10). This has also been 
shown in the figure by taking the points Ai, Ag',A' on the 
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x-axis and corresponding points B,', By‘, B,' on the y-axis. 
Hence as x approaches the point x=2 whether from the right 
or left then y approaches, in both cases, the point B i.e., the point 
y=10. 


In such cases we say, my10, or, to I(x) _ 10. 


Let us now consider a function whose limit at a particular point 
cannot be determined. 


Ex. Let f(x)= del when Хэ 0 and х-»0. 


Here f(x) is undefined at the point x—0, but its value сап be 
determined at any point as close to the point 0 as we like, 
First, let x>0+. Values of fix) on the right of the point x=0 
are given in the table below, 
x | 1| 701 | "001 | *0001 


= 3L аара] 1 


Evidently, at all points on the right of the point x=0, the value 
of | Дх)—1 | is 0. 

Hence one can say, that the value of | f(x)—1 | can be made 
smaller than any positive number, however small. 

lim |x| = 

'* x04 хх 779 

Let now x->0—. The following table gives the values of f(x) at 
points on the left of the point x—0. 


For, fpi) Лал, etc. 


x | —-1 | —-01 | —-001 | —-0001 
map aL 
For, f(—:1)— LM, etc. 


Hence the value of | f(x) —(—1) | on the left of the point x=0 
is always 0. 
.', One can say that the value of | f(x) —(—1) | can be made 
smaller than any positive number however small, 
lim [x Ssi 
x0— xy  - 


D. C.—4 
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So, we find that in this case the left hand and right hand limits 


lim |x] 
are not equal. Hence x x 


does not exist, 


The graph of the function 1а] 


has two branches, One branch 
is in the first quadrant and the 
other in the third quadrant. 
Both the branches are parallel to 
the x-axis and are at a distance of 
lunit from the x-axis. In the 
first branch notice that as x 
approaches the point o i.e., x 0 
Fig. 34 through the points А, А}, (ће 
value of y always remains 1 and hence it can be said that y 
approaches 1. Similarly as x approaches 0 from the left through 
the points Ау’, Ag',-the value of y remains —1. Hence it can be 
sald that y approaches — 1. 
Notice that the graph breaks at the point x=0 and the function 
has no limiting value at that point. At all other points the graph 
is continuous (1.е., without any break) and the limit of the function 


at those points can be determined. 
Ex. f(x)—[x]and x—2, where [x] is the integral part of x, 
First let x2 +. 
The values of [x] for values of x greater than 2 and close to 2 are 
tabulated below, 
x [21] 201 | 2001 
79-0112121 2 
lim ~ Y 
x22 4 U1-72- 


etc. 


2, Evidently 


Now,let x—2—. Values of 
fix) at points less than 2 and 
close to 2 are tabulated below, 

x | 19 | 199| 1999 
70945114 1Г1Г-1 | ete. 


Evidently 3 (ара, 


Fig. 35 
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Here the left hand limit and right hand limit are not equal. 
Hence as x approaches 2, then [x] has no limiting value. 


The graph of the function [x] is broken at the points x—1, 2, 3, 
etc. and the limit of the function at these points does not exist, The 
graph is continuous at all other points and the limit of the function 


at these points exists. 


Note: (i) wt nai ог, wong =! are alternative 


lim f(x) . 
notations for xa =, 


1 4 ЗЭ? 

n Лы] is read as limit x tends to a, f(x) 18 equal to /. 

This means as x tends to a, the limiting value of f(x) 181, 

(i) To determine hos P 9) values of f(x) on both sides of the 
point a are to be determined. The value at the point a is not 


required. Actually im Л and f(a) are different though in some 


cases they may be equal. 
lim f(x) ; 
The value of , 1 is dependent on the values of f(x) very 


close to a but not at a, whereas f(a) depends only on the value a 
ofx. In the next article we shall discuss the relation between 


lim f(x) and fia). 
xa 


аша! lim i then lim om f(x)st. 
x—>a 


x-4— 
OE US imi, im ix. S, then the limit of f(x) at the point à 
does not exist. 
Hence to find the limit of a function at a point, one should first 
determine the right hand and left hand limits and examine whether 
they are equal or not, 


lim x=a. 
Ех.1. Show that, ,, 
Here f(x) =x and we are to show that /=a. 
Now, 170)-1|1-21|х-а |. Now it is self-evident that 


| Д®)—1\| = | x—a| сап be made smaller than any positive 
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number, small at pleasure as ха. Actually, f(x) will be so close 
to las x is close to а; for, | ЛХ)-1| = | х-а|. 


lim x_ 


Jim Л, i.e., putting the value ей а. 


lim с=с. 
xa 
Here f(x)z e and Ї--в, ~. |fix)-1| = |e—c| =0. 
Now 0 being less than any positive number, | f(x)—/ | can be 
made smaller than any positive number however small, whatever x 
may be. 
lim f(x)=1 ct lim с=с. 
xa + x»a 


Ex.2. Show that 


lim x? 
Ex. З. Show that „> —4. Find the interval, for values of x 


within which | x?—4 | will be less than ‘01. 

Here f(x)=x? and 1=4. 

Now, we tabulate below the values of f(x) for values of x 
close to 2. 

х | 21| 201 | 2001 | 20001 ^. 
f(x? | 441 | 40401 | 4:004001 | 4:00040001” 
Evidently as x2 +, f(x)4. 

x | r9| 199 | 1999 | 19999 été 

Дхж=х° | 3°61 | 3:9601 | 3°996001 | 3°99960001’ 

'. AS x approaches 2 from the left or from the right f(x) 
tends {о 4 and the value of | Дх)—4 | can be made smaller than 
any positive number however small by making x si fficiently close 
to 2. 

, lim f(x)=4 ie. lim x?—4. 

'" x32 x2 

Now, if | х2 —4 | «01, then | x+2 | | x—2 | «01. 

Again, as х is close to 2, we can say 2< | х- 2 | 

c 2| x=2|<|x+2]| | z—2] <01 


о, |х-2|-20Г юм | х—2 | <005 
ie, 1:995-2х-12:005 


Hence | х2—4 | will be less than ‘01 if x lies in the interval 
1995<х<2005, 
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Ex. 4. f=. Find the limiting value of f(x) at the point 


x=0, 
Here the function is undefined at the point x=0. 
(For, f) D). 
ЛО) has got no value. But f(x) has values at points close 
to0. We tabulate below the values of the function at points close 
to 0. 


x= | 1 | :01 | 001 
521101 | -001/ °° 

x Бай | 

x=] —1] —1] —-01] —-001 
Bo |а o | oor |“ 
х 


From the above tables it is evident that as x approaches 0 whe- 


2 
ther from the left or from the right the values of | 2—0 | become 


smaller and smaller, 


The graph of the function y— = will be the same asthe graph 

of y=x, the only difference between them is that the point (0,0) 
x2 
i.e., the orlgin is not a point of the graph of yar. 


Ex.5. Show that im @x+4=8. In which intervals should 


x lie in order that the кон of | (2x4-4)—8 | will be less than (1) 1 
and (ii) 7004 > 
Here f(x) 22x --4, 1-:8 and х->2. Values of f(x) at points close 
to 2 are tabulated below. 
х |21]|201]| 2:001 | 20001 
nS | &2 | 802 | 8:002 | 80002 
x | 1:9 | 1:99 | 1:999 | 
Лх) | 788 | 1:98 | 7998 |” 
Evidently, as x approaches 2 whether from the left or from the 
right, f(x) approaches 8 and taking the value of x sufficiently close 


4 etc. 


and etc. 
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to2, the value of | (x) —8 | сап be made smaller than any pre- 
assigned positive number however small. 

, lim fo. lim (2x +4)_ 

ке Х-в2 Во, ,52 = 

Now, if | (2x+4)—8 | < `1, then |2(х-2)| <1, 

or, |х-2| «31, or, |x—2] «05, or, 1:95<x<2'05. 

For values of x within the interval 1995<x<2:05, the value 

of | (2x+4)—8 | will be less than 11. 


Again, if | (2x--4)—8 | «70004, then | x—2 | <——— 
or, |x—2] «0002. 


. For values of x within the interval 1:9998-2х-12:0002, the 
value of | (2x 4-4) — 8 | will be less than ‘0004. 


0904, 


lim x3—2. 
Ex. 6. Show that, ,5,5 


Here а= 3/2—1:259...and f(x) = х°, 1=2. 
Now, 5 Dii r2 | 125 |] 1259 
> x3 |[1[|1728 | 1953125 | 199561697 


9” etc. 


Evidently, as х-»2/2--, then x?2, 


13 | 126 


x | t 
Again Zr [2:197 | 200376 ^^ 


Evidently as x-3/2-4, then x?—2 


" гн 2 x922. 


Ex. 7. Show that lim (x—5)=0. 
х--5 


Heref(x)-x—5 and х-э5. Hence we are to find the values of 
F(x) for values of x close to 5. 
x | 49| 499 | 49990 | 49999 
70) =) 0101 001 | —000r 
х 15115011 5:001 
Fl 1] O1] -001 
Hence it is evident from the above tables that as x approaches 
5 whether from the left or from the right, f(x) tends to zero. 


. па) о, ic. i динг), T 


.. x5 


etc, 


» etc, 
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Ex. 8. Show that ш sin x=0. 


Let OA bea radius vs a circle with centre 


O, and let P be a point such that mZ AoP—x P 

(radian). Now, area of ЛОАР<агеа of the 

sector ОАР. Ог, àOA OP.sin x «loA?x, А 
or, sinx<x О 


clearly when x0, | sinx| < |x|. 
For any value of x, 
|sinx—0|—|sinx|«|x] Fig. 36 
Now, taking x very near (00, | sin x —0 | can be made small 
at pleasure, 
lim sin х=0. 
x0 
Ex.9. Show that m sin x—sin a 
sin x—sin a—2 sin vit cos 3(x+a) 
| sin x—sin a | =2 | sin 3(x—a) | | cos 4(х--4) | 
2.4 | x—a |'1 [- cos МХ- —a)&1 and | sinx | &|x|] 
ie, < | x-a | 
asx is nearer toa, sin x is more near to sind and 
| sin x—sin а | can be made small at pleasure, 
lim sin x=sin a 
xa 


Ex. 10. Show that, Es sinž)=0. 
х 
? Я T. БЭР! 
хэю1-0 |= |x| | sin НЭЭН (5 | sin He ) 
Taking x sufficiently near to 0, | х sinh —0 | сап be made small 


at pleasure. 


lim x sin? zB. 
x0 m 


Exercise 3(A) 


1. Show that 
(i) The values 5, 4, 13, 5, 12,-. make x>3+ 
(ii) The values 2, 5, 5, 22, M make x-3— 
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2. Tabulate the values of f(x)=3x+4 at points close to the 


lim (3x 4-4)—13. 
x3 


In which interval must the values of x lie in order to make 
|а) —13 | «20005 ? 

3, Findthe nature of the changes in values of /(x)— | x | as 
х-»0, 


point x—3 and show that 


4. Find the nature of the changes in values of 
f(x)=x, x>0 
=x+1,x<0, as x>0 


lim f(x)... 
Does x0 ®18 ? 
Draw the graph of y=f(x) and show that the graph is broken at 
the point x=0. 


lin3. 4 lim 4_, lime_ 
5. Show that >55 —3... 4 =4x5¢ =% 


lim X4 lim x 


6. Show that giga = "x21721 
7. Show that Ий X^ 5.76 
4 х--24 7 4 
lim x? _ 
8. Show that z- x 


3 
Draw the graph of у= and show that though the graph is 
broken at the origin, the distance between the two branches is zero. 


lim x?—1 
9. Show that хэл u^ Draw the graph of the 


function. 
10, Show that for the function 
Sf(x)=3x when xz1 
=x when x<1, 
lim red does not exist, 


Draw the graph of the function y=f(x) to show that the graph 
is broken at the point x—1. Show also thatthe distance between 
the disjoint branches is 2. 


11. Show that б) 192 (3). р Him (еа) 0, 
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12, Show that, (i) Ih gos * cos a, 
у lim : күш ИШ 
(її) холо Sin x=1, (iii) ч 


a lim 1 ax di : 
13. Provethat, (i) x0 Х COS = (ii) хэд sin 


m 


20x 
-»0 Sin 570. 


1 
х 

534. Continuity: Inthe previous chapter it has been said 
that a function is said to be continuous at a point if the graph of 


the function be continuous i.e., unbroken on both sides of the 
point and closed to it including the point itself. 


Let the function f(x) be continuous ata point х=а. Letp be 
the point on the graph of the function corresponding to х--а. As 
the function 18 constinuous at x—a, 50 the graph of the function 
from one side of the point to the other side is continuous. Let 
Ay, Ag, Азгт'еіс, be points on the x-axis on the right of the point 
A(x-a) Let the perpendiculars on the x-axis at these points 
‘intersect the graph of the function at the points P}, Pa, Papeete. 

Let also the straight lines parallel to the x-axis through the 
points P, Pa, P5,--, etc. intersect the y-axis at the points Bis Bo; 
Ву ес. 

Draw a  perpendi- 
‘cular on the x-axis at the 
point A(x—a) It will 
‘cut the graph at the 
point P and the straight 
line parallel to the 
x-axis through P cut the 
y-axis at the point в. 
Then B is the point 
y=f(a). From the graph 
dt is evident that as the 
variable x crossing the . Fig. 37 
points Ay, Ag,***, Ад, etc. approaches the point A(x=a), then the 
variable y crossing the points Ву, Ba++, Bm, etc. approaches the point 
в огу=/а). By taking x sufficiently close to a from the right 
y can be made as close to /(0) as we like. Hence we can say that 
tim f) fia). 


x 


==0. 


56 DIFFERENTIAL CALCULUS 


Similarly by taking points А,', Ag’, ©; Аһ оп the x-axis to the 
left of the point А it can be shown that as x approaches the 
point A from the left through the points A,’, Ag’, =, An’, then y 
crossing the corresponding points B,’, By’, =, Bn’ (see figure 37) 
оп the y-axis approaches the point в (i.e, y=f(a)). Hence we 

lim 
can say yg /(х)=/@а). 

So, we find that if the function f(x) be continuous at the point 

х=а, then lim fix)—lim fox) Ка). 
x-a-- xa— 
Here, since the left hand and right hand limlts are equal, so 


lim f(x) ээ = 
per exists and in this case y fia 


Thus at a point of continuity, the limiting value of f(x) is the 
value of f(x) at that point. Hence if a function be continuous at 
a point, then the limiting value of the function at that point can 
be obtained by substituting for x the value of that point in the 
function. For example i graph of the function f(x)=2x+1 is 
not broken anywhere. ,', f(x) is continuous at the point х=1. So, 


the limiting value of fix) at x=1 i.e. Bm ТӨЗ isthe value of the 


function at that point, i.e., f (1). 


o dm f()mfü)21-4 123. 
' x1 


lim x? 


Similarly, 42-39 


—2?24. for the function 15 continuous at 


the point x=2. Hence the limiting value of the function at the: 


point x=2, is equal to the value of the function at the point. 


Note. We have so far discussed about continuity of a function 
graphically and seen that at the points of continuity, the limiting 


values of f(x) are respectively equal to the values of the functions. 


at these points, This is intuitive definition of continuity. We 
give below mathematical definition of continuity, 


na х 
Def. If, T | —f(a),then the function f(x) is said to be 


continuous be ёс point х=а. The point x=a is called a point of 
continuity of the function. 
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If a function be defined in the closed interval [ а, b J, then | 
the function is said to be continuous atthe end points a and b 

li = li =fib 4 
if E d Жа) ana o ЮВ fox) f) respectively. 

[ Note that since f(x)is defined in the closed interval [45] 
we are not concerned with points on the left of a or on the right 
ofa). 

If a function be continuous at all points ofa closed interval 
[ a, b ], then the function is said to be continuous in that interval. 


lim sin x 


ховс 
2 


Ex. Evaluate: 
+ 
The greph of the function sinx is continuous at the point 


=; and so the function is continuous at this point. 


So, lim sin x_sin(2 
» Tim sin z sin(3) y, 
Xs 


Actually the graph of the function sin x is continuous every- 
lim sin x 


=sin a, where a is any 
7 xa 


х 


where and so at any point x=a 


real number. 
In particular, 


lim sin x=sin 0—0. lim sin х=віп5= 1/3 


х--0 x 2 
x 

lim — sin x=sin( -&) =—}, 

х=— 

i In x=sin ?*——1 

1 a cus aW etc. 

i x 


Graphs of most of the elementary functions, discussed in 
chapter II, are continuous, we shall now discuss their limiting 


values. 
The graphs of the functions c^, sin x, cos х are continuous 
everywhere and hence these functions are continuous for all values 
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of x, Hence, at any point x=a, the limiting values of the functions 
are equal to the values of the functions at the point. 
lim e*=e*, lim sin x—sin а, lim cos x—cos a 
"" xod xa х-»а 
for all real numbers а. 


The graph of the function tan x is broken at the points 


х= +5 +37, £ ET etc., but is continuous at all other points, 
li xt : 
Ecl tan. an 4, where a is a real number other than i 


Qn4-1) 5 [п==0, +1, +2] 
Similarly, lim cot x=cot a, if azéna[n—0, +1, + 2,] 


х-»а 
li = 
"oia Хэшвес 0, ic az (2n--1)5 [n20, +1, €2,--.] 
lim cosec x=cosec d, ; 
and л саг © if дшпл[п=0, +1, +2,-] 
lim log x=log a, if a>0. 
xa 
lim x^-a", for all real values of a, if nz0 and for all real 
xa 


values of a other than 0, if n«0. 


$35. Discontinuity. 

If a function f(x) be not continuous at the point x=a, then the 
function 18 sald to be discontinuous at the point. The graph of the 
function is broken at the point. 

If a function f(x) is continuous at a point x=a, then 

lim f(x lim x 
x>a+ = FO ела). 

Hence if fix) is discontinuous at x—a 


then either (i) um. Лаа Jim fe» 
—a-— 


ie., 24 E does not exist, 


(i) s m Хх) а) 


ог, 


Le, мэ, fe) exists but the limiting value Is not equal to Да). 
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In the first kind of discontinuity the graph of the function will 
be broken at the point of discontinuity and the two branches will 
have some definite distance. 


In the second kind of discontinuity also the graph will be broken 
at the point of discontinuity, but the distance between the two 
branches will be less than any positive number however small i.e., 
the distance will be zero, In this kind of discontinuity, by properly 
choosing the value of f(x) at the point of discontinuity x—a, the 
discontinuity can be reduced to a continuity, So this kind of 
discontinuity is called removable discontinuity. 


The above discussion is explained in the following examples : 


Examples 3B 
Ex. 1. A function fix) is defined as follows 
Дх) = —x when x<0 
= x when 0<x<1 
=2— x when x21 
Show that the function is continuous at the points x=0 and 


xz. [C. U. 1942] 
Lim Дх) = lim (—х)=0 
х-»0- х-0- 
lim f(x) = lim (х)=0 
x—04- x04 
^. lim f(x) = lim f(x) -. lim f(x) exists. 
х--0- х--0-- x0 


and lim /(x)=0. 
x0 
Alsofi0)—O 2, lim /(х)=Д0) 
x0 


.. The function is continuous at х=0 
Next lim f(x) = lim x=1 


х-»1- x—1— 
lim f(x) — lim (2—x)=1 
x>1+ х--1- 

,. lim Да) = lim Дх)=1 
х-»1- x—1— 


‘, lim f(x) exists and equals 1. 
x1 


Also Д1)=2—1=1. 
SQ lim Дх)=/(1) 
x1 


Hence f(x) is continuous at х=1 
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Ex.2. A function f(x) is defined as follows 
f(x)2x? when 0<x<1 
=x when 1<х<2 
=} x5 when 2<х-<<3. 
Show that the function is continuous at x—1 and x —2. 


(C. U. 1941] 

lim Дх) = lim х?=1 
х--1- x—b— 

lim fix) = lim x=1 

> 1+ x—1-4 

lim Д = lim Дх)=1 
х->1— хэ1+ 

2, dim f(x)exists and equals 1 - 

х->1 


Also /(1)-1 2, lim f(x)—fil) 
x1 


Hence f(x) is continuous at x=1 
Again, lim f(x) = lim (х)=2 


х--2- x—2— 
lim f(x) = lim (1 x3)22. 
x24 х-»-2-- 
lim fæ = lim ЛДх=2 
x—2— x24 
za lim f(x) exists and equals 2. 
x—2 


Also f(2)=}.(2)3 —2. 
л, lim Лх) =f(2) 
х-»2 


Hence the function is continuous at x—2. 


Ex.3. A function f(x) is defined as follows 
f(x)z —1 when x<0 
= 0 when x=0 
= 1 when x0, 
"Test the continuity of the function at x=0. 
lim f(x) = lim 1-1 
х0 — х--0- 
Иш Дх) = lim 1=1 
x04 x>0+ 


eee eee 
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lim Дх) = lim f(x) 
x>0— х--0-- 
Hence Иш Дх) does not exist, 

x0 


So the function is discontinuous at x—0. 


Ех. 4. А function f(x) is defined as follows : 

fx) Qz- 1), when xz1 

=2x—1, when x«l. 

lim — f(x) іа (2x+1)_ 
Here ха» Cox =з 
(o x>l+, зох '.‚ by definition /х)=2х+ 1] 

lim f(x) _ lim (2x— 1.4 

á x—1— T o x—1— P" 
(Here, “|! x—1—, so х<1 and hence by definition 


Дәх)=2х-1). 
іш SE) а lim fe) ч 
х->1-+- е Н 
Hence the function is | . 
discontinuous at the point yg 
х==1 апа this discontinuity is 
not removable, gaitsssaB 


х 
In the graph, notice that 
the graph is broken at the 
point x=1 and the distance Y 
between the disjolnt branches Fig. 38 
is AB=3—1=2 which is a finite number. 


Ex. 5. Let us consider the function 


ло) 1 


х-1 
The function is undefined at the point x=1 and so is discontinu- 
ous at the point. 


lim x?—1 lim (x41) 


es oer gei =2[as x—1, we can take x41] 


Now 


Hence шл) is not equal to f (1) which is undefined. ў 
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Let us now redefine the function as follows : 
э 
fas when x1 and=2, when х=1. 


Now according to this new definition of the function 
lim f(x 
нь (ast 

Hence the function is now continuous at the pointx=1. Thus 
we see that in this case by redefining the function properly at the 
point in which it is not defined, the discontinuity of the function 
at the point can be removed. 

Hence the discontinuity of the original function at the point 
x=1 is a removable discontinuity. 
x2—1 
х-1 
branches are disjoint at the point x—1 : but the distance between 
the branches is less than any 
positive number, however small, 
i.e. 0. In reality, as the function 
is undefined at the point x=1, its 
graph has a break only at the point. 
Now if we take f(x)—2 at the point, 
then there will be no break in the 
graph andit will be continuous at 
the point x— 1. 


The graph of the function f(x)— has two branches. The 
~ 


Ex. 6. /()-282 when x50, 


—2 when х==0. 
[ Here x is in radians ] 


$ со and values of f(x) at points close to 0 are tabulated 
elow. 


х= | 1 M 01 ‘001 


sin x= | *84147 0998334 "00999984 "00099999983 ete. 


sinx 
——= | °84147 "998334 :999984 *99999983 


——————————— 
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x= 1 =] -01 —`001 
sin x-- —°84144 —:0998334 —'00999984 00099999983 etc. 
ЯВЖ 00384147 01998334 999984 -99999983 


Hence it is evident that as x approaches the point x=0, 
sin x 


whether from the right or from the left, approaches the 


value 1. 
à lim sin хор 
х-0 x 


v al 
Tim SO) до), 


Hencethe function fix) is discon- 
tinuous at the point x=0. Now, if 
instead of 2 the value of the function Fig. 40 
at x=0 be taken as 1, then we shall have 1 

eed ШЕ) 
and the function will be continuous at the origin. So in this сазе 
by properly redefining the function at the origin the discontinuity 
can be removed. 

The graph ofthe function has three branches, one on each side 
of the y-axis and the third being the point (0, 2). The main two 
branches are disconnécted at the point (0, 1) and distance between 

“these two branches is less than any positive number, however small, 
ie, the distance is zero. Now if the value of the function at the 
point x=0, be taken as 1 instead of 2, then the point (0, 1) will be 
a point on the graph of the function in place of the point (0, 2) and 
the function will be continuous at the point x=0, 


lim sin x : 
хон) агни is very useful. УУе shall discuss this 


limit in $ 377. ] 
D. C.—5 


The limit 
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Ex.6. A function f(x) Is defined as follows : 
S(x)=2x, x«i 
=2х+1,1<х<1 
-:3х,Х24, 

Find the points of discontinuity of the function Дх). 

Let y=f(x) Now the graph of the function y=f(x) has three 
branches one for x<}, one branch for }<x<1 and the third for 
xz. The graph of the function is shown below. 

From the graph notice that the graph ís broken at the 
points x=} and x=1, The branches disjoint at x=} are 
ata distance 1 unit from each other. Hence the discontinuity 
of the function at the point x=} 
is not removable. The distance 
between the branches disjoint at 
the point x—lisless than any 
positive number, however small, 
ie. the distance is zero. So, 
the discontinuity of the function 
at the point x=1 is removable. 
In all other points the graph is 
continuous and hence x=} and 
х=1 аге the only two points of 
Fig. 41 discontínuity of the function. 


Ex. 7. A function f(x) is defined as follows : 


fx)-1, х<0 Y 4 
тэх, 0<х<1 | is 
=2—х, l<x<2 Ab 
=2х, xz2a. 3 

Find the points of disconti- 4 i 


nuity of the function. 

The graph of the function 
has four branches, The graph is 
drawn here. Itis evident from 
the graph, that it is broken at 
the points x=0 and х=2, The 
disjoint branches at these points 


З Fig. 42 
are respectively at distances 1 and 4 from each other. So, the 


= 
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discontinuities of the functlon at these points are not removable. 
The function is continuous at all other points. 


Ex. 8. Show that, /(x)=x sind is discontinuous at x—0. 
Find the nature of the discontinuity. | 
oss | хя 1 -151 {sind | <j x —0 as хәб, 
lim m Ё 
x0 * Sin Q9 [see Ех, 10,83:3] 
But, at x—0, sin E is indeterminate, hence at x—0, x sin 1 ie., 


700) is undefined. Therefore the function is discontinuous at х=0. 
If now the function is defined as 


f(x)=x sin 1, when x0 


=0 » When x=0, 
then the discontinuity at х=0 is removed, for according to the new 


А : 1 
"T lim f(x) lim x sin-=0=/(0). 
definition, x0 БУНЕ x 


2, Discontinuity at x —0 is removable. 
Exercise 3C 


1. (4) Draw the graph of the following functions to evaluate 
the following limits : 


З lim x? ; lim (3x44) 
Ө жек? @ ты 
;4 lim, cosec x " lim e?, 
(iii) хэд (iv) x ef 
(b) Determine the points of discontinuity of the functions : 
7 1 s X25—5x4-6 PE sin x 
O IX 0) 255342 addi аж 


2. Draw the graph of the function 
| x—1 | and hence find lim (x). 
{ х->1 
3. (i) Дх)=х when х<0 
=2x+ 1 when 0<х<1 
=3x when x>1 
Find the points of discontinuity of the function if any. 
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= when 555. 


(ii) fot 
Test the буцан dix continuity at x—5 
(iii) A function ¢(x) is defined in the interval —1<x<2 as 
follows 
o(x)=3+2x when —1<x<0 
—3—2x when 0<х<5 
=—3-+2x when $<x<2. 
Test the continuity of the function аг х=0 and x=}. 
4. Draw the graph of the function 2* and determine the points 
of discontinuity of the function. 


5. Find the limit lim х2. What kind of discontinuity the 


х-»3 


function has at the point x—3. 
6. A function f (x) is defined as follows : 
Дх=—х, х<0 


гэх, 0<х<1 
m2x, 1<х<2 
=3х, xz2. 


Deter mine the points of discontinuity of the function and also 
the types of discontinuity. 
2.4 . 
7: го)= 2-3 is not defined at х=2. For what value of /(2), 


the discontinuity at x=2 сап be changed into a continuity ? 
8. A function ¢(x) is defined as follows : 
¢(x)=3—x, when x«1 
=}, | whenxzi 
=$—x, when хо», 
Show that ф(х) is dimentiniods at х=1, 


$36. Limit Theorems. 

_ The limits of different functions can frequently be determined 
with the help of the following limit theorems. We state below the 
following limit theorems without proof. 

If f(x) and gx) be two functions of x and lim fix)=/, 
х-»а 


lim. (у=, where / and m are two finite quantities, then, 
х 
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(1) lim e.(x)—cl-—c. lim f(x), where c is a constant. 


x—d xa 
(2) lim { Дх) 3-23) -:14-т-5 i= fao lim g(x) 
xa xa 
(3) lim (f(x) — (x) 2I -m= m 10- lim g(x) 
х-»а xa 
(4) lim {f(x)g(z)}= lim P "ы g(x) 

xa х-»а 
lim f(x) 
lim f(x). ox 
(5) хах) Ad ХЭ? where m0. 
х-»а 
(6) lim fís(x)— =f 1 үш Бэ if f(x) 
х-»а 


be a continuous function. 


Note 1. The theorems can also be stated as follows : 

If the limits of two functions at a point exist, then the limits of 
the sum, difference, product and quotient of the functions are 
respectively equal to the sum, difference, product and quotient of 
the limits of the functions at the point. (In case of quotient, the 
limit in the denominator must not be zero. ) 

2. The theorems (2), (3) and (4) are true for more than two 
functions , ie. if the limits of functions f,(x), fa(x), Га (Х), at 
the point а exist, then 

lim (/:095/,09 E fa) E «e 
ха 


slim /(х) + lim /„(х)+ lim f(T) + -+e 
ха ха ха 


and lim |6969) 
еш "t 109. dm ^0). m fg) 
x-»ü 
3. Iflim f(x) and lim g(x) do not exist, then the theorems will 
x-»a xa 
not be true. 
—16 xt 16 
For example, 5 ар an be written as EA X4 


lim 3-16, lim x? — lim 16 
But x 44 7х-4 / x24 xC4 x4 x-4 
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The limit on the left hand side is 8 and none of the two limits 
on the right exist. | А 
lim ә _ lim х? , lim 2x. 
Ex. 1. Show that, x2 (x? +2х)= ene XD 
We tabulate below the values of x?, 2x and х2--2х at points 


close to x=2 


x= 1:9 1:99 | 1:999 1:9999 
ха = 3:61 | 3:96 | 3996 3:9996 
2xe 3:80 | 3:98 | 3:998 3:9998 
| - 
x242x= | 7:41 | 794 | 7:994 79994 etc. 


= 2:1 | 2:01 2:001 20001 
ae 441 | 4:0401 | 4:004001 oe 
8 | | 420 | 402 4:002 | pu 
ec 8:61 | 8:0601 | 8:006001 | 8:00060001 etc. 


From the above tables it is evident that as x approaches the point 
2 whether from the left or from the right, each of x? and 2x tends 
to 4 and x? +2x approach 8. 

Hence lim x? —4; lim 2x—4 ; lim (x?--2x)—8. 

х-»2 х-»2 х-»2 
lim (x? +2x)=8=4 +44, 
-lim x?+lim 2x 
х-»2 х-»2 


Ex.2. Show that lim (2x--1)?— [ lim (2x+1) 2 
х-»1 и } 
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| We tabulate below the values of 2x+1 and (2x--1)? at points 
close to the point x=1. 


| | 


Р La 14 | -999 | -9999 
2х+1 28 |298 2:998 | 2:9998 
(2х1): | 784 | $8804 898804 | 8:99880004 etc. 


Qx-- 1? | 10:24 ped | 9012004 9:0012003 etc. 


It is evident from the tables that as x tends to 1 whether from 
the left or from, the right the functions (2x+1) and (2x4-1)? 
respectively tend to the limits 3 and 9. Hence, 

lim aaa lim Ca 
х-»1 е х->1 
М From the above theorems we may say that if two functions be 
| continuous at a point, then the sum, difference, product and quotient 
| of the functions ( the limit in the denominator in case of quotient 
will not be zero ) will also be continuous at the point. 
For, let f(x) and g(x) be two functions continuous at the points 


х=а 
lim f(x)—/f(a) and lim g(x)=g(@). 
Then зай : xd wm 
lim [Жаныш f(x) lim g(x) 
х->а xa xd 
[ As the two limits exist ] 
=/(а) + g(a). 
lim m g^ KÐ. lim g(x)zf(a)s(a) 
х->а | xoa xa ; 


lim (HND if g(a) 40. 
ха g(x) (0) 
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The following examples illustrate the use of the above limit 


theorems. 
Ex. 3, lim 5x=5lim x [ Theorem (1) J=5x22=11. 


х-»2:2 х-»2:2 
Ex.4. lim (x?—4x—5)-lim x?—lim 4x—lim 5 
Х-»2 х-»2 х-»2 х-»2 


[ Theorems 2 and 3 ] 

= lim x lim x 4lim x lim 5 [ Theorems (4) and (93 

х-»2 х-»2 х-»2 59x22 
—2.2—42—524—8—5--9. 
Ex. 5. Show that lim x*=a" [ n is any positive integer | 

x—ü 
lim x"—lim (x.x.x---to n factors) 
х-»а x-uü 
= lim x lim x lim x««--to n factors [ See note 2] 
x—ü х->а xa 
=a.a.a:--to n factors=a" 
[ The above limit is true for all values ofn] 
Ex. 6. Iff(x)2agx" tax" 4 d, 1X0, be a polynomial, 
then show that lim f(x) —f(a) 
xa 

lim Дх) == (а,х”--а,х”-! foe tO 4X4 5) 
xuü х->а 
slim agx^--lim a,x"71-4-----lim a,_,x+lim a, 

Х-»а х->а х->а х->а 

Г By theorems (2) and Note (2) ] 


za, lim x"+a, lim х”-1- «2,4 lim X+an, 
ха 


Х-»а xa 
zd, a" dd". tan, Ata, 5 
=/(@). 


[ From the above example, it can be said that all polynomials 
are continuous everywhere and hence the limit of the function at 
any point is the value of the function at the point. For example, 

lim (x^—3x? +4)=34 — 3.32 --4—81—27--4—58.] 


х-»3 
lim x-3 —li 1 ш 
Ех. 7. к= LU 1 1 
x x—>4 х-»4 x3 lim x? =E =64 
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lim х3 
lim х®—3х+4_х->—1 ‹ Эгч 
х---1х34-:4-1 ш — (24x41) 
х-»-1 
alalis —3(—1)+4_ 14-344 
“(-11-4(-040) 1-1+1 
Ex. 9. lim sin (x? 4-2x —3) 


Ex. 8. 


r1 
=й { lim (x? pv (Ву theorem 6 as sin x is a 
тэ x—>Í continuous function] 
—sin (12+2.1—3)=sin 0=0. 
lim x? —Ах+1 
\ -4х-1 х-1 
Ех. 10. lim 2 =2 
х->1 


| As 25 is a continuous function ] 
22-411 эн 


Exercise 3(D) 
1. Evaluate the following limits : 


(i) lim 3x (i) lim (2y+5) 
х->—1 у->2 
(Hi) lim (100y?--10y--10) (iv) lim x? 
у-»! x4 
(v) lim . as (vi) lim 1 
х-»-2 х-»1 x? 

„ү lim x?—4 lim (x2 4-1)? 
(vii) 20 E ED . (viii) z d £ » 
(ix) lim cos (х? —х) (x) lim eon 

x0 | х0 
(хі) lim х2—3х+4 _ Cii) lim х +2х+1 
х3 х3-4х-8 xl “4-341 ` 


2, Prove that 


lim x9—1 . a dim sie 
х @ хы x—i =6 AÀ) eu Jitris = 
(iii) lim x?—1 29 
VALUES Wr 1 
sin x 
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437. Some important limits. 

We have earlier shown that if a function be continuous at a point, 
then the limit of the function at the point is equal to the value of 
the function at that point. Determination of limits of functions at 
points in which the functions are not defined (i.e., of the form 0) is 
very important. We state below the limits of some functions at 
such points. 


1 n 
(i) 8, “= —na"-!, where n is any constant. 
(ii) an sin х1, where x is given in radians. 
x 
s lim 6-1 : lim log (14-х) _ 
(iii) x:s0 $ = Ex. Gv) 2.0 шин ши л 


[ Note: (1) Theabove limits can be intuitively proved easily. 
In fact the intuitive proof of (ii) has been given in $ 9; 

(2) The above limits are true if instead ofx any other variable 
is taken. For example, 


lim sin ,. lim e*—1 4, lim y^—a" ыл et 
so n 713 E I "27 10 0 
(3) In the limit (i), putting x—a=h we get 

lim (Х-0)-00, ог, lim h=0 

xa xa 


ie., when Х-»а, then /A—0. 
(i) can be written as 


lim (a+h)"—a"_) ,. 
be Mg mmm 
In fact in any limit, putting x —a— . 
lim f(x) can be expressed in the form lim f(a+/) 
xa h30 
ie, lim /(х)- lim f(a+h) 
xa Л-»0 


The following examples illustrate the application of the above 
limits. 
S3 ET 28.21—8x128—1024 
( Application of (i) 1 
lim x3—27 |i 8- 
Ех. 2. lim (55-27)(х-3 
à x3 529 7x3 EE 


[4 tegen, x— 30) 
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lm x?—27 lim x3—35 
=¥>3 x-3 x3 x—3 33? 9 
lim x3—9 ^ lim x3—32—23 2 


x—-3 x—3  x—3' x—3 


5 € x 
lim x2—a?_ lim х-а 


Ex. 3. C— АРЕ 
X | = xa E 
xa б Vea [^ х—а;0] 
x—a 
7 5 5 
lim x?—a? " op 
XS жо [ Since the limits of both numerator and 
=m E 3 denominator exist and the limit of the 
х-»а 25 denominator is по! zero. 1 
за? -1 3 85.8 11 
=? gc173x$e 82048 
ga 
a (1+hA)"—1_ lim z"41 
Ex. 4. SS т-н15-1- 
Гэж I gl x n]"-!-n 


| Putting 1+h=x. As 10, x1] 


Нш tan ын lim fsinx 1 
Ex.5. хэд “х-0 | | 


X 16083 
lim sinx lim 1 1 ў 1-4 
“х-0 x xo0cosx- ‘lim cosx "I^" 
: x0 


Ex.6 lim sin 3x іт 3 sin 3x 
Ж-А» ж) “x30 3x 


lim sin 3x 4.4 lim sinh = 
=з х--0 3x r3 h>0 Ral, 


sin «x 
Ех. 7. lim sin «x | lim | xx ах 
TOU x0 sin jx x20 ) sin Bx’ Ry а 
Вх 
sin «x lim sin «3 
_ lim ах gt _ а X07 ax эх 1 « 
(X20 sin ax BP lim sin T "BI E 


Bx x0 “хо 
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lim (sin 2x\?_ lim [sin А\2 
Be 8 „(© =) =, pr^) 
2 
[ Putting h=2x and as x—0 then 7-»0 1 


=4 па (0 4)" al lim = hy -4л8-4, 


h> h>0 h 
Ex.9 lim 1—cos?h_ lim 2 sin’h 
шил h? ^ —— h—0 oq 


- is рн) 
—2 lim sinh lim sinh 


h>0 р 754. 


Ex. 10. = a lim [к= 5 


А? 7 
; h2 
_ lim fe =f : n". Д 201 
=һ0 Es | =! : гр, 1 jim h=1.0= 
i (2 when ^^ 0 then 78-90 | 
lim ¿Sin x 3 sin x in x 
Ex. 11, £ 1-1 lim [e —1 sin Х 
ud эвь 7 (иг х 
lim Бол х | lim sinx 
h>0 sinx °“x-0O х | 
i іп х=й. Asx—0 
le di. [ Putting sin 
=} ш; : Ч 1, then 8-0. J 
=1.1=1, 


: н lim xsinx lim х 
Ex. 12. 25 озу x0 2sin? x x0 2sinx 


E pee l 
~2' fim six ZI 2 
х-0 х 


3x) lim log (1+3x) 
Eng Ёш, log (434) — 0 e ^4 


=; lim log (1+9) where Y=3x30 as x0 
y0 y 


=3.1=3. 
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1 
x i log (1+x 
Ex. 14, 230 0339-2250 ECTS 
lim log (14-X) [2 $ 3:6 аз 4 
“єх- 0 х continuous, 
| sel =e. 
| 15 lim log (1+ax)_— lim шах а Tax) sin bx a 
| Бх-15, хэр “sin bx  Х-0 bx Bi 
_а lim 108 (1-рах) lim sin bx —4 1124 
р x90 ax x20 bx b b 
lim ex*— | lim вх. («—BX 1 
Ex. 36 ХЭ” х) хэ0? Ww Л 
lim (px. lim 4-1 
—(«— В) хэл Та вэ 2 y^ [»2(x— 8)x—0 as x0] 


z(«—).1—«— B. 


Exercise 3 (E) 


1. Prove that 


lim x*— 625 
Х--5 х 5 =500 


з 8 

4.4, lim х7—а@7 
(ii) 3——3 7,40 
xa 4 14 


(edi, 3-747 4 
X-—ax-1—-q-1 7 


lim х3-2 

(vi) ——="_=10 
зэв a 
cos x 


(x) a Lá сов h_y 
lim 1—cos k 
. 09) ууд NJ =} 


lim Jt 
(xiv) [же i =0 


бй) 


" lim x?—64 — 
Gi) x—4x?—16 =6 
: lim x"—a" л. 
( ) xa жй уо т 


(ix) m И) (A.cosec h)=1 


lim тё 5х 245 
х-»0 


(xi) 


lim tan TF 


00 пө п 
tan x 1 


c lim e E 
Ls 
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lim 23*^—2? lim ežth _ ox 


(xvi) h->0 ^ =e? (xvii) һ>0 7 =e" 
wi dim log (1+a@x)_ : lim log (1+2x)_ 2 
(XD у= ew (хіх) v. E E m 
1 
(xx) m: (1-+-2x)*¥ =e?. 
2. Evaluate : 
T lim (2x)* — 256 (i) lim , x3+8 
) хэ2°Щх—2) х>—2 552 
„у lim x*—1 шу dim (2+h)4—16 
(ш) x1 g. (iv) h>0 етисе 
x?—1 
v Bir (tan 3x cosec 3x) , (yi) „йы сын 
1 
А ; nn lim х 
T lim log (1+sin x) (viii) (1+axy, 
(Vi) + 0 oa х-0 


$38. Meaning of the symbol о. 
Let yel and x—0-- ; Now let us tabulate the value of! for 
values of x close to 0. 
х|1| 1] -01] 00001] 10-9 | 
у[ї| 10| 100| 100000 109 |^ 
Evidently one may notice that as the value of x approaches from 


the right the value 0, then the value of : gradually increases. Actually 
taking the value of x sufficiently close to 0, one can make the value 


of у=} greater than any positive number however large. In such 


cases We say that y is tending to infinity and it is denoted by the 
symbol yo. 


Hence x—co means that the value of x so changes that it can be 
made greater than any preassigned positive number ho 
Now if f(x) be a function of x, and if /(х)->1, as 
say that the limiting, value of /(x) is / as x tends to in 
T : lim 
itis written as анн Дх)=!. 


wever large. 
Х-»оо, then we 
finity. In symbols 


| 
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lim 1.0 
— 


Example. Show that Жы 3 


Бог large values of x values of 1 are shown in the table below : 


x| 10] 100| 500] 105 (109 
11-1 lot l.o02 | -00001 | 10-2 
х | | | 


etc. 


| 

гад 

| | 

Evidently as the values of x increase, : tends to 0. 


lim 1 
Hence Exo gm0. Here note that for any value of x, the value 


of i will not be zero. 


From the above example we find that as Xoo, then У-»0--, 
Hence for any function /(x), 


lim _ lim 1 Ё | 
x /0)= y»04- A) [ Putting х=: | 
Now the right- 


hand limit can be determined by methods previously 
discussed, 


Note : (1) o» is not a number; it is only a symbol which indicates 
a particular mode of change in values of variables. (2) х---са 
means that x assumes values which can be less than any negative 
number (whose absolute value may be however large) however small, 
It can be shown that 


lim 1 


OL — оо 
x20— x 


(3) Iflim Дх) =, we say that as x—a, then the limiting value 
xa 


of f(x) does not exist, 


Ex. 1. Show that lim 3.0. 


Х-»оо 


Let y=}; as X00, then y=0+ 


Given limit=lim 3=lim  3y2=3,02=0, 
Хоа уз0-р 
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Ex.2. lim (2+4)=2 


х->со 


На (2+3)=lim | (2+у®у=нш 2m уз 
X—»o0 "E yo0-c уэ0+ у=0+ 
=2+0=2. 


Examples 


Ex. 1. Evaluate the limit. 
lim 3. Ag 4 
h->—2 [n e^ -csin (1-2) 2-75) 


lim 


: 4 
Ема? {з —e”+sin (А-2) +2 +a) 


= lim 3hż—lim "+ lim sin(h+2)+lim 2+lim 4- 
һ->—2 h>—2 һ>—2 h>—2 1--215 


=3(—2)* —e7 2+sin (— IR Ын 
2346-1, йй 040-44—51—4 


Ех. 2. Evaluate the limits. 


: Lt x2?—3x+2 (ii) Lt -7х-12 
0) жэл xi—4x43 х-3 = 8x--15 
"a —3x42. Lt (x—1(x—2) 
x1 ri 7x1 (z—-1)x—3) 
Lt (x—2) 
= и x—2 xl —] 1! 
x x-3 Lt (x-3) -2 2 
2-1 


-Тх-12 Lt (5-3)Х-4) 
(ii) cs WII = 5,3 (х 3х 5) 


Lt 0-4) 
Ld х-42хэ3 em 
x3 х-5 Tt (5-5) -2 2 
Х-» 


Ex. 3. Evaluate the limits. 


lim 75-41. lim 08410 
hol Feat Trol DO -D 


LIMIT 79 
= lim 081484) 


= lim (A? +1) да (h+1)=2.2=4. 
Л-»1 
E ш. 
х-»-0 J14x—1 
[Here theorem 4 cannot be used as the limiting value of the deno- 
minator is zero.] 
lim х(Уї+х+1) | . lim д(/ї+х+1) 


"eni Саха) "10 DESI 


= lim ( JIxxtU)-— lim (14-3) +lim 1 


Ex. 4 


x20 x0 x0 
= 0 lim (1--5) 5155 1+6+1=1+1=2. 
Ex. 5. Evaluate the following limits : 
Р Lt J(143)-— J(1—x) 
ar 
6) узо EE VICA а OQ C T —_ 
8) Lt 40-89 (1-2) 
x0 
{+x A0 —23)E УО +) 0-3) 
ES Ох) у(х) 
— Bi (1 4-2)—(1—2) 
7x0 |,/(1--3) /(1—хХ)}.+ ` 
_ Шш 2х T T 2 
—xo0iJü-czxk 10-ах)х x0 Ја) + (1-0) 


Lt 2 221. 
~ x0 {,/(1+х)+ ЈО) 2- 


Гүх-1-3 
(8) uM ie x 


= Lt (Jicx2xt „3х /1-++2х— J1—33] 
x-x0 (Jix2x* /1—3х}х 


Lt (14-23) - (0-33) 2 Lt 5x 
=x>0 (Jpx2x4 41-3хрх X20 [VI+2x+ Ji-3xóx 


p. C—6 
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_ Lt 5 2 5 zi 
25-0 Jipaxt Ji—3x iti(Jic2x4 41-33) 
x0 
Lt a— Ja3—x3 Lt (a+ Ja?—x3)a— Ja?—x?) 
Gi) x0 xi х-»0 (@+ Ја хз) х° 

Lt —(d3—x?) _ Lt x FS 

“x0 т Ма? —х%)х# x0 (a+ Ja _уз)х? 
ЭЛ pe — — Н 
“х-0 a+ Ја? хі Lt (a+ Јаз) 2a 

x30 


Ex. 6. Evaluate the limits : 
lim ,/1-25-41-х 
x0 вх Ла 
Given limit= lim K VIE — ук /1+х5+ 41-55), 
=? Jixxet ЛЭХ 
Мї+х#+ Jicx 
С.Л Ур NIE T 


— dim ( 1--55-1-2 МІФ а 
х-0 UJTExS4- /1+х 1+х*—1—х i 

_ lim ( х02-1) |. Jirxtt Re 

жэр \,/1+х3+ Мх х(х%—1) | 


lim MESI IET ES J +x) 
7x20 (J13-33 4- JL x) 4- x 4-1) 


m (x4- 1 ( ,/1--х5-- Jicx) 


EC. (Лх + МЛ) н) 
х-»0 


= 0-DCOJIFO-./1x0) _1( JI+ JT)_ 1 
CJ1x0- J1+0)0+0+1) (VI4JI- 


Ex. 7. Evaluate the limits : 


5; lim x8—28 . Ц 3 i 
i zr анні Ы m x3—27 ... $ aq? 
@ x52 x—2 (i) x3 x3—9 (iii) бы Y д 
( lim x8—28 T 
D. x32 арс yay =8.2%®-%ш8.21—8, 128--1024, 
\ 


(i) 


LIMIT 81 


lim x?—27 lim x—3  x—3 x—3 
х--3 x3—9 х3 x1—9 = lim x?—33 


. 335-1 3.33 27 9 


“23з=® 23" 6:2 


(ш) 


: Eom ee 

lim x*—a?= lim 
“Зо 8 r—a "' x—a;z0 

xoa 23 xa Sd #0] 


-а5 3 
х8-а8 
х-а 
5 5 
lim x?—a? "we 
x х-а за! | 54-844 
+ E RE] 3 А, li 
= Tim FN Tx x $a 37^ ша30а 87, 
х->а ха 8 
Ex. 8. Evaluate the limit : 
lim aox” pa, x"7 +а„х"-% Herran X +a [5,540] 
х-»0 Боха еВ (xb 07 
Given limit lim (d5x" +a, X" 1666660 pa, Etan) 
_х-—>0 20 Р 
€ Tims (box" tbx" l4 ROSL iX b.) 
х-»0 
00.0 a, 0 Fore а, 0-4, 4, «e 20 
LUE бкр бб, eee ] 
Note: Ifb„=0, then the limit does not exist. 
lim (1+4)"—1_ 
Ex.9. Show that 40 p S" 
lim (1+4)—1_ lim х”—1 , 
h-0 + zm [ Let 1++Л=х; when A0, then 
x1] 
znli"-lzn. 
Ex.10. Evaluate : 
4 lim tanx |... lim sin 3x Ee Hint, Зе" 
@ 20^ 3 MW хэ0-й 5 UU sop 


" lim sin «x lim [sin 2x4? 
ЧУ) x0 sin Bx 9) xol x ) 


lim 1—cos 2h (vii) lim xsin x 


(Vi) 0 з т 


x0 1—cos 2x 


82 


DIFFERENTIAL CALCULUS 


lim tanx lim (ах, 1 elm sinx lim 1 
x»0 x ‘х0 соз х 


Ө x50 x x0 cos x 
1 
=11=1 
Їл cosx 001 
х--0 
. lim sin3x lim 4sin3x lim sin3x 4 lim = h 
08) 550%. x0" 3x x07 3x =?" h-x0 
| 3x=h ; when x->0, then һ->0 1 
23.123. 
Gi) lim 3x lim 3 _ 31 3.4 
m) х-05шх 3-0 sinx lim sin А | 
“Эрс х-0 
sin «x 
lim зіп <х_ “ах «x 


GY) хз n in px ‚хе = 213 Ёх 


sin «x [5 sin «x 
= На } « | 4770 «x tt x 
x0) сатр f lm sin fx 81 p 
Bx x0 px 
lim (sin 2x\?_ lim (sin 
(0 x>0( х ) = j50 ( ЫН [ В=2х (say) when x—0, 
2 then 40 1 
—4lim (sini? ,flim (зіп А}? даа 
po (225) аво 65] == 


lim 1—cos2h lim 2 sin*h 
09 150—353 — э0 5 


fils, рена 
=2.lim sin h lim sin А 


h0 5 h>0 h 


(vii) lim xsinx _ lim xsinx lim х 
x0 1—cos2x x—02si?x Х-025пх 


2112. 


=} IS DT d 
Z lim snx 21 2 
x0 x 
Ex.11. Show that, 
; lim sin x°_ : 
1 RI x 2 
9 x30 x —180 (ii) lim tan ax ad 


x—>0 sin bx b 
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LIMIT 
- li i -4 lim tan 49 cosec 20-52. 
(ii) кв) 001 Gv) 230 
(v) ш sin —= х= 1/5. 
x3 37 x 
lim x(cos 2x—cos 3х) _5 
x0 sin?x m^ 
: sk S 25221805, 
lim sin ix lim 57 180 a3 
G хэо 7x0 2. ХОт 1 
_ lim siny лх | 
=x—>0 180 [5977 (say) | 
х » when x0 
then y 0 
x lim sin Ши... ELA x 
5 рх-0 y 180 180 
(i) lim tan ax_ lim ^ ax bx 1 3) 
x0 sin bx X0 V ax ‘sin bx cos ax b 
_а lim sin ax 1 2441 la 
=p x0 lim sin ar imcosax b ll b 
x0 bx x20 
iii) Let x—4=} ; `. when х-»а, then У-»0. 


lim sin (x—a)_ lim sin y_ 
Now, куу усп 790 y 1. 
(iv) Дап 40 cosec 0— di 0. 
— lim 2 sin 20 cos 26__, lim cos 20 
=9-0 cos 40 sin 29 99 cos 49 
lim cos 209 
0-»0 
a) E 7 
Tim cos 49 
00 


12: 
172 


1 
im si . lim V2| —45 = 
lim sin x—cos ¥ — 3 E 7 sin x 72 cos əs 1) 
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== 42, in, amy | Let, у=х— when хәз then »»o| 


=— J/2.1=— i1 
lim х.2 sin aa sins 
i i limit— 
(vi) Given Шшийзс, o aa 
Sy 5x х x 
in — = sin 
21m] х 22, 22, 
xo0]sinx 5x sinx x sinx 
2 2 
sin pm sin s 
_ lim (= 2 lim 2 
~x +0 2\sin x] xo0—5x- "x0—— 
2 2 
=$.15.1Л.< 
А h2 
„ dime —] 
Ex. 12. Evaluate : ГЭРЧ к 
: — lim A* ad 
Given limit= p2 Ї js h 
_ lim ev lim "d = ЭР 
“ихэр oe ae 4 [h?=y (say) ]=1.0=0. 
lim е“ Зи 
Ех. 13, Show that $30 — g оф 


Given limit lim Gs )-( LA 


x20 x 

tim [0-1 4-1] _ tim 5-1 dim #4 
asa x “Эф x>0 x x>0 x 
=lim 47.1 dim / 5-1 

x—>0 xx x20 E 
A im e 91 lim E 1 

'«x—0 xx =$. Bx—0 
zm«1-—B.1-«—g 

sinz | 


Ex. 14. Show that lim « 
х-» 


BE аа 


LIMIT 85 


sinx Р 
Given limit— lim ( -1 sins +} 
х-»0 


яах x 
_ lim an * 1 lim sin E 
=x>0 sinx х90 х 
Aim. itl «4 us y=sinx; 2. When x0, 
y0 у then y=sin x0 ] 
=11=1. 
Ex. 15. “Evaluate the limits 
. lim me (ii) lim log (1+4x) 
0) х-»0 х-»0 sin bx 
7 lim [log (14-3x 
() Given пин Jim fo E Om) ) 
а lim 1080 ore) tilas 
=3. 350 =3.1=3. 
(es (1--ах) bx a 
Gi) Given limit=, 5o ax зах b 
: log (1+ax) 1! 
= lim 0 ax Иш snx 
ge bx-»0 bx 
all 
nm 1b 
Ex. 16. Show that 9, lim in 0—1 =loga 
li = 
(ii) кя e n =log 
(i) lim a lim Bn эй -1 . lo a 
) x50 — x0 xloga B 
2 lime 1 x log a=» (вау); 50, when x0, 
=log 4 y407y [ then у->0] 
=log a.1=log 4. 
Gi) lim a?—b* lim (a* —1)— o2) 
x0 x x0 


lim a*—1 lim b*—1 
——0 x x0 x 


=log a —log b [ by (i) above ] 
=lo a 
=log b 
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1 
Ех. 17. Show that lim (1+x)z=e. 
x20 


= 1 
1 z 
lim (1--x)z— lim 2198 (1+2) 


х-»0 x0 
= 9090 бе). (Ву $ 3'5 Formula (b) аз e* is continuous] 
=е =. 


Ex.18. Find the value of - m du. log (1--х) 
0 jog (i+sin x) 


— lim fsinlog(1--x)log(1--x) x sin x 
Given limit= eeu log tes : ч 2 x log (1--sin x} 
lim sin log (1 +x) lim log(i+x) lim x 
—7 x20 | Іов (1+x) 'x—0 x ' x0 sin x ` 
lim sin x 
x0 Tog (I-+sin xy 
= lim sin y 1 1 
»20 y""limsinx lim Лов (1+2) 
x->0 x z-0 z 


[Let y=log (1--x) ; z—sin x then x0, then y—log 1=0 and 
zin 0=0 1 


Ex. 19. Show that 
4 lim sin h)—si 
® aso = erates Sn X cos x [H. S. 1979] 


@ уш, хан. -1 when /0)-41. 


к 1 i 
Gi) ШЛ) +3 then, a 19-10). =й. 


A р 
à) Jim sin (x+A)—sin x lim 2008 (+4) ашу 
h>0 В =h 


0 h 
QA Л 
lim ) 905 hy dim 9 5 jim h 
-85| занг Ше ук» 695 (2) 
2 


lim sin k 
= ik жш [3 (say) when 7-»0, then k=5->0] 


==1. cos x=cos x. 


LIMIT 87 


E te 4 1 1 
Hu у= MO 1 —— oes Е 
d) fw; fh) гүй 04D 1-1. 
1 
lim /(14-5)-/0) lim [zz | lim _—A 
1-0 h =h>0 Т -=һә0 Rh) 
TA lim 1 __ 1 1 
вво ТҮ” Ши 150: 
1-0 
i) До) = 43. 
HOE dics --3 and fidy= d 322. 
9 1 1 
а 35 езе pi 
А -— lim h—1 lim h—1 
Given limit = a= 
iven limit, 0 1 шин i 


. lim (i. 156-0) lim үү lim 1 


=з 1) J h0 70 1-1 
-ш0-1--1. 


Lt 1 
Ex.20. Show that x0 (х соз 1 =0. 


| х cos |=| =| | cos 3 Now, СЯ <1 
x x x 
| X cos t| < | x | 
x 
Now, when х-»0, then taking the values of x sufficiently close to 


“0 we can make | х | less than any positive number, however small. 


So | х cos 1 | can be made smaller than any positive number, how- 


eyer small. 


ixi ( X cos 1 =0. 


АС 
Ех, 21. Evaluate: lim* Si” ( 
x0 sin x 
ү lm „a (1 
Given limit= lim 1 x50 * 9h a 0: 5 
x20 —unx ^ lim sinx 0100 
x x0 “хо 


х sin ( 
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Ex. 22. Evaluate: lim sinx 


X x 


Let х=; F; у=! when Х-»со , then y>0+ 


Їл sinx = lim y{ sin 54 

Xo ү y>0+ 3 айн 

А 4111 x s Ft 

[- lim узіп (-|=0, 2. lim ysin(~)=0] 
y0 B y04- 9 

Ех. 23. Evaluate 


4 lim 3x?—-4x45 |... lim е 
O хэс уї—Зх„1 0) хә 
(iii) lim (Jx4—x32—23] 
X—>ca 
3 4 
" 5 22--45 
à lim 3x?—4x+5_ lim уз у 


xo x2—3x+1 Y>0+1 ү, 


[ Let х=; ; When Х-»оо, then y>0+ ] 
E lim 3—4y45y? 3—404-5.0? 
y0- 1—3y+y? 71-00 


1 
Gi) lim e*— lim 70-1, 
х-»0 y204- 
Gii) lim { Jx* x? +2—x?} 
Х-» со 


вээ 
i 


= lim { уа 42-07 Jg +a 
сз Уре) (0 


= lim с ол ЭР 
Х-»оа 2 
К жак 


LIMIT 89 
= lim —14-2y3 21 | 
y04- Луї Эу =: (ѕау) 
шил 01 
1-1 E 
Ex. 24. Show that 


у lim 19+224+324...4x2_ 1 
G) шинжит ханлиг 


X—0 x3 
- lim 1 1 1 1 
ш) xu | 23375457 “ашы”! 
(i) Given limit= lim х(х+1)(2х+1) 
Х-»оо бхЗ 
[ where x is a positive integer 1 
1/1 2 
_ lim 5673) (+1) _1 
=y 504 2 [> (езу) | 
y? 
= lim (1+y)(2+y)_1:2_1 
r204 6 6 3 
Gi) А фае LL Дд. т 4... 1 я Ae 
12 2°93 2 32834 3 4" xGcET)"y xl 
d joel li 44 1 


3 
-(1-3 (2-5) (3-4): 6-а) = 


Given limit= lim (1- 1 = lim i 1 
Х-»со х--1 y04- 1 


TN 
x= - (sa 
[ Fia) 
= lim 2227 "- lim 1 -- зай. 
yo04 1ry/ 290+ ity Ted Т” 
Ex. 25. Show that the following limits do not exist 
0) lim 1 (i) Le {х + Jx—1l 
Х-»7 д х 
(ui) lim [x], sias e is the greatest integer less than or 
x3 
equal to x. 
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(i) Let х=} 7. when х>л—0,{һеп 
у= > +оо and when x>x+0, 
x= 


then уе co. 


s. lim [4 _ lim у= +оо. 
х-л-0 Їл-х| У- + 
lim ( 1 у= lim у=—о. 
хәхл+0\л—х/ Уә — оо 
lim — 1. does not exist. 
Xr x—x 


(1) When x-1—, then Jx—1 is always imaginary, 
lim — /x—1 does not exist and hence the given limit does 
х-1- 
not exist. 
(iii) lim [х]= lim 2-2. 
х-3- »-3- 
lim [r]2 lm 3 
x33 + х->3+ 


lim [х]& lim [x] 
х-3- х--3-р 


1 
o 


lim [x] does not exist. 
х-»3 


Ex. 26. Showthat lim 1+2+3+..-+x does not exist where 
цас мин 


x is a positive integer. 
lim 14+2+3+4-+-4+x 
X00 x 
lim x(x+1)_ lim (x+1) 
= x+0a 2x | X209 2 a 
the limit does not exist. 


Ex. 27. А function ftx) is defined as follows : 
f(x)=x? when x«1 

=3'3 when x=1 

=x? +3 when x»1. 


LIMIT 91 


Examine the existence of Lt f(x). 
x1 


Lt Дх)- Lt x?-l. 
х-1- x1— 
Lt f(x)2 Lt (x543)—4. 
х-1- х-1- 
Lt Д) Lt ДӘ). 
х-1- х--1- 
^. Lt fix) does not exist. 
x1 
Ех. 28. A function f(x)=1, 0 or —1 according a 
=0 or <0. : gg enm 


Show that Lt f(x) does not exist. 
x0 


ы fe) = м (-D--1 
х-э0- х-0- 
ы №) = и (1)=1 
x04 х-0- 
ы Q nof) 
х-0- x 30+ 
Hence Lt Дх) does not exist. 
x0 
Ex. 29. (i) Lt x?—-d (Lt x? ШЕ o? 
Xa x—a X4 x—a "xoa x—a 
and (i) Lt x?—a? Lt (x?—a?) Lt 1 
xa х-а хәй ' xd x—a 
Are the above two relations true ? 


The above two relations are nottrue. Forin (i) none of the 


limits on the right does exist and in (ii) Lt 1 in the right does 
x8 x—a 


not exist. 
Note: In both cases, the limit on the left side exist and the 


limit is 2a. ' 
Ex. 30. If Lt /(х)= Lt g(x). Then f(x)cs(x) always. Is 
xa xoa 
the statement true ? 
The statement is not true. 
For Lt x?—4and Lt 2х=4 
x2 x2 


But f(x)2x? z:g(x)—2x always. 
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Ех, 31. If fep-lm num гн 

f(x) 1, when | х | <1, 
3, when | x | =1, 
0, when | x | 2-1, 


show that 


When |x| «1, х2«21. -.. x? is a positive proper fraction, 
higher the power of x?, lesser will be its value which will tend 
towards zero. 

(x?)"—x3" 50, when no. 


. lim 1 1 AN 
Кх) = n> 00 Lyin” i+ . lim кыа 
noc 
when | x | =1, х2-41 2, x3»-]. 


lim 1 BI 
S= na Ier S 


When | x | 251, x31. higher the power of X?, more its 
value will increase.  ., x?^z(x?)». а as поо. 


EY 


lim x2 0 
о) = =,=0 
xen 


Exercise 3C 
1. Evaluate the limits 


(i) lim 3x (ii) 2 “аж, 
х--1 
(ii) lim pini ү” lim x3 (v) lim y-3 
xs x—4 Е У) 
(Vi) lim (vi) lim 2—4 (viij) tim | +n 
x1 xg х»2 x—2 
(ix) lim o (ose? =x) (5) lim Жэ 
х-0 ` 
(xi) tim X!'—3x--4 (хі) lim x2 42x41 
X3 x3 4x —8 x1 x 4l 
2. Evaluate the limits 
(i) Ша (аа9ар (i) lim x sin x 


л 
х-» 
2 


LIMIT 93 


(ш) lim (32-25) Gv) lim (x?--4)(x?— D)(2x 4-1) 
x1 x0 ` 

.(v) lim х?+2х+1 (vi) lim sinx 
x2 x3 —2x+1 x x 


(vii) lim dada (viii) lim ax?+bx+c 
lim (2/8 —3h4- +3 +73) х0 атау 


[750] 
3, Evaluate 
4 lim 4h?+h су lim u?—4u 
(i) h0 h Gi) u-4 u—4 
: lim 2— 6x lim m бй 4- 353 +h? 
GD хэфТ-3 C) h>0 Om 355-2] 
. lim z?—8z+7 е m x 
9 i73-6i 00 хәо mA 
зү lim h їр lim 7 JIER 
(vii) үз (уш) KIPA NIER 
Mim 170 TERRI JEFE 
lim J2x:ci—3 1 
i Е 5 
Sx) x4 Xx-2- JH 29 “a ЇЕ 2 -al 
4. Show that 
n lim 20-1 a lim Ji+x—1_1 
(i) "e" x-I =6. (ii) x30 =p 
= 3) 
unc lim x21 д ima Ж ке 
lii) Бэ — HM эг ze. 
MESS. М3х--1-4/5х--1 4 85 2.0 
, [H. S, 1979] 
5. Show that, 
р lim. at —625 lim май 
(i) x5 x—5 =500 di) x34 xi 314 =6. 
3 з 
шу lim x үс 4, 27 lim £"—gag^ n 
(1) са °° a9 хэд gm ата вач" 
lim x-^*—a-* ‘ Р Te xi- 2i 
(M sayiz t 34 (92 БСН ON 10 


„ү lim (2х)#—256__ is lim bs 
(99 4.27493 7099 prt 
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lim х1—1 
б) x13 ЯГ 


РЭН 


lim pem d (xii) 


X) хоэ0 "x 2x3 
6. Evaluate the limits 


CALCULUS 


po 2 ELS C eua 


lim 8x?— 1 
х--14х3-1 


[51 


lim 3— J9—x? у lim „/1-+4х— J1—5x 
9) x>0 x3 Gi) РЭО Е 77 
7. Prove that 
lim sin }x . lim cos x 
(i) х-»0 ={ (ii) a т NR 
Xy л 
хє li h cosec h)=1 " li 
Gi | iin, (h cosec Л) (iv) 25 зїп? htt ЦЭР 
lim tan 5 Р 1- 
OD - up ss. С-г Ea). 
: lim tan 222 sn lim m Ө... 
(vii) 850 zt (viii) өзб p = 
; lim ES Co MN lim wn 0" . ж 
(ix) xix0 C (x) 60 = 0 
lim 7 Ži 


(i) x 1—cot x 


8. Evaluate the limits : 


lim 1—cos 6x dí lim cos 2x— cos 3x 
© x50 6x2 v4) x50 x? 
T lim cos ax— cos bx p lim mx 
шш). x0 x? Gv) x0 tan nx 
lim sin 3x 4 lim xsinx 
б) x50 sin 5x CD кз 1—cos x 
a, lim 1—cosx .4, lim cos2x „ lim 2x 
3 (vii) 3-0 amar (viii) E (ix) 449 3135 
x>; х-Х 
44 
е ` lim x sin a—a sin х lim tan 3x cot 4x 
(8) xa x—a (xi) x0 . 
; lim tan «x cot px sa lim tan 2 «х. 
(xii) cd B. (xiii) 22 an 2«х cosec «х 


ын X(cos X-+cos 2x) 
sin x 


(xiv) . 


lim (sin^?z)? 
09 got- Ja 


9. Prove that 
А h? 
: lim e —1 
(i) ВО =0 
2-7 2 


gH) Qm Le 


10. Show that 


lim «7*1 


0) жй у “з 


LIMIT 
(xvi) ш (tan 3x cosec 3x) 
4 їап х 
lim e Ї 
ш) x0 x чи 
5 hv» x 
lim Кыз —e¢ 2 
(iv) Л-»0 h 3 
2 2 
T (x+h) х 
(ii) БЭЛ 2 7 ше») 


га: lim ae*+be~*_ a+b 
Gi) 140 “өг 2. 


11. Show that 
В lim log(1+ax)_ 
dE х ин 


(iii) 22. а p2x)e me? 


12. Evaluate 


» lim log (1--ѕіп х) 
ми (i) х-»0 —— Шон 


13. Show that 


(i) lim logx | 
xo1x-1 " 


"i imt 
HU Du. a =log 3 


(v) lim a*—b* 5,4 
(уй) lim tan log (1--2).., 
х-»0 log (1--3 х) 

14. Show that 


avo lim log(1+2x)_ 
№) хэ0 nai | 


i 1 
G) а tax)? 


(0) lim e*-rsin x—1.5 
w ^ x20 Tog (1-5) 


(iv) lim log x—1..1 
Х-»е x—e ё 


(vi) lim tan log (1+2)_4 
х-»0 x. 2 


\ 


(viii) lim log cos x _, 
x20  sinix 


(i) Los cos arae Ru ons 


p. C.—7 
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(ii) Im tan шаг £ ойх 


(iii) lim  cosec (x+h)—cosec х 
Л-»0 h n 


15, Find 
да Дин) дз) (X) where 


-cosec x cot x 


(i) Л) =х° (1) f(x)=cot x+2x+4 
(ü) fp)msee x | 09 =F 


16. Evaluate 


a ДМ Mto, itf) 
(ii) jm авы if f(x) =e” 


d LO LO it qos 42x 


17. If f(x)=2x+1 when x<l 


=3 when x=1 
=2x—1 when l<x<2 
=3 when x=2 


=x+1 when x>2 
then find lim f(x) and lim f(x) 
x21 x22 


18. Show that 

: [| /х+һ— /х__1 lim sin 2h—2 sin A 
9 450— —4— 00 о bu 
lim sin (x+8)x+sin (x —8)x --sin 2«x 
x0 sin «x —sin Bx 


(iii) 


19, Evaluate 


=e. 
x—B 


; lim 1 нү lim x3—3x241 
0 зена 2 E 


(ш) E ®+1 (р, lim (-2) 
X 


xoa x2 +1 xX 300 "n 
lim 3 4 lim 2x3 : : 
(у) Хэ — оо x? (vi) X00 уз (vii) os uS (1) 
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20. Show that 
(i) Im Еа [where x is a positive integer] 
1 
1 li х2 _1 cs lim cos / x2 +2х+1 хэ 
А (0 = e qx a= 
21. Show that 


4 lim 1:4-1 1 
(i) N—>co (+ т) 2 


® = ADGA Qa 


шу im 12+2.3+3.4+--. +л(п+1) 
(iii) nito P 


zl 
—s 


(iv) Pac (1 -1) 


lim ayx?^-ra,x"-1-r...--a, ,x-ra 
22. 5 that 4) 1 26-1 n 
шин X- со bx" pb x") oe +b, Xb n 


=o, if n>m 


=% if n=m 
о 


23. Show that the following limits do not exist 
2 
lim xxl d) lm tt 


(i) xe 2xr3 — X--o0 


T lim 41 1 : lim 14-cos?x 
(iii) seen 2 ЖЕТУУ) (iv) aad ааг 
24. Show that 
(i) lim a” cbe уу (i) Шш ас 2Ж 
Х-» oo gez Х-»-00 lg — 
(їй) lim ена... 
х» оо 2 


Qv) lim у/м р (V) lim Јр Jims 
La Х->оо x2 
does not exist, 
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(vi) lim у/х4-1-237-1 | ү (vii lim v/x*41-22? — 1 
SERE с x07 x2 00 


Х-»со rj o x 
=—2 
(viii) lim ах? --2х--с c (іх) lim ax?+bx+c_a 
х0 схі +ах+а a х» оо сх? +dx+a c 
(8520) (с=20) 
25. Provethat lim 1 


V— ——,— =0, when x is not an integer. 
X—c l-nsin?zx ^ 4 


=1, when x is an integer. 
26, 1ff(x)— lim 72004400) grow that 
п->оо "+1 
Лх) 2h(x), when 0<х<1 
=}{e(x)+h(x)} when Е--1 
=g(x) when x» 1. 


CHAPTER FOUR 
DERIVATIVE OF A FUNCTION 


$41. Increment: Ifthe value of a variable changes from x to 
z',then (x'—x) is the increment of x. The increment of x is 
generally denoted by Ax. Hence if the value of x changes from x to 
x’, then the increment of x is Axzx'— zx. 

For example, 

(i) Ifthe value of х changes from 2 to 2:4 | then the increment 
of x is given by 

Дх-24-2-:4. 

(ii) Ifthe value of x changes from 3 to 2:1, then the increment 
of xis ДХх-ш-211-3--49, 

[ Note. (i) If Ax be the increment of x, then the changed value 
of x is x'—x-r Ax. 

(1) Ax is not the product of A and x ie, Axs&Ax.x. The 
symbol Ax denotes one and only one number. 

(iii) Ax can be both positive and negative. 

(iv) For convenience, Л is frequently used for Ax. 

(v) The increment can be written as 

Increment= Final value— Initial value. 1 

Now, let y be a function of xand y=f(x). If the value of » 
changes, then the value of y will also change. Let us now determine 
the increment Ду of y corresponding to the increment Ax of x. 

If the value of x changes to x-- Ax, then y will be changed to 
Дх+ Ax) Now as the increment of y 

= Еїпа1 value of y — initial value of y 
Лу=Лх+ Дх) Лә) ог, ду+Дх=Д=+ Ax). 

Again, as y=f(x), so y+ Ay-f(x) + Ay=f(x+ Ax). 

Hence by putting х+ Дх in place of x in f(x) we can find the 
value of у+ Ду and subtracting the value of y from this changed 
value of y+ Ay we can get Ay. 

Example (i) Let yzzf(x)— x? 

Y Ау=/(Х+ Ах) (x4- Ax)? =x? 2x. Ax A-(Ax)9 
Ay=(V AJ) - yx? +2х. Ax c (Ax)? — x? 
= Ax(2x + Ax) 
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(ii) Let ya, Р 

1 1 
Nx+Ax х 
Мх Ух+ Ах (Vx— xq AXK XM x4 AX) 

MEME AX VIVI AxN F Jx + Az) 
= Ax 
7) Mx [x ARR I AX) 
Gii) Let y=a where a is a constant. 

AV=f(X + Ax)—f(x)=a—a=0 [>=а, for all values of х] 
If f(x) is continuous lim f(x+ Ах) = (х) 
Ах->0 


Ar=f(x+ Ах)—/(х)= 


lim Ay=lim [Дх Ax)— f(xy] lim f(x 4- Ax)— f(x) 

Ax—0 Ax-—0 Ax-—0 
=f(x)—/(x)=0 

If y= f(x) is continuous, lim Ay—0. Conversely if 

lim A^ y—0, y=f(x) is continuous 

Ах-»0 


Ay is the increment in value of у corresponding to the increment 


н 
Ax in the value of x. So, х is the average rate of change 


of y for unit increment in the value of х. 
Ex.1. Ifthe value of x changes from 2 to 2:1 find the change in 
1 
value of I=] 


Here Ax=2:1—2="1 
change in value of y 
= Ayz f(2-r Ax)—f(X)=f(2:1)—f(2) 
1 2-21 d 1 


2i 22.24 43 4* 
Ex.2. Find 2) when p=/(x) and 


(i) fe Gi) f(x)—x? —2x-Ltan x 
(ii) f(x)—x sin x. 


X+Ax _ x 
Q 22.Лх-Аа)-/5) хєлхїї F 
Ax Ax jie Ax 
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1 


LG DG Ax) (+ Ax+1)_ 
“E+E Ax+ 1) 


(х+1+лх)(х+1). Ax 
(1) А»=/Л(х+Лх)—Д\х) 
-(х- Ax) —2(x+ Ax)-rtan (x+ Ax)—x? +2x—tan х 


A. a Sin (x+ AX) sin х = 
-(A9 + cos (х + Лх) cos 2ле 1) 


P 2 sin Ax 
=(4%) “өв (x+ AX) cos улааны Ч) 


Ay. sin Ax 1 
AX = Ах+ х: cos (+ Ax).c0s pres 9 


(i) А»=ЛДх+Ах)—/х) 
=(x+ AX) sin (x+ Дх) х sin x 
=x{sin (x+ Ax)—sin x}+ Ax. sin (х Ax) 


m2 cos(x +22). sin 25 + Ax. sin (x+ AX) 


Ax 


AY. E iu 
nx cm cos (х+22). ET. +sin (x+ AX). 


Ex. 3. Ifu and v both be functions of x, then show that 
(i) Ay=cAu, where y=cu and c is a constant. 
(ii) Лу=Ли+ Av, when y=u +v 
(ii) Ay=uAvt+y. Au+ Au. Av, when y-u.y. 
Let u = f(x) and:v—g(x) 
2, Auzf(x-- Ax)—f(x) and Av=g(x+ Ax) – (X). 
(i) y=cu=cf(x)=¢(x) (say) 
Ay 4X AX) – ф(х) of + Ax)— A(X) 
= (x+ Лх) О). ^u 
Gi) yautvaf(x)+ (х) =) (say) , 
Лу=Шх+ Ax) о) = Ах)+8(х+ Ax) – 170) 3-860) 
=| f(x Ax)— f(x) igo д g(x) = Aut Av. 
Gii) y=u.v=f(x).2(x)=k(x) (say) 
A»-k(xc AX) — k(X) f(x + Ax).g(x-- A^ x) — f(x).g(x) 
={ f(x) + Aude) + Дур 0980) 
= Au.g(x) + Av f(x) + Au. Aves y Au. +u. Ду. + Ди. Ду. 


in 
A» ï 
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Exercise 4(А) 
1. Find Ay when 
() y=x?—3x+4, Ax—'01 
(ii) y=, Ax=—'5 (iii) y=5, Axz3. 


a AY 
Ах 


2. Evaluate Ax, Ay an when 


(i) узшх2--4 and x changes from 4 to 39. 


(1) у=х?— 3 and x changes from 1 to 2:1. 


(üi) y= -4 and x increases from 3 to 5. 


3. Find Ay when 
: " 1 is 

=x3 +1 ке = 
(0) y=x8 +1, (i) y € (iii) ym 


(iv) у=ах+? (у) у=3х%(х? +1) 
(v) y=x tan x+x?, (vii) yar B 4x 


4. Ifu and v both be functions of x prove that 
(i) AX-Au— Ar when y=u-y, 


T _vAu—uAv u 
(ii) шидийг улоу when y= » 
iii ТЕРЕ eS ail 
(1) Дуз ЕА when ya. 


$42. Derivative or differential coefficient of a function. 


Let y=f(x) be a function of x and as X changes to x+ Ax 
(Ax may be positive or negative but not Zero) then the increment 
of y be Ay. ý 


AY ; 
Now AE is the average rate of change of y for the values of x 


from x to x+Ax. If we are to find the instantaneous rate of 
change of yat the point x, then Ax isto be zero. But if Ax=0, 


Ay 0 » d 
then A^ takes the form 0 Which is indeterminate. Hence 
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taking Ax to be zero, we cannot get the instantaneous rate of change 
of yat x. So, the instantaneons rate of change of y at x is determined 
by making Ах tending to zero instead of taking Ax as exactly zero. 
Now as Ax will tend to zero, ¥+ Ax will approach x and hence 


AY the average rate of change of y for the change in value of x from 
x 


x to x+ Ax will tend to the instantaneous rate of change of y at х. 
The knowledge of this instantaneous rate of change of y at x for 
.change of x is very important in different branches of mathematics. 
This rate of change is called the derivative or differential coefficient 
-of y=f(x) with respect to x and is denoted by the symbols f'(x) or 
dy 
dx 
mith respect to a variable. 


or yı. Following is the formal definition of derivative of a function 


Def: Ifx bea point in the domain of definition of a function 
fixe) and Ay=f(x+Ax)—/(x) be the increment of y or f(x) 
corresponding to an increment Ax (positive or negative) of x, 
then lim Ay i.e., lim Sæt Ax) - fe») when it exists is 

Ах->0 Ах Ах->0 Ах 
-called the derivative of у= f(x) at the point x with respeet to x. 


. Doma dim SEAD- 
22 54:57, ши лын 


The derivative of f(x) at the point x=a is denoted by the symbol 


f'( ос (2) s. 


. (dy =f {ду тин (a+ Ах)—Да) 
CL iow? айн нь | 


IFor convenience, й is written instead of Ax. 


f'()—lim fr 1) — fe) 
h-0 h 


Note (1) If h=0, then җы шла is of the form 0. 


‘So, lim feth- may not exist, 
һ->0 h 
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If lim Berets does not exist, then the derivative of f(x) 
h-0 


at the point x—a does not exist. 


(2) h may approach 0 from both right and left, ie, A0-, 
h—0-— both are to be considered. When /-»0-н, then the limit of 


дик да), when it exists, is called the right-hand derivative 


of f(x) at the point а. Similarly, the left-hand derivative of 
f(x) at x=a is lim feb ЛӘ when it exists. The right-hand and: 
p: 


0 
left-hand derivatives of /(x) at х=а are denoted by the symbols 
Р(а+) and f'(a —) respectively. 


If f(x) possesses a derivative at x=a, then f'(a)— f'(a -) —f'(a— ). 


(3) If the derivatives of a function f(x) exist at every point 
of an interval (a, b), then f(x) is said to be differentiable in the 
interval. At the extreme points f’(a+) and /'(b—) only are to be 
considered. 


(4) The derivative of y=f(x) at the point x is denoted by the 
dy ad d , | 

symbols d f'(), 3 07, aS), Уу, У, Оу, D()) The symbol ру 
ог D(J) are used in differential equations. In differential calculus we 


shall use the two symbols z and f(x). 


4 
(5) In the symbol E: dy and dx are not two different quantities. 
H dy. d 4 л d 
The meaning of = is zO i.e., the operation zy has been applied 
on. It is for this reason using D for ©. dy is expressed as ру. In 


dX' dx 
a later article we shall discuss about the concept of differential аад 


there we shall show that the derivative 2 is the quotient of the two 
x 


differentials dy and dx. 2 


zx as derivative is to be considered asa 


single quantity and it means that A has been operated on y. 
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The process of determination of the derivative of a function is 
called the process of differentiation. 


б) -- тыас e um 


да 5 fer sedl Ep fon y fa) 


li Л)-- ; 
=) feb, +f), 


[ `.` as h—>0, f(x) remains unchanged 1 
= 28, ASE in ш +/(% 


| assuming нь f f+) fe 4 ОЎ =/'() exists | 
zo) 0+Дх)=Дх). 
Now, и И, S(x+h)=f(x), f(x) is continuous. 
-J 


Therefore, if f(x) exists i.e., f(x), is differentiable at a point, it is 
continuous at that point. 
(7) To find the derivative of a function f(x) from the definition, 
follow the following steps : 
(i) Determine the value of f(x4- Ax) or f(x +h) putting x+ Ax 
or X-+h for x. 
(ii) Determine the increment f(x -+ Ax) —/(x) of y. 
(iii) Divide the increment of y by the increment Ax of x i.e., 
determine «+ Ax) fe) 
AX 
(iv) Make Дх-»0 and find the limiting value of 
increment of у . “Те, JG Ах)—Дх). 
increment of x' AX 


$43. Derivatives of elementary functions : 
I. Derivative of x". 


If yz x", then ae or, z (x")=nx"-1, where n is any real 


number. 
Let ду be the increment of y for the increment Ax of x. 
у+ Ау=(х+ Ax)", on Ay-(XcrAxP-x" 
A Lr Ax) —zx^ (х Лх)" х" 
АЖ” AX ^ (XT Ax)—x 
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dy_ lim Ay. lim (х+Лх)"—х" 


dx Ax20 Ax Ax>0 (xi Дх) х 
Now putting u—x + Ax, as АХ-»0, then uo x 


dy_ lim  (x-cAx)"—x"..lim u*—x” 
dx Ax>0 (xpAx)-x “>x u—x 


[ By Limit theorem ] 


=ng"-1 


oom ")=пх 1 


Note: Remember the formula as follows : 


а ( exponent) _ exponent— 1 
zs ) =exponent x (x ) 


Ex. (i) darent =7x° for here exponent 7. 
ас A ds da anos 

(ii) a=, for RO =F )==1.х1-1=1 32:41, 
Examples 


1 
(xt) drt dx? ойра aa haan! 


Ax 
4 (x8) = -1-153, ato 2 (xt) = =}х xt- 1 =x $ 
a SRo 3)54(-2)х:3-1:5--2х7 85-24 


II. Derivative of a constant: Ify— Д(х)=с, 
/®+Ах=с c0 Ау=(х+ Дх)-/(кх)у=с—с=0. m 
dy_ lim Ду lim 0 
dx АХ-0 Ax Ах-0 ijr 


=’ dy _ z d 
ПІ. Ify =e”, then dr on qe. 


Неге у=) е. 2. у дуада доу AX 
dy. AY y; 
lim 57- jim *+Ax_ x x, AX 
ae Ах-ОАХ Ax 50 Ax “= lim 206 28 
Ax—0 АХ 
LQ lim „Ах Lg 
Ax->0° =e ise 
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dy 
—m]m5 — Af? 
IV. Ify-a*, then Pid loga 


Here y=a*=e™ log 8 yc дуга” t ^®=®*+ Ax)loga 
(et Ax) loga_ х log a 


ах Ax—0 АХ 


= lim ё cud анан А a 
Ax0 px log a B 
=e log a log a lim ¿ôF log 6. 4 


Ax>0 Ax log a 


=a* log, a.1[°. as Ax—0, Ax log a—0 ] 
=a" log,a. 


= ау_1 а 1 
V. If y=log x, then dct» or, s| log x |=; 


Here »—logx 2, y+Ay=log (х+ Ax) 


dy | lim log (x+ Azx)—log х 
dx Ах->0 Bx 


on watt, where k= Ах ,0 as Дх-»О 
х 


VI. Tf y=sin x, then A =cos x, огул 


д9 m EtA- үш mon sin x 
dx эд тэ 
| = lim 2 cos(x+4) sin? 
| КТК GA е 
| = lim singh 
һ->0 


а (sin х)=с05 x 


cos (x+3h)=1.cos х==соз x. 


(sin X)=cos x. 


107 
x 
dx 
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УП. If y=cos x, then 2- —sin x, 


Or, 2 (cos х) = —sin х 


2 sin th 4% sin cora) 


dy cos(x-+h)—cos x | 


— lim . 
h>0 n һ->0 h 
=. sin шн, sin(x 4- 15)— — 1. sin x= —sin x. 


VIII. If y=tan x then ФУ sechs, ог, 4 (tan x)=sec?y. 


dy tan (x-4-/) —tan x 


һ->0 ! 
= lin sin(x +h) cos x— cos (x+h) sin x 
23 l0 Л cos (x--h) cos x 


sin (38-02) __ tim | 1 
Л-» | 


oh cos (x+h) cos х ру ' соѕ(х ҒЛ) cos х 


- ANNE. 


=1. 5 sé, 
COS x. COS X -cosg 


d эй л 
4 (tan ху=зес?х, | xs Qn 1 | 


IX. If y=cot x, then a —cosec?x 


ог, 4 (cot x)= —cosec?x, 


4 lim cot(x 4-5) — cot х 


dx ро h 
= ie cos(x +h). sin *—sin(x+h)cos x 
h->0 h.sin(x +h) sin x 
sin(x—x—h) ы Si 
= = lim SA р. 1 
h->0 ^.sin(x4-A)sin x kan X кз араз 
Th — манай 


Баа Гесер E CER 9 
sinx sinx sinzix СОЗеС°Х 


> (cot x)= —cosec?x, [ xxnx 1 
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X. If y=sec x, then d» aec x.tan x, 


ор A z (see x)=sec х, tan х. 


| Жа lim sec(x+h)—sec х__ — lim 05 *— cos (x+A) 
X h 0 Л h->0 ^ cos(x-+h). cos x 

— lim 25in3 ^ sin(x-- M) 

h-0 4 cos (x-+/).cos x 

| —lim S234 Lt — sin(x--14) 
h-0 ih | 40 сод(х-ЕЛ)сов x 

m sinx зіп x 
~"" cos х. соѕ х cos?x 


=sec x, tan x. 
— x 
а. (sec х) =ѕес x. tan x. [ xz(2n4- 75] 
XI. If y=cosec x, then 2- —cosec x. cot x 


or, A (cosec x)= —cosec x. cot x 

dy _ lim  Cosec(x +Л)— cosec Xl lim Sin x—sin +A) 

dx ку h h->0 h sin(x+ A). sin x 

= lim —25in 3^ cos QM) _ 2 my lim £08 +34) 
h-0 sin EFH). sin x hoo 34° gQ9sin(x--A)sin x 


05 x 
=— „боз. —cosec x. cot х 
sin x. sin x 


диез (созес x)= —cosec x. cot х. [xzénz] 


Note: (i) The derivatives of the above functions must be 
remembered as formulas. Some other standard formulas will be 
established in later articles. 

(i) The derivatives of trigonometric functions prefixed with 
Co are negative, others are positive. For examples, 
df d ( ) 3 pm. 

=—соз x and — [cos x |= —sin x cos x begins with Co. 
a sin x) cos = g 

$44. General formulas for determination of differential 
Coefficients (derivatives of sum, difference, product and quo- 
tient of functions.) 
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In this article we shall establish formulas expressing derivatives of 
sum, difference, product and quotients of functions in terms of the 
derivatives of the individual functions. With the help of these 
formulas derivatives of sum, difference, product and quotients of 
elementary functions can be derived easily. You must remember 
these formulas carefully. 


Rule I. If c be a constant, then the derivative of c/(X) is 
-a ME 
ero» ie Seton] oe Fl}. 


Proof $ e efe) = Бэл PerM I 


=c lim fex-f0— po) 2 (feo | 


h0 

Examples : 4_(3х%у=3 © а (ал) —32x2-!-—6»x. 
d (2N d mr Em" 
5(2)-2 arse: (6 e)a aeni 


d EP | = 2 
E (2 tan xr. (tan x) —2 sec?x. 


d (45:23) © (x КИС 7 ee | 
d. (31843) Hda H)a34at ma Зар, 


Rule II. If u and v be two functions of x, then 

d du d du d» 

dx ien) rmx zl- ›)= dx ах 

Proof: Let у=и+у and corresponding to the increment АХ 
of æ, increments of y, и and у be respectively Ay, Au and Av. 


2, Ау=Ли-+ Ay, or, A LAS у AY 


Lad AX Ах 
А Be lim лу Av 
`* ах Ахәб Ax = Axa сэг, 
lim Ли, lim ду dp 
= Ax 30 Ax AX Ах-0 АФ 
. y 
(utr) =e 


Similarly, — T а (и— = ‚йу 


dx dx 
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In general if uj, ил, g ebe functions of x and pou, xus Ets 


+-+, then 


dy, du, , dus „4з WS sor 


dx deride dx 


ie, the derivative of the sum or difference of several functions of 
a variable is equal to the sum or difference of the derivatives of those 
functions with respect to the variable if each of the derivatives exists, 


d (x3 4x2 24, 3 d ? 
Ех. a +0) = 30 tae ) 
{ Here ux? and vx? and so y=u +v ] 
-—3x3-1.p2x?-12:3x? +2x 


d (x4 3 “© + 4 ={4x3 
mm +sec х)= (9 )t quee x)= (4x? +sec x tan xj 


4(х%+1\_4 -зу_ 4 d (х-зу 11925-32212 
zx mA tx) =F) +209) a1 20—91 
d (вз З -4(8х5)-4(3ү,4 

ge gott оов) (ваз) - (S) 5) 


d 
+204 соѕ х) 


9 @ pus 9 Fuca). @ 4 
=8 (Хх ) 3n )+;0)+4 256605 х) 
28.54. 3(— 2)х-2-1+0-+4(— sin х) 


=40х* dod sin x. 
27 


di, 1 d 3 1 
5(5-1) -206-3541-5) 
_d d d|3y 4, 
ее Э 
=3x?—3.14+3.(—1)x-2—(—3)x-4 


3.3 
=3х%—3— +. 


Rule Ш. If y=uv and u and v are both functions of x, 


Proof: Let the increments of y, и, v corresponding to the 


increments Ax of x be Ay, Au and Av respectively. 
SS YT AYS(QU Au) Qr Ay) 
p. C.—8 
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Note. (1) Remember the formula in the following way : 


DIFFBRENTIAL CALCULUS 


Ay=(ut+ Ли)(у + Ay) -urzu Ava v Aud Ли Ду. 


Ay_, A_y Au , Au Av 
Да wa ae „+ АХ АХ 


dy | lim ду. lim EA A. lim » Au 
dx Ах-0 Ax Ax0 “ “үх! Ax>0 “Rx 


lim Au Av 
+ Ах—0 (25. лх В" 
dy +4 dv du 
"dx +» a 17 c а». ах е 


The derivative of the product of two functions, 
=first function x derivative of the second + second 
x derivative of the first. 


0) 


“эрэ both sides of 
йу ди 


900 у by y we get 


14у ldu,1dv yu y 
vdx wdx vdx Су uv’ 


where, pud etc, 


function 


(3) If y be the product of three functions и, у, w, i.e., if y—u, v, 


w, then 


B= d uw) = ow) d 


cena а eme 
dx 


1% du 
— 1223 TW 


Dividing both sides by y or u, v, w we get 


унт v 


In general, if y—u,, uot, then 
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Rule IV. If y=, where и and у are functions of x 


TET 
then = 4 "dx 
dx y? 
P £: Here у=“ 2, = Au 
гоо P г У+ДУу= PAS 


Lut Au u_vAu—uAyv 


Ay= YFA» Гэн У(У+ AY) 


dy | lim Ay_ lim » AM uy, AY 
dr АХ-0 Ax Ax>0 "Ах "AE 
w+ Av) 
lim pau lim uA? 
4x30" Ax ~nx>0" “Ax 
lim v(v+Ayr) 


Ax0 
du dy 
У. —— и. —— 
= 98 4Х [s When Ax-0, then Av->0] 


Remember the formula in the following way : 


The derivative of the quotient of two functions= 
Denominator x derivative of the numerator —Num erator 
derivative of the denominator 
square of the denominator 


Cor. Putting и=1 in the above formula, 


dy 
0%. ю-2 
1 a dx dx 
we have 20 Ёс: » T. 5--2 
-1 a 
v? dx 


Examples 4A 


Ex. 1. - Differentiate y=x4 with respect to x from definition. 
Here у=х*; 1, у+Ду=(х+ Ax)4 

dy . Lt Ay Lt (х+Дх)#—х* 

ах 5-0 Ax Ax—0 AX 
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Lt x4+4x3Ax-+6x2(Ax)? +4x( Ax)? +( Ax) –х* 


s Ax0 Ах 

_ Lt 4x8 Ax 6x? Ax)? + 4х( Дх)” 4A 

= дх-0 AX 

x Sb Ax(Ax* + 6x? Ax+ Ax AX)? + (ААх)°?} 

= Ax—0 AX 

= Lt {4х3 + 6х° Ax+4x(Ax)? +(Ax)*} 
Ax—0 

=4x?. 


Ех. 2. From definition of derivative, show that 


d( 1 )=- 2 

dx2x4l]| (0-1) 

Let Л) Fi 

И а 

Er pa) 
Lt Лх-0)-ЛХ) 
3-0 h 


1 1 


_ Lt Җх+у+1 2x41 

C h0 Es 

_ Lt 2x41—2x—25—1 Lt —2h 
h-0 (+1) + lx 1 = h-0 h2(xr A+ 12x 1} 
Lt m 2 


— h-»0 xr T) lxi (5-1) 
Ex. 3, Find from the first principle the derivative with respect 
to x of f(x) =х +2 at xz2. 
F= "d Д2+ 7 —f(2) 


e iet aus 
T. ^ EIE > 


= 1А,4+Ё+4+2-—4—2 
һ->0 һ 


Lt h?-4h 14 (h+4)=4. 
Зэ.» 4 ) 
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Ex.4. Ify= then find from definition [2 


Let yc od E? _ Lt Дї+)—Д1) 
(£] .- [56], ,=кәо ж 
1 


1 
(54-17 


ах 


1 1 
_ Lt (010) 4-0 4-(2-88 = 
=һ-›0 h —h0 h2-chy.4 
_ Lt 4-4-4h—h? _ 14 —4h—h? 
=h>0  h(24h).4 h—0 50+)? А 
_ Lt 4+0 2014-0449) 
= д0 Ћи)? .4 1-0 Q4 
- кый em =} 
ш * 


Ех. 5. Find from definition = if 
| Ee Се 1 
0-2 6) = 


(i Let y=, f= 


1 1 
Фур)» Lt 522554 Ux 


_ Lt x? —(x+h)? 
ЗЭ »0 дА) 2.х? 

Lt х —2х° —2hx—h? 
= h0 A(x +h)? x? 
OE Мх +) — Lt —(2x+h) 
= h0 A(x 4-h)?.x? =h-+0 CE xi 
—2x 2 


(i) Let y=f&)= E 
7 fen ow ee 


dxJzz1i 
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= Lt Q/x— МС у) 
h30 h Ту М Jx+ ГУ) 


E x-x-h | 

77-20 h Jx+hNx( Ух + Jx-+h) 

__ Lt —h 

8-0 h xh X(/xd-h4 Jx) 

21:38 1 

270  Ух-х/х\х/х+ JX+h) 
1 1 


Tx. 275 25 JE 
Ex. 6. If fo) L5 then find from definition, 
(i) f'(0); Gi) 7701); (їй) fa) 


JE Иа" 
h>0 — p — h0  hü-ch3) 
= lt —2% _ It —2h o 
ADO AAT) h> TFR) 


Gi) P= „+ 


1-(1--4) 1—12 
=, M 1-(1-7) 1412_ Lt 1—1—24— &? 
h>0 хи ho HER] 


=, MH  -00240) _ Lt —Q-h) 
зэ О(г) 10. T+A 
ый 

“ЭМ” 

(iii) f=, Lo f) 


1—(a+h)?_1-a? 
= Lt l+@+h? Тғаз 
Er D pS сн 


| 
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= и 1(1++а®){1 —(а+%)%}— шыш соза ыу 


“h> 1л {t+ (a+ yl +47} 
_ Lt | 2a?—2(a-- A .- |= Lt p —4ah—4h? 
—h-0 lh {га(а+ PHI назр 220 AHHH +a’ 
= [ —4a—4h —4a 

25 Ела] =a 


Ех.7. If Дх)=е5ЇЇ *, then find from definition / (х). 
ra, Lt a ne) 
Lt sin Hn _ sin x 
=һ50 h 
Lt sin хил (х4-0)-88 x T 


=n>0 LONG WERT ET 


h 


25 ET Lim 2.4 
ig Ni 


-— in x ган! (2-1 2 


P Qin x Lim 1 Lim k 
ш һ>0 k 21-01 


where k=sin (x +/)—Sin x. 


23 sin x Lim 5-1 Lim sin (x4-h) —sin x 
x k—0 ТЕ ”ї-э0 h 


[when 4-0, then k={ sin (x4-/)—sin х}-›0], 


m pin ха, m 2 cos (x+4) sin E 
ЫГ -0 Л 


EL x Lim Lim аа 
=o Бэр 908 +3) 0757 


sin x 


=" Х cos x. 1 =e . COS X. 


Ex. 8. Find from definition 4 (ian 12). 


Let y=tan-1x and y+k=tan-!(x+h) 
tan y=x and tan (y+k)=x+h 
Also tan-1(x--A)—tan^!xzk 
tan-l(x4-h)—tan lx К 
я Л Th 
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. dy M k Lt k 
dx h—0 д 8-0 tan (y+k)—tan y 
k 


= Lt sin sin (y. y+k)_ “sin y 
70 cos cos (у) cos y 
[ when 7-0, then kztan-!(x--/)—1tan-!x—0, (assuming that 
tan-!x is continuous)]. 
Lt . COS (y +k) cos y.k 
6-0 sin (Y +k) cos y — cos (у +k) sin y 
Lt cos (y+h).cos y.k 
k>0 "sin (›+К—у) 
Lt cos(y+k).cos y 


~k30 sin k 
ШЕ: 
tn cos (y +k). cos y оозу ы 
= Lt 1 =cos-y 


ко sin К 


БЭ 1 1 
= весу ачаа”) [xU 


Ex. 9. Find from definition the derivative of x* with respect 
to x. 
log х“ шүх log x 


Let you" =e 
dy Lt +h) log (5+) _ x log x 
dx h0 h 
_ Lt [x log x (0759) log (x+h)—x log x_ | 
„р : | 


¿x logx Lt 1 
0 р 
[ where k— (x 4- А) log (x 4-1) —x log x. 
. Also as A0, then k—0 assuming log x to be continuous ]. 
=. log x Lt aoe 
= №0 К 1 


= log x* = eX—1 Lt (x-+A) log (x +h) —x log x 
e һ—0 h 


кэ0 ^k 


| 


Ех. 10. If Y=log sin x, find from definition E 


Now 
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=. нь. x{log бэл x} +h log (x+h) 


227 Ёс A 108 в-а Ы 


log E 2 


+ log Gn] 


+log х) 


=x". | Rae LLL + log x] =x "(1 + log x). 


dy 


Let z=sin x and sin (x+h)=z+k 


k=sin (x+h)—sin x 0 as 4-0. 
dy | Lt log sin (x--/)—log х 
AT Qo 


> dx h50 h 
_ Lt log (z+k)—log z 
~h>0 


ров 
и 1%(1+4) i _1_ Lt sin(r4h)—sin x 
=K30 ee К-»0 sin x К-э0 һ 


2 
1 Lt 2cos (x+4) sin à 
“sin х 7-0 Л 
1 Lt ма? sin 5 


m r1? o 208 (2). Rn 


=- cos x.1-—cot x. 
sin x 
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d: 
Ех. 11. If s=ut+}/t°, where и and f are constants, find dr 


Here 5=Ф(0)=ш+1 ft?. 

ds | Lt $(t--h—4(0 

a =р-0 h 
— Lt ии) +170) ш-5702 
“77-20 h 


Lt uht+fth+hh?_ Lt 1 
— 0 шалгах 20 (u+se+4h) 


шил. 
Ex. 12. Iff(x)2 | x | , show that f'(0) does not exist. 
n 0-- 5) — (0 Lt h)— 
f'(04)2,.5 t ыг + ) Л d=, 304 K 1) = 
лы tk hd Lt A 
“ыо — fh 0 Rh  h-07 
= ()=1. 
моу, Lt /(0+%)—/0)__ Lt Л9)7-40) 
ТӨСӨ, р Эфир 
— Lt —h—0 (а8Л-0-,50ї-0 
203 Hn ce [Al 2-5] 
зур (-0=-1 
f"(04-)74 f (0 —) 
f" (0) does not exist. 
Ex. 13. f(x)=x when x>1 
z2—x when x«1 
show that f(x) is continuousat æ= 1 but not differentiable at x= t.. 


Lt 
x14 fie, 11, (z)=1 


is D (-х)г1 


Lt 
ets fe)-,,,. 49-41 


5-3 Tesh 
Also = 
4 fe)of0). 
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So, f(x) is continuous at x= 1 
= и JAFA- 
Now, f'(1-)—, 0р р 
Lt un Lt A Lt 
“Бэй?” HT h-»0- 7h04. ОГ 
нїх 1411-48-40 
fuc. gu 
_ Lt. 2-1-h-1 14 -їс Lt Hai 
TCh-0— — à  —ho0— Ж вэ0-0:08- 
n Л@+)=/'(1—) 
f" (1) does not exist. 


Ex. 14. Differentiate the following functions with respect to х: 


d) x8+x2; (ii) х*+зесх; (iii) pu. 
(iv) шаг (у) (z-i). 


(i 


= 


Ж (хз ex: )= 2%) + 4 @)= 3x3 +2x. 
(1) Aot + вес ел х) 


—4x? +sec х tan x. 


w (a) ataa tales) 


=14+4(x-2)= -2.х-2-1|:-1--2х-3 
=1+4@ )=1+{—2.х |=1— 2х 


2 


É1—— 


xs" 
(iv) 2.82 -3 +5+4 cos x} 
oo cos x) 


Se) 37 1 (2-2) 40442 jg (C08 X) 


БУГЫН х) 
=40x44+ 5-4 sin x. 
x 
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d 149 dÍ. 3i- ad 
"m A) anro) 
=4@)- 3243.5 4 (х-л) — 07) 
—3x2—3.143(—x-2)—(—3x7 4) 


=3х° —3—5+ 5. 


Ех.15. Find the derivatives of the following functions with 


respect to x : 


() x? sin x ; (ii) (2x + 1)?е® 3 (iii) sin x cos х; (iv) oy x3 


(v) (x24-1)(3x? +1); (vi) хе" tan x; (vii) x tan x—e 3 


(i) дов sin x)—sin xalet я ae x)= 2x sin x +x? cos x. 


m d ? 

(ii) 2 (2х-1у } 
4 5 z 

и +4х 4-1) 


зайлна 9 4 
= a +4х +1) +(4х +4х+1) 3:07) 


=" { 4 (4x2) + 5 (4) + 40) (Ax? 4 Ax 4 1)e* 


=° (8x +4) + (4x2 4- 4x 4- 1)e* 

—e*(4x? -- 12x 4- 5). 

(iii) 4 (sin x cos x)= cos x 4 (sin x) +sin x 4 (cos x) 
dx dx dx 

=cos x, cos x--sin x(—sin x) =cos?x—sin?x=cos 2x. 


: d, d ss : 
(iv) aq Cin). (sin x. sin x) 


T d, à : * . 
=sin x — (віп x) --sin x 4 Gin x)=sin x. cos x - sin x. cos x 


dx. 


—2 sin x cos x —sin 2x. 


v Sie? Dx ej (3х9 +5 4 (хз 1) ee 


(3х3--1)-4(3х5-4-1)2х--(52--1) 9х? 
z15x*--9x?.r-2x. 
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(vi) EE tan x) 


=tan х $e 4 (tan x) 


= = а 2 2 4 © 24% 2 
=tanx{e Е )+х A ) +x7e* sec?x 


stan x(e?.2x - x?.e7] +x%e* sec?x 
—e*(2x tan x+x* tan x+x? sec?x) 
x? 1) 

/х 


= xt tan ху— 4 аео? x3 


m A " 
(vii) х tan x—e 


ЖЕ | 3 р | d 
E TU TN C MR SS 
=х (ап x)+tan 239) e 2G Tx ?)+(22 +x ya) 


1 _8 3 222. 
=x sec?x-rtan x. 1—e7(3x? —1x 2) + (x? +x 3ye* 


2 а de 1 
=x sec? x--tan хн 5-37) 


Ex. 16. Find the derivatives of the following functions with 
respect to x : 


©: 0 (EE): ee Без, бусыг 


sin x x41 х-1 
Р dl ss ; 1 
0 xu 09 Gener 
d d; 
a dfx? sin x— (x?)—x9—-(sin x) 
© dila J= dx =F gt 
sin-x 
—Sin х. 2x—x? cos х__2х sin x—x? cosx 
sin?x ын sin?x 
ш, (8-1 m- 8-х-1) 4021) c а à x41) 
5o dx 'x2—x-FE1/ =—— QUIS 
_ (x? —x 4- 1).2x— (x? + 1)2x— 1) 
йн (3 —x+1)2 
— 2x8 — 2x2 +2x—2x8—2x4x94+1_ | 1—x? — 
= (834-х-1)5. “(2-х-1) | 
2 4 4 ° 
(iii) dei tan а» Е +1) tan x)—x tan x ac +1) 


(1) 
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d 
Е od T 9| (tan x)+tan x foxx tan x (2x) 


(х? + 1)? 


EC + l)(x sec? x -tan x) — 2x? tan x 


(x? + 1)? 


E sec?x(x? +1) - tan x(1 — x?) 


ey ac eei =anls) 
z—4 ^ [ Cor. Formula (iv) ] 


(x? +1)? 
)[›=х+1 Gay] 


1 ERE 
=- dtl ine ipe 
d 
0) (е) aso) Lm a +2 (say) 1 


wy 4 


(x0 GOGH +1)? dx 


~ +122 2+1)? dx 


1 
эыес сазо] 
eer лэ 
220003х2--2Х-1 
(ха 1) (55-17 
sin x d 
.]7. Express tan x as and h =o 
Ex. 17 р ES ence show that jn x) 
-—sec?x, 
ds vod . 
4 qan ај а (sin m cos en x)—sin xg x) 
dx dx'cos х cos?x 
COS X. cos x—sin x (—sin x) —cos?x-rsim?x . 1 ВЕРЕ 29 


| 


lu. 1 " 
Soa Яах +b) 


2ax 


NT ES m - (axi +b" 


23 - + | 
( Хэ p 
Я х 1) x? 1) 


1 (3 kx? x41) 


cos?x cos?x _  cos?x 
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Ex.18. If y={x?—e* tan xj/((x-- 1e +43), find = 
dy d | х2 — e” arz) 
dx ах\(х+1)е^* +4x? 
2 d bi = 2 d 2 
(e+ Je? хар (х е шан Зер х) C t De? 4х2) 
(gr Deren 


{(Х+ 1)e* +4x°}{2x—e* tan x—e* sec?x) 
—(x? —«* tan x)((x4- 1)e? +e” -- 8x] 
{(x+ 1)e* + 4x?1? 


Exercise 4A 


Find from the first principle the derivatives of the following 
functions with respect to x(1— 7). 
1 (1) 2x; (ii) 4x3?--2; (ій) 1х9; (іу) ax?+b; 
Dy : 1 
(у) n (vi) dis (a and b constants) ; 


(vii) LT (vii) хз; (x) Jz; (X) sin 2x, when x=4. 
2.() у= Jx^1; find © - when x-3 
(i) If ›=?, find 2 Z when х=-1. 

; 2 dy 
3. If у=х? +1, then find (< 

1 dy 

(ii) If yx, then find ($ 3 ы 
нь 2Х- dy 
(iii) If yer then find (2)... 


4. 


(i) /'(0); Gi) f'(2); Gi) f'(a). 
5. Ify—e* , then find E 


d 
6. у=, |15, then find Z 
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7. Find © У if 
dx 


3 


о? 
х? 


(0) y=ax? +bx+c; (й) у=\/хї-+ъ1; (i) y= 
Gv) у=(2х+3)2 ; (v) €" Te ; 


x41 
(vi) y= Jax? +b. 
8. If 5—31? 4-41, then find а 


9. If x=sin 2+2, find form the first principle ах 
10. (а) Examine the continuity and differentiability of the 
function f(x) at x— У 
Дх=0 han 0<х<} 
=1 when x=} 
=2 when 1<х<1: 


~ (b) Examine the continuity and differentiability of the function 
f(x) at x —0. 


Лх)=2 +х when xz0 
—2—x when x« 0. 
11. Examine the continuity and differentiability of the function 
f(x) at х=а. 
/о)= 5-а when 0<x<a 
=a when х=а, 
х? 
=a— x when x7a. 


12. If f(x)=x when 0<x<1 
=2—x when 1<х<2 
=3x—x?—2 when x2, 
then show that at x=1, /(x) is continuous but not differentiable 
and at x—2, f(x) is both continuous and differentiable. 
13. If/(x)—1 (b?—a?) when 0 x«a 


a? 
=} 5%—1х%—1, T when a<x<b 


=1 = 
TN 


-g> when xb. 


Then find f'(x) pem show that f'(x) is continuous everywhere 
(x20) 
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14. f(x)jcx? ШЕ -) when х0 


==0 when x=0 
Show that f'(0)=0. 


15. Find A if y= 


() x? Gi) x% (й) хї000 — (jv) хаз (y) xt 
— ee иш A : 1 1 
(vi) x^* (vii) x (viii) E (ix) EH (x) хиа 
(x) хт Өй Jæ (xii) Yz (xv) LL (ху) 22 
HI Vx 
(xvi) x* 
16. Find the derivatives ofthe following functions with respect 
to x 
а , ES 5 ET А 3 
4x? 2 5 x m 
(i) (ii) Jx (iii) cos x (iv) dx 
233 a 2(x?—1) Р +9 
(v) 3 Jk (vi) mee (уй) 2848, 


17. Differentiate the following functions with respect to x : 


(i) 4x9-5x (i) 3 нээг (i) 3х%+х—1 
(iv) ax? +bx-+e where a, b, c are constants. 


(у) x Jx4 li sec x (vi) 4 Jx+n/8+3 cot x 
х/х 


(уй) (х4-1)х--2) (viii) x2"—nx? +6" 
1 
1-х х+хЗ a х2--х-1 
a Xx х1 ——-— 
(ix) E (x) 3 (xi) dz 
(xii) sin x4-2 cos x+3 tan x+4 cot x--5 sec х--6 cosec x—e* 
(xiii) (мх Ja)? (xiv) ыГ ема -- cosec x. 
18. Differentiate the following tris with respect to x : 
G) (2х4-1)3--232) Gi) (5—3x23)0—3x?) 
(ii) (х2--х--1)32-Хх- 1) (iv) x? secx 
2 
(у) хээ (vi) e” sin x—cos x+4 
34 ii 1 ^ а 
(уй) sec x tan x (viii) METTUS (іх) tan? x 


D. C.—9 


128 DIFFERENTIAL CALCULUS 


(x) х&(1+ Jx) (xi) x cosec x (xii) x" cotx 
(xiii x совес х (xiv) x?e* cos x 
(xv) (x3—2x cos x 4)(x? c Ax — e7) 
: х у COS х 5.2 х? 
— xvii) -2- xviij = 
en) sin x aum: ( "аав х 


19. Express tan x-sin x sec x and hence use the product 
formula of finding the derivative of a function to determine Я баа x). 


20. Find the derivatives of the following functions with respect 
tox: 


(i) Ex (ii) E Gi) = Wy) ы 
1 
(у) E (vi) mr b, c, d constants. 
х? +1 ех+4 
(уй) а md (viii) Exi (ix) aub 
(xiii) ER ERE генә (xiv) eaten 
(xv) Jx(L+sin x) 44. 


$45. Method of differentiation of function‘of a function. 

Let z=¢(x) be a function of x and y=f(z) be a function of z. 
Now substituting the value of z, y=/(z)=/i¢(x)}. So, y is a function 
of x. у іѕ called a function of a function of x. 

Now to find the derivative of y with respect to x, let the 
increments of z and y corresponding to the increment Ax of x be 
Az апа A y respectively. 

Hence z+ Az=¢(x+ Ax) and 

P+ ду + Ax) m f(: Az) 
Av=f(z + Nz)—f(z) 
and Az=4(x+ Ax)—{x)30 as Ax>0 
dy.. lim лу lim jay за 


dx Ах-0 Ax Ax>0 іде үх 
[ Taking 4740] 
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lim /(z+Az)—f(z) lim Az 


= 


Az—0 Az A0 Ax 
[^ when Ax50 then А290 ] 
dz dy dz 
ze Ж х dx dz dx 


Hence the rate of change of y with respect to x is the product of 
the rate of change of y with respect to z and the rate of change of z 
with respect to x. 


Similarly if, y=f(u), u=A(v) and »—4(x) be three functions, 
i.e, if у= (х), then 


dy _dy du dv 
dx — du dv dx 
In general, if у==/\(и,), uy m fatus), pai =n- (Un) and 


и f, (X) then 


dx du, dug UU du. ^ dx 
Note: (i Неге the functions have been assumed to be 
differentiable. (ii) The above rule is called the chain rule. 


Ex. 1. Find 4 when 
dx 


(1) v»z(14x2)5 (ii) y= J1—x3 
(iii) y= (ax? +bx +c)? (iv) y-sin?x 
(у) »-sin (x?) (vi) »-log (sin x) 
(1) yz(14x3)9 Let u=1 +x? sS pou, 
dy зүг du 0. 2x —2x 
du 
dy dy du 


22—52 =з 2х=6х(1+ х2)? 
[putting the value of и | 
where u—1—x? 


(1) у=/1—х1= JA 


u 
dy d (ub) e gui 1}. 4 and X0- 22e 2x 
du du u 
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з 
2 


з 
(i) у=(ах°--Ьх--с)?<=и?, where u- ax? - bxc 


ФУ 952 1g Ju and da dx bl +0=2ax+b 
- 4 


du 
22 а d end A u(2ax 4-b) e i(2ax +b) Мах? + bxc 


(iv) y-sin?x-(sin х) —u?, where u=sin x 
dy _ du_ 
4077 and Дх 008 X 
dy dy. du 


TTL X —— z2u.cos x=2 sin x.cos x=sin 2x. 
dx du dx 


(This differentiation was done in the last article with the help of 
the for mula for the derivative of the product of two functions.) 
(у) yssin x?-sin v, where и=х° 


дус и and du x 
dx 


du 


dy _ dy x и сод и.2х==2х cos x?, 
dx du dx 


(vi) y=log sin x=log u, where u=sin x, 


ay d» du 3 
dX du dx и 
Ex. 2. Differentiate the following functions with respect to x : 
@ sin? 3z qi) сап (08+) үр „Лап (25) 
Gv) яш| 88” "E 


(i) Let y sin? 3x— (sin 3x)?—u?, where 
u-sin 3x=sin у, where y=3x 
differentiating y—u? with respect to и we have 


9.21. Similarly аз и=ѕіп v then du cos y 
lu dy 


Ted 
sin 


=cot x, 
x 


and from y=3x 93, 
dx 
. 4у ар du dy а 
t AA E г ant cos у,32=6 sin 3x.cos 3x. 
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(ii) yz Um (ax+b) us where u=tan (ax+5)=tan v where 
voax+b. 
СЛС сы сызу б _. 
a 208—6 у, A 
dy dy du dv*v „а 
ec?v.a 
dx ар dg dg ^ 


=a sec? (ax 4- b) gan (ax +b) 


Gii) у= „Лап (e7). Let u=tan (е") and гаг”, 
y= Ju, u=tan v and уе". 
2 1 E: dy 


——==sec"y, —_=e* 
ах 


tu 
s; E: 24. du A WE. __е®.вес8(“) 
^ таг dedi туна аце?) 


4 : а р А 2 
(iv) у=зщ(‹' ши. “үеэл u, where u="? жк 
where v—tan? 2x—!tan 2x)? zw?. 


where w=tan 2xztan z where z —2x. 


d du. v dv dw $5 dè 
= ж.е = — = А < =? 
2 cos и, A 2w, 2 5ес?2, dx 


dy, dy du dv dw dz .? 2 
as, I. == 2. 550084489. 285 8003272 
dx du dv dw dz dx — 


2 3 
=4 tan 2x sec? 2x. Un 2х cos( gan = 


Ex. 3. ЇЄў=(сх), determine ee Use it to find the derivative of 


(i) y=sin 2x (ii) yoe** (iii) yma’. 
yof(ex)=f(u), where u=ex. 


dy dy du , a 
DD, imf 00 соу (ca). 


(i) 2 (sin 2х)=2 an 4 (sin u), (where uc 2x) 
=2 cos и==2 cos 2x. 


(ii) zi )=к ae, (where u—kx)z ke" —ke*?. 


o» Де) н 


me (е), (where k=log a) = Кек" =a". log a. 
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Exercise 4C 
1. Differentiate the following functions with respect to x : 


" 1 mp 
8) (x?41)5 m EE T (ii) (x? +a2)10 
Gv) Qx?-4x-1? (v) (ах? Бх)" (vi) Jx?—3x47 
(vii) sin 2x (viii) cos 3x (ix) cot 5x 
(х) sec nx (хі) Jsin x (xii) sin (x?). 


(xiii) log tan x (xiv) log cosec x (xv) log cos x (xvi) cos (log x) 


(xvii) log (sec x—tan х) (xviii) log zu (xix) log (log x). 


2. Differentlate the following functions with respect to x : 


à) 1. Каа @ see 


(x? +42)? 
(iv) Jsin nx (v) cos (sin x?) (vi) sin? 2x 


(УН) tan .У/2х41 (viii) sin Q +41)? 
6x) tan {25° 37) (ху) tog tan (745) (оу 10% BX / 
(xii) log ( J/x—at+./x—5) 


5 46. Derivatives of Inverse function 

Let y= f(x) be a differentiable function. Suppose, solving the 
equation y=f(x) we obtain x=¢(y). 

у) is called the inverse function of f(x). 

It is possible to differentiate x—«(y) with respect to y and 


determine dr 


dy 
We shall now find the relation between dy and йу 
ах dy 
Ав y=f(x) and x—4(y), so x=4(y) = 44 f(x)} 
Now, let in y=f(x), Ay be the increment of у for the increment 
Ах of x, 


А m dy | lim y 
1e., y+ Ay f(x Ах) dx^ Ax-»0 хэ 
Let in х:=Ф(у), the value of y be increased by Ay. Now let us 
determine the corresponding increment of x. The increment of x is, 
$0 + Ay) - 40) = Лх Ax) — Ф Дх) 
t Азу-х | сг Фу} 
=x. 
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dx_ lim Ara, 1c 
dy Ay>0 Ay lim Ay 
Ax>0 Ax 
1 
r 
m A For, Ax—0 as Ay30 | 
Ах-0 Ax 
1 dy 
=—] tak = #0 
" aking d | 
dx 
dy dx. 
dz dy ' 


Hence the rate of change of y with respect to x is the reciprocal 
of the rate of change of x with respect to y. 
| Note: the above formula can also be obtained as follows : 


In the formula — dy =. z put y=x 
dx_dx dz _ dy „dz 
dx dz de 95 = 
dy „dx 
Now, let 1-3, 2. m——X- 
ow, le m 


With the help ofthe above formula, we shall now determine the 
derivatives of a few more functions. 
Ex. Show that if 
P- 1 


(i) y=log x, then х=» 
х 
p 1 
y-sin-! x,t QUEE m 
(ii) si hen 2 AT JD 
(ili) »-—tan ` x, then 2- “түр 


^ ” dy 
= "e eile 
(iv) yssec™'x, then гар 2. 


(2) =log,x, z= 
р Е ҮР 
МЭ га жиы di dk 27 х 
4у 
(i) ^. y-—sin?x, 2. х=зїпу, 


dX _ cos y= Ji—sin? yz J1—2* 
dy 
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[ The positive sign of the square root has been taken as 


FS «sin !x«5, Pis –5<у%5 s. cosyz0] 
dy 1 1 
dx dx х, 
dy 
(i) “2  y-tan-!x, x—tan у 
dx a a ж . dy 1 
—=sec?y=l+tan*y=l+x?, . “= 4 
dy ын т ах 1+x? 
(iv) '; у==5ес-1х, xessec у, 
dx 


“=sec y. tan y=x Jsec? y 1=х Jx? —1 
dy 


D NEN. 78 1 pun ТАГА 
dx dy куа 


Сот. sin- 1 -cos 3x5, tan-!x-cot- 1х=5 


Sec^!x-4-cosec^ Ix ; 


Brin ЙЧ йн сы ы” 
19% х)= Jin x)= 


Е ИИИ OE S. 10 
jq: Cot х)= aan сай г. 


(cose 1хуж— вест i= "кү 
These derivatives can be deduced directly without taking the help 
ofthe derivatives of sin-!x, sec-!x and tan-!x 


This is left as an 
exercise in exercises 4(I). 


Ex.2. (i) For the function y= Jy, find x at х=4 and the 


inverse function х=}? find г at y=2 and hence prove that 
dy 


(ii) for the function у= 27 prove that E x E 
y dy 


dx 
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x sess dy 1 үл. 1.1 
à v жые ct з Ма 
(4 КЕЛЕ Е. 
52) 42732 274 
ах ах 
Again, '. x=", —=2y, (S) 2272274 


| 1 
(2) х x(S) х=2= -4X4-l 


à Sox mas 
. _ ty 089 S09 эх (1px) 
i Les н ханилан сан 
—1+®2—2х1_ _2 
(1453 (1557 


2х 
Now, from y— ——., y )-2 -— 
o у Lxx (1+ x)=2x, on ses 


de. .1(2—9)—»(—1) . 2 


dy Q-» TOF 
2 
UNES [Putting the value of y] 
2.2 
| i 
21439 „(бей 11 йш 
“Go о à o "р 
(+x)? dx 


Ex.3. Find the derivative of the following functions : 


(i) sin-1*, (ii) tan-!(cotx), (iii) sec-!(log х) 


(i) 4 (sia) Lisin iy), & 


х 
—, where и=- 
dx a dx’ Hd 


48) an Cot 3]-24 E (ќад 11), where u=cot x 


Vu рне -1 
a “IT cox _ 
1 1 


its 1 5 ac 
(iii) & {sec l(log х) = x Лов 3-1 X 
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Exercise 4D 

1. Prove that 

(i) If »-cos^! x then Z=- Up 040 хєх 

4 dy 1 

i = E X. ——— +. 

Gi) If yzcot^! x, then d RT. 
(11) If y=cosec™! x, then a: "куйт 


2. Find T at the point x—2 for the function y—x? +1 and also 


find dX for the function x— Jy-1 at the point y=5 and hence 


rove tha xsl. 
prove 506 dp 


dy dx 


3. Justify the formula eel + for the following functions : 


(i) у=3х+2 (ii) у=вїш(2х+1) (й) у= 12° Gy уш," 


EX 
4. Prove that : 
O (ааа 09 (нса) 0 
(iii) © inca = Jy (iv) анин 
(v) Perte. 


$47. Derivatives of implicit functions. 
Sometimes the relation between two variables is expressed in the 


form fix, y)=0. Iff(x.y)=0 can be solved іп the explicit form 


pzf(x) or, х=/(у) then from these relations dy can be determined. 


dx 


But it is not always possible to solve f(x . У)-:0 in the forms y=/(*) 


or, 


xef(y) In such cases to determine © T y) should be differ- 
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entiated term by term with respect to x. Terms containing y should 
be multiplied by а after differentiation with respect to у. So, опе 
Shall get an equation involving 9У ава Z should be solved from this 
а ах ах 
equation. The method is illustrated іп the following examples. 
dy 
а—а9 
Ex. 1. Ifx?--»?-—a? then, find = ar 
rype r, pe у= 4 (аз), 
4 (x0) 4 2 (уз =0 77 а? =constant 
от, Р MAU ) Тай? 1 


өг, 2241709). - 


or, iL. 2 m- .. 4у__2х__х 
ах 2у y 
Here the хо х? +y? =a? can be solved for y in the form 
P=\\/a* х. 
ў ; ; dy d, mrn i 
From this relation we get dx a J-a) Ju 


x 
(where ua? — x)= jy, dw 10-29-7325 Et. 


Ех. 2. If x?-- y5 —3xy, then find A 


d _4 
ax += 8030) 
or, HO 3(x. Aly) 


о 


х? +3p? Dona Зу, or (p?—2z) Was pz 


or, 
"y Mese x? 
ax =x 
dy р 
Ex.3. Ifx"y"— (x +)" ", then show that g= [C. U.] 


Differentiating both sides with respect to ~, 


d min mJ y +» 
Б УӘ uen 
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or, x" dom Pod E(x) e (т +) yp : gU» 

ог, пу" "de =(m+n)(x + y)rtoci ( 42 
ý dx Р ах 


or, (тл) у)" —nx"myn- nf 
dx 


=mx"- гун -(т +п)(х ч уулга! 
dy. mx т-1у" (т +п)(х +)" n=l 
.. dx (m+n (x+ уут" 1 —пх"у ЖЭЛ 
__ту"% у'Ч(х+ у) —(m-rn)x"y" 
7 (т + п)х"у" —пх"у"-1(х-+у) 
[Putting (x+ у)" ®=хту"] 
xm 1y^-YMmy(x tr y) — (ma mxyp| (ту—пх)у_у 
Ea E onn p nx(x4- у)! ^ (my—nxyx X 


Exercise 4E 


1. Find a from the following relations 


„ EE не Зуі — 1 ni эт 4 
( =+! (1) x8y4 =(х+ y) (1) y=(x+y) 


479 
(iv) син ын (v) ax? +2hxy+by? = 1 (a, b, h are constants] 
(vi) y=sin (x+¥) (vit) x+y=sin (xy) 
(viii) xy=sin (x +) (ix) x+y=tan (xy) 
(X) sin 3x=cos 4y (xi) log xy=x+y 


(xii) &e^*"—xy (xii) ах? +2hxy+by? 4-2gx +2fy4+e=0 
(xiv) e""—2xyz4. 


$ 4'8. Differentiation of parametric functions and logarithmic 
differentiation. 

Sometimes the relation between x and y is expressed in terms of 
a third variable e.g., х==а cos Ө and y=b sin Ө. Here both x and 
у are functions of 6. Again eliminating Ө we can get 

х? y? er 
28 +» 2=с05°0 4-sin?g — 1. 
There is relation between x and у. If x and y be both 

functions of a third variable ¢ (say), then we get parametric expressions 
ofxand y. tis called the parameter, 
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Let x=), dien 
А цуг and 050) 


dy dy dt ies 2810. dy. dx 


dx dtdx аах f(t) di аг 
dt 


Ex. 1. Differentiate x=a cos 0, y=b sin Ө where the parameter 


is 0. 


i sin Ө d? b cos 0 


dé ' dg 
dy dy . p 
C^ M mi замын 
Ex.2. Ута, x=2at, parameter, г 


dz d^ a 2a 
If у=/(х) bea given function of x, sometimes it 
convenient to determine the derivative of f(x) with respect to x by 
taking logarithm of both sides of у=/(х) and then differentiating 
both sides of log y=log f(x). This method of differentiation is 
referred to as logarithmic differentiation. The method is illustrated 


in the following examples. 


is found 


Ex.3. If p=x*, find ^ 


Taking logarithm of both sides of у=". 
we get log y=log x^—x log x 


2 6а d 
4 og =f log ® 


li. log xxloielogz. 
y dx 
d= y(1 +log x)=x*(1 +106 x). 


or, 


Ex. 4. Find 2, where "y" =(x+ y)"*" 


Taking logarithm of both sides, 
m log х сл log y=(m+n) log (843). 


140 DIFFERBNTIAL CALCULUS 


Differentiating both sides with y to x, we obtain, 


1 ldy | 
i LM y салш X+) = +2) 
or, (z- sani es man om 
y xcty'dx x+y х 
nx—my dy _nx—my .0 8p. 
* Их-ууах хх+у) 7C dx x 


[ Note. In the previous article the same sum was done by à 
different method.] 


Ex. 5. Differentiate (sin ares * with respect to x 


Let y=(sin x) 95 * 


log y=log (sin зүг" * cos x log (sin x) 
Differentiating both sides with respect to x, we get, 


14» sin x log (sin x)-- cos E т x 
sin x 


pax 
dy : Wwe - 
дк==у(—-з1п x log sin х+с05 x cot x) 


х 8 H 
=(sin x)°°S *( — sin x log sin x+cos x cot x). 


Ех. 6. If x"=y* show that, Z= == [C. 045) 
Taking logarithm of both sides of x¥= у=, 

y log x=x log y. 
Differentiating both sides with respect to x 


1,4» 1 dy 
RIT = 
AE og x цагда” E. 


or, (log x— 5] log »—? 


dy у(х log y— y) 


dx “xiy log x—xy 
dy TW 
Ex.7. Find gx When y= хз, [X А | 
log y=3 log x 4-1 log (x? Hg log (x? +3) 
dr 3.1 2x 14 


163437 є 
yds х 21554 25143 2 
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d» „|3 х х =o] 
dx х хї+4% х°+3 
AES не ы 
x243 lx x244 x8 43 


Exercise 4F 
1. Find 2 in the following cases : 
(i) х=а cos 0, у=а sing. (ii) х=а sec 9, y=b tang 
ae 3at Заг! 3 ci _а 
(iii) х=, ҮР IFA (iv) xzat, шс 
(V) х=а cos?8, y=b sine 
(vi) x=a(t+sin Г), y=a(1—cos t) 


= 


2. Find dy where 
dx 


(0) v=x?” (ii) у=х'®®^ (й) y-(cos Кыш х 
(v) me x () y= 
(vi y=sin x2*x* (vii) ya + 
(х3--5)5 
(vii) х,у =а (ix) уг (1-4Х)1--25(1-4-3х)(1--4х) 


= [10022 

(x—3)(x— 4) 

3. If y=u”, where и and у are functions of x, then show 
that 


(х) у 


dy Ly? Ч ор v du 
dx зай Ir: i dur ах) 


From the above formula find 2 when 
O y=)” (b »-üdogxy (ü) у= 6 t+ D 


$49. Recapitulation 

In the preceding articles we have defined the derivative of a 
function and also shown methods of differentiation of different types 
of functions. We give below a list of derivatives of functions. 
Remember tha thet derivative with respect to x of the function 
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y=f(x) is denoted by the symbol = or, f'(x) and its definition 
ou. Lt th=) 
is / @ == i0 солих ханын 

If y=x", then Ф генд! for all п 

cb э 

4 1::0 : 

E (c) 220, where c is a constant 

yze?, then Be 

dx 
If y=a* then D a log* 


S dy 1 
If y=log x, then dx 


Tf y=sin x, then B =соз x 
If y—cos x, then 2- —sin x. 
If y=tan x, then Paseo? х 
dy 4 
= xt --тшш- - 
Tf y=cot x, then d coseo?x 
Tf y=sec x, then d = sec x tan x. 
dy 
If y=cosec x, then a cosec x cot x 
If у==5іп-1 x, then 2 VIR 3 
—x 
а 1 
If у= сов! x, then dy... — — 
dx МТ х 
If у=іап-1 x, then = я 
If y=cot-! x, then 2--na 
ЇГ у==5ес-! х, then = 2- VT 
эг NI mil 


1 


If у==совес-! x, then еи AME ЗА 
dx — x Jx?—1 
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Remember the following general results together with the above 
formulas. 
If u and v be two differentiable functions of x, then 
sod : 
(i) ale: и)=с. (ш), where c is a constant. 


5 ly 


(ii) Zu dii 


mt dx 

(iii) “(и у) ut, 
d) Zst S 
pu T. 
0)-2()--2-5-5 


Р ГР” 
(i) It »—fisG9], then 22-5/ 101670) 
dy dy du 
en m T 
With the help of the above formulas and rules one сап determine 


the derivative of any differentiable function. In the previous articles 
we have illustrated the methods of determination of derivatives of 


functions with the help of these formulas and rules. · 


where uz 2(x). 


$510. Differential. 
If y=f(x) be a differentiable function, then we know that, 


lim A». etg, Let £Z уа). 


Ax>0 Ax 
lim« _ lim Ay 
Now, - Ax>07 Ax-+0 [57 БАЛ 
Ae A —f'(x) [as /'(x) is independent of Ax] 


-f'G)-f =. 

Hence we can Write, 

Ayzf'(3) x X. Ax where x0 as Ax>0. 

Hence the increment Ay ofthe function y—f(x) has two parts. 
The part f'(x).Ax is called the differential of y and is denoted 
by dy. 2. dyzf'(Q) Ах. - 

р. С.—10 
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Now, let у=/(х)=х 
fx)=1 and dx=1.Ax= Ax. 
Hence the differential dx of the independent variable x is equal to 
its increment Ax. 


Hence for any function y=f(x), the differential dy zf'(x)dx. 

Hence differential of a function can be defined in the following 
way : ` 

G) The diferential dx of the independent variable x is equal to 
its small increment Ax. 

Gi) For the dependent variable y=/(x), the diferential dy is the 
product of the derivative of /(x) and the diferential dx of the 
independent variable. M 


[ Note 1. dy is proportional to ах. | 
For, dy=k dx where k=/"(x), а quantity independent of dx. 


Also 42=@-+0 when Ax>0. 
Ax 


Conversely, if a quantity z be such that 
(i) zis proportional to Ax and 


(ii) AA as АХ-»0, then the quantity z is nothing but the 
differential dy of y. | 

2. The derivative f'(x) of the function y fix) is the ratio of the 
two differentials dy and dx i.e., f'(x)edy * dx. 

ах has got two meanings. 
dy; lim ЛУ NEY : 

In the first place Де” nad Xs (when the limit exists ) and 
in the second place it is the ratio of the two differentials dy 
and dx. 

As in both cases we get the same value of а it can be used either 
way. 

3. Ifwandybe two differentiable functions of x, then it can be 
proved that 

и 4- v) du 4- dy, d(u — y) du — dy 

d(uy)-udy 4- v.du, доог 

y 


y2 
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4. Ify=/(x), then y+ Av=/(X+ Ax) 
Again, Ay=f’(x).Ax+%. Ax where 
«0 as Ax—0 . 
f(x Дх) =) +f (х) Ax Ax. 

Now if Ax be taken sufficiently small, then « willalso be very 
small for as Ax—0, then «—0 and hence x Ax will be smaller, 

Hence neglecting the small quantity «АХ, we can take f (x 4- Ax) to 
be nearly equal to /(x) +f (x) Ax. 

ie, ЈО Дх) (х) +(x). Ax when Ax is very small. 

With the help of this formula one can easily determine the 
approximate value of a function at a point if its value at a 
neighbouring point is known. . 

Ex. 1. Determine the increment Ay and the differential dy of 
the function y=x? for the increment Ax of x. 

Неге y2f(x)ex? i f'(xX)e2x. 

Now for the increment Ax of x, the increment of y is 

Ay f(x Дх) – f(x) (х Ax) —x3—2x. Ax (Дх)? 

The differential yz f'(x)jdxz2x.Ax[ ^. Axmdx ] 


Ex.2. Find the differentials of the following functions : 
(0 yssinx (i) y= JI-rx (iii) y=sin Jz 

(v) у= J 1+log x. 

G) dy=f'(x)dx=cos х.ах. 


“Ээ. есу усап Аса“ душ. э] эде 
d) Mo= JUX 1. f= цэн dys ean 


(ii) fix)=sin Jx 


т 
dy=f'(x)dx=cos yy 


Note that if Jx=u, then du= es dx, and dy=cos u.du. 
' 2V% 


i шн lg 
2 J1--log x Х 
Ex.3. Determine the increments and differentials of the following 


functions : 
G) f(x)=x? +2x—1, when the value of x changes from 2 to 2:1. 


(у) d»- 
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(ii) fed when the value of x changes from 3 to 3:001. 


d) Неге, Ах--21-02-0, and f(x)=x?+2x—1, 
fQ)22? +2.2—1=1, f) Q1? € 22:1) — 12761 
s Ау=5271)-2)=761—7=:61 
. Again, f(x) 2x +2 
sS dy=f'Q).Ax=(2.2 +2) x 1-6 


(ii) Here, Ax=3-001—3=-001, fxy= 224, 


2 
7 en Ээ 
f'(x)— (к— DH 
! суга ХМХН 
Aye f(3001)-/0)— 755127 — 20017 — 2001 
= по 
d=- уту Х 001= — 50у 


Ех. 4. If log 19200 =2°30103 then find log; 520072 (nearly) 
(Given that log; o° ="43429) 
Let, y=log; 05, x=200 and Ax=‘2 


log,? " 
r=) 10 =log,*. log’ 10 


"xy =) WIE 1 
y (х) == 10810 =`43429 Xx 


Now as, f(x 4- Ax) f(x) -f '(x) Ax, 
so /(200 4-2) = f(200) 4- f" (200) x -2 
log, ,200°2=log 20043429 х ХЭ x2 
—2:30103 4-*00043429 — 2:30146. 


or, 


Exercise 4G 


1. Find the differentials of the following functions : 
G) pox — 2x45 (ii) у=ахз +bx? +ex+d 


(i) у= J+- Gv) у=; (v) »2Jixx? 
(vi) у=х. log x (vii) у= 108 * ор (1-х). 


sin х 4-cos x 
sin x—cos x 
(x) p=" (sin x-rcos x). 


(iii) p= (ix) уед tan?x—tan х+Х 
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2. Determine the increment and differentials of the following 


functions : 
G) f(x)=x?—zx, when the value of x changes from 1 to 1:01 


(i) Дх) =5іп x, when х=ў апа Arg 


dii) f(x)=x3 +2x; when xz – 1, Ax—'02. 


(iv) f(x)= Ji4-x3 when the value of x Эс) from 3 to 32. 


3. Given sin 60°=-866025 and cos 60°= 
Find approximate values of sin 60918” ami cos 6093 0”, 
4. Find the approximate value of tan 45294730”, 
5. Given (і) log, )300=2°47712. Find log,, 300:3 
Gi) log, 9540=3-73239. Find log, 9 540°7. 
| Given log, o e="43429 ] 


$411. Geometrical significances of derivative 
differential. 


and 


A straight line is a tangent to the curve y=f(x), if it intersects the 
curve in coincident points. Hence the tangent to a curve at a 
point Р is the limiting position PT of the chord 5a, as the poist a. & 


approaches the point P along the curve. 


Let the co-ordinates of the point P of the curve y=f(x) be 
(х, у) and those of a pointa (also on the curve) close to P be 


(х+ AX, Y--Ay) Let the chord Ба makes an angle « with 
positive direction of the 
x-axis. Now as the point 
@ approaches the point р 
along the curve, the 
limiting position’ of the 
chord Pa is the tangent PT 
at P. Let FT be inclined 
to the positive direction of 
the x-axis at an angle v. 
PM and ал are perpendi- 
culars from P and @ res- 
pectively on the x-axis, ^R 
is drawn perpendicular from Fig, 40 (i) 
P on QN. 


Y 


the 
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Now, OM=%, ON=X+ AX, PM=Y=RN, ON=)+ AY. 
MN-ON—OM- AX, Q@R=QN—RN= Ду, 


and tan ца иг Now, as аР, then Ax—0, the chord 


Pa-PrT and the angle <», 
, 
шарын Ай а. tan x=tan vy, 
or, f'(x)etan v. 
Hence the derivative of a function y=/(x) at a point (x, y) is 
the trigonometric tangent of the angle w that the tangent to the 
curve at the point makes with the positive direction of the x-axis. 


| 
i 235 -єр ==! — 
x? OT M AX N X X О NaAxM T X 
u Ч, 
Y Y 
(ii) Fig. 40 (iii) 


Let the tangent PT at the point Р, intersect GN ats. Now 
m/SPR=mZPTM=w. . 

50, SR=PR tan SPR=AX tan Y=f"(xX)Ax. 

n dy=sr [ as according to definition, / (х) xoay 1, 

Hence differential of a function f(x) corresponding to an 
increment Ax of x is equal to the increment in the ordinate of 
the tangent line to the curve at the point x up to the point with 


abscissa x+ A x. 

Note. (1) F4 is the gradient of the tangent to the curve 
y=f(x) at the point (x, y). Hence the gradient of the tangent to 
the curve at therpoint (x,, i E Р 24 is 

point (Хү, Уу) is Fle, 21 where [2 Ca”) 


the value or at the point (x,, Уу). 
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The equation of the tangent at the point (Хү, уу) is 


(2 
э—эу=(@ 4) (x—x,). 
(2) The normal to a curve at the point (xj, уу) is the 
perpendicular to the tangent to the curve at the point (x,, yi). 


Hence the equation of the normal to the curve at the point 
а) вул (Se, у О: 


(3) In the figure GR is the increment Ay of y and sR is the 
differential dy of y. In fig. 40 (i) Ay dy and in fig. 40 (1) Ay<ay. 
Hence the value of dy for the increment Ax of x can be greater, 


less than or equal to Ay. 
(4) Note that in fig. 40 (i) and 40 (ii) the value of v increases 
with the increase of the value in x and the angle v is an acute angle ; 


ы Зүсэл 0. But in fig. 40 (iii) the value of w decreases as 
the value of x increases and the angle w is an obtuse angle. So 
tan v «0. 


Hence we find that if ду 


ах 


the value of x increases and ү 3 <0, then the value of у decreases as 


->0, then the value of y=f(x) increases as 


the value of x increases, 


§ 4:12. Second order derivative. 

Let y=f(x) be a differentiable function. The diferential 
coefficient f’(x) is a function of x. So опе can again differentiate 
f'(x) with respect tox. The derivative of f'(x) is called the second 
order derivative of f(x) and is expressed as f’(x). f'(x) is also called 
the first derivative of f(x). 

Now, you know that the first derivative f'(x) of y=f"(x) is 


denoted as dy The second derivative f'(x) is denoted as 


dx 
2 
saa 


Hence a is the first derivative of y—/(x). 


150 DIFFERENTIAL CALCULUS 


The second derivative of y=f(x) is pay 
For example, let y=x*, 
The first derivative of ye anie 
гуай diy 4 [ау _ d a 12: 
Th ond derivative of yz = 5 || 2 — (4x7) 212x?. 
RE —— И se сш у=» 


Note: (i) The third derivative or the derivative of the third 
order of y=f(x) is the derivative of the second derivative 
diy Е bs 
do or (х) of у==/(х). 
The third derivative is denoted as 


nay (PH) 2 
rema) m 


Similarly the fourth derivative of y=f(x) is denoted as 


: 5 2) 23 
force) and f= 2(77) 277. 


In general the nth derivative of у= f(x) is denoted of f(x) and 
—d.dely Фу 
105 gt) ge 
(ii) The derivative of y=/(x) is denoted by various symbols 
such as 2 f' C9, уу, у", (ЛЖ, DO), Dy еіс. Similarly, the second 


derivative of y=f(x) is also denoted by various symbols such as 
dx? 


for the nth derivative are, f "(х), ez Yn Y ™, D^((fx)), D^iy], D"y etc. 


"09, ya, у", DLA, D2(V), D?y еіс. The various symbols 


(iii) The differential of y=f(x) for the increment dx of х is 
dy f (хуйх, where f'(x) is а function of x and dx is independent of 
X. <, dy can be taken asa function of x and its differential with 
respect to x сап be determined. This differential of the differential 
of у іѕ said to be the differential of the second order or the second 
differential of y=f(x) and is denoted as d? y. 

d? y e d(dy)e ЈО) = f Qoaxy'dx 
=dx{ f'(x} dx [ as dx is independent of x ] 
zdxf"(xydxzf"(xydx) . 
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Similarly the third order differential of y —/(x) is 
d? y Фу) (42 yy dx | f "(x)(dx)? dx f "(xy(dx)s. 
In general the nth differential or the differential of the nth order 
is d" (y) did»! y "(oy (dx)". 


Ex. 1. Find the second derivative when 
() »-—x9?—3x?--4x—1 (ii) уве (Ш) pox. sin x. 
x dy 3 азу 4... 
--т-37Х"-00Х 2 = (3х°—6х 
О = еони ах? dx vec 
=6x—6=6(x—1). 
Г 27 qi 2 
d) BaP, 2х2", Pa (on) 


dx !dx? dxs 


x 


2 2 2 
224 2x4 .2x220 42x1y 7 


(iii) 2 lsin x4-x cos х= 510 Х-ЕХ cos x 
ах 
dy. Le "———" 
P. ToS x+ l.cos x 4- x(—sin x)=2 cos x—x sin x. 


xt.» diy 
Ex.2. If P A then find dun 


Differentiating both sides with respect to x we get, 


2x |2y dy. do ХӨ P 
ait brdx ӨВ dx ай» а?у 
азу d(A F(R 2)=-F ASI 
dx? dx dx! 4ххаду avdx y 
d d У 
” у Fg) p Pak ) хах 
= ya pa. "Ww а? y? 


“x 
prom) b? a? y? +х?Ь? 


a y? a2  a*y$ 
xad - | 2H, +. bxta? yt =a] 
aa? y a* ы 
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Ех. 3. 
diy... AOLA O — VO." and hence find ^ 
dx? 
x=a cos t, y=b sin / 

X=a cos 2t, y—b sin? г. 


(i) 
(ii) 


v") 


(i) 


Gi) 


Ex. 


yzae? 4- be?7, 


Now, 2? dr 


d? y 
dx? 
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If x=4(), у= Vin), then show that 


7 when 


ea o x2 


ФТОР” 


СО ad) 
=e) 


*4х dx 


dt 
4 (ду dy dt О! 
alis aas dt apte "dx 
dt 
=P (000) wt). t (o) 
[LAGE 


=—a sin f, x'— 


p’ (t). 
(0р2 


x=a cos г, 


gi. 
Ф() 


—acost 


х =— 


y=b sin t, yg cos Г, y'— —b sin t. 
D yt xt 
dx (уу 
—(—4 sin r).(— b sin t) —(b cos "s а COS t) 
(—а sin /)® 
__а0(соз? t+sin? )_ b 1 


—a® sin? г. ^ d? sin? г 


х=а cos 2t, X = —2а sin 2t, x'— —4a cos 21; 
уз? sin?t, у =26 sin t.cos t—b sin 2t, y"—2b cos 21 i 
diy x'y'—x"y' 
dx? (X) 

= 2a sin 2t.2b cos 2—(—4a cos 21). b sin 2t 


(— 2a віп 27)* = 


4. Ifyzac*-- be?" show that У 307 42720. | 


ах 


Е dede + Abe?* 


dimer bens, 
dx 


а?у 


da ty Tan T- Abe? = — 3(ae* + 2be8 7) 


+ 2(ae* 4- be? *) == 0". 
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Ex. 5. If yzsin (m ѕіп-! x), then show that 


(1—x3) pr +m?y=0. 
dx 
5 RE iy 5 
yzsin(msin-!x) 2. f""2cos (msin-1x), 1 
dx Ji1—x? 


—— dy : 
от; Ts ag” cos (m sin-!x). 


Differentiating both sides again with respect to x we get, 


= цаг 1 ot dy 


1380—29) ах 
== — т sin (m ѕіп-!х).— m- 
J41—x3 ` 
ау dy th Ё d eue | 
ог, —) жа хэс +m2y=0 |^. ус їп (т віп-1х) 


Ех. 6. Find the equations of the tangent and normal to the 
curve yz x? — 3x? —x-r4 at the point (3, 1), 
а) 
dx (3, 1) 
Hence the equation of the tangent to the curve at the point 
(3, 1) is 


Here 29 — 3x2 —6х—1, —3,32—6,3—1-8. 
dx 


,—12( 9 ыг 
›-1=(@) з, 1—3) 
or, y—1=8(x—3), ог, 8x—y—23=0. 
The equation of the normal at the point (3, 1) is 
»-1--(2) (x—3), or. j= EA 
~~ wy. 1) Каз” 8 
ог, x+8y—11=0. 
Ех.7. Show that the function 
(i) fux)mx?—x?—2x is decreasing at the point x=1 and 
increasing at the point X2. 
di) Дх)=х°—6х? + 12x— 1 is increasing everywhere, 
(0) s Лх)эшх8-а13-0х, 
f'(xy 23x? —2x—2 
Now, f'(1)223.1?—2.1 22 —1«0. 
f(x) is decreasing at the point x—1. 
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f' 0-232 32..2.2—2—6:0 and so the function is increasing at 
the point x—2. 
(1) 22 0) =3х° – 12х+ 1223(x? — 4x +4) 
=3(x— 2)? 20 everywhere. 
Hence the function is increasing everywhere. 
Ех.8. Determine the interval in which the function 
f'(x)=2x* — 15x? +36x +2 is increasing and is decreasing. 
f(x) =2x5 — 15x? + 36x +2 
/'(®)=6х?° — 30x +36 =6(x— 2)(x — 3) 
Now, in 2<x<3, x—2 is positive and х — 3 is negative, so that 
6(x—2)(x—3) is negative. Therefore, in the interval 2<x<3, f(x) 
is decreasing, and is increasing elsewhere. 


Exercise 4H 
1. Find the second order derivatives of the following functions 
() у=х?—3х+4 (ii) »-ax +bx+e (iii) y=! 


(iv) y=x sin x+cos x (у) у=ах"+ b 
x" 


i у=1ор ѕіп х (vi) y=x logx—x (viii 2-5-1 
(vi) y=log (vii) y g (vii) v xl 
ay, 
d : 
2. Fin de 


() »224ax (й) x? +y2=a? (ii) душе? 
(iv) se Ae =(x+y)"r", 


3. Find 72 : 


(i) x=a cos 0, ya sin 6, (parameter =9) 
(ii) х=а sec ө, y=b tan Ө, (ii) x=at у=5, (Parameter /) 
(iv) x=a с05°0, yb sin"8, 
(v) x=a4(t +sin 1), У==а(1— cos t) 

3at Заг? 


(vi) х= Түр?” 


Un 
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4. Show that if 


() p=c,e?* +Cge7*, then 20 оу =0 


Gi) y=c, sin nx+cy cos nx, then AY pne :у=0 


(Ш) y=a cos (log х) +Ь sin (log x), then x? dy ауу yn 
ах? ах 


= 2у _ 24У _ 


x? "dx 
(у) y-sin^!x, then, (1—x2)y, — xy, =0 


(iv) X(1—x)mx3, then (1— 


5}. 
(vi) У=С; cos 3x+C, sin эх (ee -+s+ i). 425, then, 
32, 
a I 4.9 ym ix? Tl. 


ау 


T Бо? ОН 
(УШ) yzc,; е" Сас". then a m?y=0 


=0 


2 
(viii) y=log (x+ Ja? +x), then (a? 1227-3223 


(x) VS=(X+0/1+X2)", then (1--32) S pam? 2y=0 


dx 
(х) у= (5іп-1х)®, then (1— x?) = ES -x2 —2y=0 


{ап-1х 


(xi) poe , then (14-x? fra у= 


5. Find thc equations of the tangent and normal to the curve 
pz x* — 3x? +4 at the point (1, 2). 

6. Find the equations of the tangent and normal to the parabola 
y? —4ax at the point (az, 2ar). 

7. Show that the equation of the tangent to the curve 
(8 es () " 22 at the point (a, 5) is 2+0=2. Find the equation of 


the normal to the curve at this point. 

8. Show that the function f(x) 2x? —3x-- 1 is decreasing at the 
point x—1 but increasing at the point х--2, 

9. Show that (i) the function 3x(x? -- x --1) is increasing for all 
values of x and (ii) the function —3x— x? is decreasing for all values 
of x. 
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10. Show that the function y—sin z+cos x is increasing in the 
interval 0<x<5 but decreasing in the interval р<Х<х, 

11. (i Find the interval of x in which the following functions 
are decreasing : 

(а) x?—3z?—24x-29, (b) 2x? —9x?.-12x4-7 

(1) Find the interval of x in which the function 6x? —9х—х% 
is increasing. 

$413. Applications of derivatives. 

In the previous articles we have given two types of interpretation 


of derivatives of functions. They are (i) 2 isthe rate of change 


cf y with respect to x. 

(1) 2 is the gradient of the tangent to the curve yzf(x) at the 
the point (x, y). Р 

From {һе first view point one can define various concepts such 
ав Velocity, acceleration, etc. The second view point helps in the 
discussion of different geometrical properties. We discuss below 


some applications of the concept of derivatives. 
(A) Subtangent and subnormal. 


Ifthe tangent and normal to a curve at the point р intersect the 
x-axis at the points т and м respectively, then PT and PN are respec- 
tively the lengths ofthe tangent and normal at the the point p. The 


Fig. 41 


orthogonal projections of these lengths on the the x-axis are respec- 
tively called the subtangent and the subnormal to the curve at the 
point P. In the figure the ordinate of P intersects the x-axis at the 
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point а. TG is the subtangent and GN the subnormal to the curve at 
the point P. 
If the co-ordinates of the point P be (х, у), then peasy and 
tan pra=tan po, 
dx 


Hence the length of the tangent=PT=51.Pa. 
=y cosec у= у J1-rcot?v 


= Ji+(%) dxy3 =” te where нэ, 


The length of the adis 


=y sec p — y J I-rtan?v 
~ dy? e 
=y LY = z 
x ) THER, , 


Ta dx y 
The subtangent=Ta=— .Pa=y cot y 2 y.— — — 
he subtang ста 5E wie = r 


ма ау 
е погта! = ма = pa =} tàn "== у- = е 
The subnormal=Na oa y ea 


Example. 1. Find the lengths of the tangent, normal, subtangent 
and subnormal to the curve y=x+ ° at the point (1, 2). 

VO pox x8, 12. Ууш1-333. 

Hence at the point (1, 2), у, =1+3 15:44, 
JIJ” 241416.. ЧИ, 


the length of the tangent —^ - 
i 4 


the length of the normal y 1-4 y,2—2 У1-- 1622 J17; 

the length of the sublangent— л 5s : апа 

the length of the subnormal = yy, =2.4=8. 

Ex.2. Find the lengths of the tangent, normal, subtangent 
and subnormal to the curve y?=4ax at any point (x, y) of the 
curve. 

yiz4ax, 1. 2yyy=4a, 1. YXi—— 


158 DIFFERENTIAL CALCULUS 


Hence the length of the tangent —^ v 1-71? 


Ji 
цн да 

- BR um. Ja а 

Ja 52 4ах 

y 
. 4ax a 2X Jx+a Э 
EA ATE 
—2 Jx(x4-a). 


The length of the normal— y J T3 y,2 
ay aie 5 E 
=y,/1 tir [+ 


ex ii i ges =2 Jabra) 


У 
У: В y* dax ә. 
The length of the шини динг 06 a ia Sq 
у 


The length of the subnormal- yy, — 2a. 


(B) Maxima and Minima. 

In the domain of definition of a function х), the function is said 
to have a maximum value at a point x—a if there exists an interval 
including the point, so that the maximum value of the function in the 
interval is attained at the point xa. Hence the function f(x) has a 
maximum at the point xa, if one can find an interval a—h<x<ath 
including the point a, so that (a) is the maximum value of the function 
in that interval, j.e., for all x in a—h<x<ath, f(x)< f(a). 


If the function f(x) possesses a maximum value at the point x=4 
and if f(x) be differentiable at the point x=a, then f’(a)=0 ; for 
if f(a)>0, then f(x) is increasing at x—a and for every x ncar 186 
poan х=а, fix) fta), іе, we shall not get any interval including tbe 
Point x—4, such that the maximum value of f(x) in the interval 
is fia). - Similarly if f^(a) <0, then f(x) is decreasing at x=a and so for 
every x<a and near a, f(x) f(a) and so we shall not get any interval 
within which the maximum value of f(x) is Да). Hence f'(a)-0- 
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Again, if f'(a)=0, then the tangent to the curve at the point xa 
is parallel to the x-axis. 


In the figure notice that the function f(x) has maximum value 
at the point A (x=a) and the values of f(x) in the neighbouring 
points B and C are less than f(a). 


Fig. 42 


The slope w, of the tangent to the curve at the point is iess 
than 90° and that at the point с is w32-90*. So, tan w,20 and 
tan v4-0. Hence if f(x) possessess а maximum, then at the 
neighbouring points of A which are on its left, tan yO and at 
those points which are to the right of A, tan w<0. As 


tan v =2, So опе may say that the value of 2 is positive at 


points to the left of the point of maximum and " is negative at 


points to the right of the point of maximum. Hence the value 


of 2 is decreasing at the point x=a. Hence the derivative of 


2 18. 2. «0 at хаа. The above discussion can be 


summarised as follows. 

A function у--Дх) will havea maximum at the point x=aif 
(i) f (a) «0 and (ii) f" (a) 0. 

Minimum : A function f(x) is said to have a minimum at the 
point x=aif one can find an interval a—-h&x«acth including 
the point x=a, such that fix) has the minimum value within the 
interval i е, at every point of the interval f(x)>f(a). 

D. C.-11 
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In figure 42 the function f(x) has a minimum at the point 
D tan y«0 at the point C on the left of the point D and 
tan 0 at the point Eto the right of D. Hence as a point 
moves from the left of the point D to its right along the curve, 


the value ot? ie, /'(х) changes from negative to positive. 


Hence as before one can prove that a function f(x) will have a 
minimum value at the point x=a if 


(i) f'(a)—0 and (ii) f(a) >0. 

Note. (i) If a function possesses a maximum or a mlnimum at 
the point x=a, then the function is said to have an extremum 
at the point and the maximum ог minimum values are said 
to be its extreme values. If the point x—a isan extreme point 
of the function f(x), then f'(a)=0 and /'(a)z0. If f’(a)<0, 
then at the point x=a, the function possesses a maximum and 
if f"(a)>0, then the function will have a minimum value at 
the point, 


(i) If f'(a)=0, f"(a)=0, then the function may not have an 
extreme value at the point х= а. We state below the conditions 
of existence of extreme value of a function f(x) at the point 
x=a, If/'(a)—/' (a) — — f^-1(a) 0, 7" (а) 50, then the function 
will possess an extreme value at х-а, if n is even and the 
extreme value is maximum or minimum according as f"(a)« 0 


ог f"@)>0. Ifz be odd, the function will be neither maximum 
nor minimum. 


(iii) If a function f(x) possesses a maximum value at the 
point х= а, then f(a) may not be the greatest value of Дх). 
That a function possesses a maximum value at the point x=4 
means that, the value of f(x) is maximum at the point хеа 
within an interval including the point x=a. The value of the 
function outside the interval may be greater than f(a), Similarly 
one can say that a function possesses a minimum at a point х=@ 
does not mean that the least value of f(x) is f(a). 


In fact a function may possess a number of extreme values 


but the function will have not more than one greatest or опе 
least value. 
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Ex. 1. Find the maximum and minimum values of the 
function у=8-х%—х%—1х*. 


Ei у=в—х%-х%—1х*, АУ ФУ э -2x - 3x3 - x? 


d*y _ 
and dan 2— 6x —83x?. 
For extreme values, Уш, ie, —2x—8x?-x9-0 
x 


ог, —x(x+1)(x+2)=0 
the function may possess extreme values at the points 
x20, —1, —2. 
Now [s 244, = – 9 which is negative and hence the function 


f(x) possesses а i. at x=0. 


2 
(22) =—-4+6—3‹=1>0. Hence the function possesses а 
dx?! 22-1 

minimum at the point x= - 1. 
ay)  =-2<0 


Again at x = — 2, (2 
а 

m the function possesses a maximum at the points 
xal, : 

m maximum values are 6 and 8 and the minimum value 18 
f -1)- 63. 

Ex 2. Show that the maximum and minimum values of 
8 sin x4-4 cos x are respectively +5 and — 5. 


Let y=3 sin x 4 cos x 


< dY 23 cos x-4 sin x 
dx 


Now for extreme values 2-0. 


s. 8cos x—4sin x=0. 


a sin X _ cos X _ 1 1 


„= =н += 


+ 
Хи сн J34 ^5 


3, The function will possess extreme values if sin x= + $ and 


cos x- t$. 
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When sin х= $, cos x—£, then pa — 3 sin x— 4 cos х 
--1-15-56«0, 
-. For the value of x for which cos х=%, sin х= $, f(x) 
possesses an extreme value which is maximum and this maximum 
value is 3.5-84.5-42--15-428-а5, 


When sin х= — $, cos x= — 5, then the value of 
d'y _% 8 
dii =$+48=+45>0. 
For the value of x for which sin x=—§ and cos x= =$, 


f(x) will have a minimum value and this minimum value 
=3(-2)+4(-4)=-—5 
Exercise - 4 Т 
1. Find the lengths of the tangent, normal, subtangent and 
subnormal to the curve y=4x?(1+2x) at the point x1. 
2. Find the lengths of the tangent, normal, subtangent and 
subnormal to the curve x=a(g—sin 0), уза(1-с08 0) at the 


point 0 = 


3. Find the lengths of the tangent, normal; subtangent and 
subnormalto the curve х= а(соѕ7+1 sin 1), у= а(ѕіп 1-1 cos f) 
at any point г. 

4. Show that the subtangent to the curve y=a* is constant. 

5. Find the maximum and minimum values of 

y—x9—9x?--94x -10, 

6. Find the maximum and minimum values of the following 

functions : 


(i) y-sinx tsin?x, (ii) y sin x--cos?x 
(iii) y-—cos?x - cos 7А 
7. Show that+ Ja3 b? апа – „Јаз + are respectively the 
maximum and minimum values of y 2a cos x +b sin x. 
Miscellaneous Examples 
Ex.1. Iff(x)bea differentiable function and v={f(x}", show 
that Уп"! f(x. From the above formula find the 


differential coefficients of the following functions : 
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(i) у=(х%+4)1°0 (ii) Vs; (iii) 


1 
(x+1)3 
(iv) sin*x (у) (log m (vi) (sec"!x)8. 

y —-df(x))" = u^, where u = f(x) 
2 =nun-t, 2 -fx) 
de du dem mn tO) nift (a), 
(i) y-—(x?--4)!9. Here n=10 and f(x) = x3 4-4 


5 f(x)e)x. . ДУ = 10(x9+4)°.9x e 0х(х3-4-4)3, 


Gi) уерй41 2, Boyni] ayat 
3(х34-1)5 

- : 

(1) у= Gi — (x 4-1) 

, dy. -3-1 j= —2 

12 2(x-+1) 41 БҮҮР 


(iv) y=sintx= (sin x)* 
2. 4(sin х1571,с08 x=4 cos x sin?x. 


3 dy 3 3-14 
ss p= 8: ue GP amay 
(у) “2 y=(log x)3, .. E: 50108 x) = (log x) 
=5 i log x 
i) '.' y-(secc1x)?, 2. 9У.(чвс-1х)8-1, d (сєр-1 
(vi) *' у= (вес-2х)8, г. 2 3(ѕес-1х) gs Gee x) 


1 


=3 (s00 буул —— — —.. 
( ) x /х?—1 


Ех, 2, If y=log f x), then show that 2. 4135 e vm Лх) isa 


F(x)’ 
differentiable function. Hence find the derivatives of 
(i) y=log sin x (i) y-log(x3-Fx-4-1) 
(iii) y=log(log x) (iv) y=log(sec x+tan х) 


(у) y=log(x+ J/x?--1) (vi) у=1ов((ап-1х). 
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у =logif(x)} = log u where u= fx). 
us Poi =1апа du z I (0): 


dy 4у du_ al. 4704, 
Now, 26 du dx eke mul P 
G) у=1овзїп x, Here f(x)=sin x. f'(x)— cos x 
и. Va) соз xo cot x. 
dx sinx 
Gi) у=108(х2+х+1), 
dy, 1 d (xa zl] ЭЭЖИЙ . 
Sse Uem х®+х+1 
T М ау 2 i — 4 А 
(li) уеюд 085), ^ 22 92107989 sU 
(iv) yelog (sec x+tan x), 


(dy. 1 
dx sec x+tan x 


(у) y=log (x+ Jx34-1) 


d _1 1x241) 
z тту! +” +1072. 2x} 


(sec x.tan x+ sec?x) = sec x. 


L x 1 
ixi 1+ = — 
x+ lgl Zu M x3 4-1 


i = . dy 1 1 
vi z :log (t ty). 2, - 
90 Р iai dx tan x 1+ EET 


Ex. 3. If у= /(ах4-Б), where f x) isa differentiable function, 


show that 9-44 


T {f(z}, where z=ax +} b. 


Using the above formula, find the derivatives of the followin 
functions. 


(0 у=(8х+4)10 (Н) y=log (2x+3) (їй) p=e?* 

(iv) y=sin2x (v) y=sec(3—2x) (vi) p=tan7*ax 
y=flax+b)=f(z), where к 

dy dy dz dy d 

е так tad z 2 02) 
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(1) Dni 210, where z=3x+4 


=3.10 deni 29 — 30(3x +4)? 


dy 9-1 _ E 
dx m “Ox +3 


sn с-з» (jy) Y= 

(iii) A 2e (iv) de 9 cos 2x 
dy 

(v) ae 9 sec (3 — 2x)tan (3 — 2x) 


aye o. 
dx 1+a*x? 
Ex. 4, Find 2 dy y if 


(i) ые (ii) tan ly- AJ 1-x. 


(vi) 


lTx 
: cos х 
i) “2 tanye———— 
0) P l-sin x’ 

x x 

cos? 75 —sin? =. 


( cos 5 +sin 3) 


cos 5 зів 5 


—tan^! 
cos 5--sin 5 
1 1-tan5 | 8n Lx л X 
=tan™ — — 2 tan“? tan (5 - )= -5 
)-tan 5 4858 


2). d.x..g.- 1-4, le 1 - constant) 


i d -34)- EX 2 


T E. 1 9 Pas 
(i) tan y= i EET) , [x =cos 6 (say)] 
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« . d 
Ex. 5. If x23 tan"! D у= 9 ѕіп-1 гж then find A 
Let t —tan 0 

x=3 tans # tan ө. —3 tan“? tan 29—3.99— 68 

d у=9 sin-1 2tan 8 =2 sin-! sin 2 29,2040 

and y=2 sin Пет ри 51077 sin 20 А 
pa хв апа Bot, 

49 


Ex. 6. Differentiate 
(1) x with respect to x? 
-1 
(i) х0 ^н respect to tan^!x 
(ii) sin" iur with respect to соё-1х 
(i) Let y=x8, z=x3, 
differential coefficient of x9 with respect to x? 
a=W = d /dz 6x5 
Ex dx dx 3x3 


(i) Let y. ín" Б 2. 


"-9х3, 


log у={ап”1х log х; 
Differentiating with respect to x, 


1 dy ]1 -1 log x 
TA tan^!»y-4- > 
4 dP tan^i!x[1 -1, log x 
PE m2 ü tan х+ р) 
" dz. 1 
Let z=tan-1 3, 
РЕ dx 1+х%` 
Now derivative of ytan^!x with respect to їап”1 x 
dy 
= dy йу 
ё d 
dx 
tan xh. a орох 1 
x й tan^! x+ iiA) ix? 


-1 
= tan (== tan-1x+log х). 
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E 2x ;,-1i 2 tan 68 
E -gn 25 =sin-1 tano 
(iii) Let y= sin 14-23 10: 

[ х=їап 8 (say) 1 


A HR dy 
= 1 = ~ 24-4 
sin ^ sin 20—29 2, dà 


and z —cot^! х = cot^! tan 6 =сої-! cot (-9| 3-9 


2. Derivative of sin! iz with respect to cot! x 
dy 
W e ME зэ, 
dz dz —1 
46 
Ех. 7. Find Z when 


(i) у=1ор ss х) [С. U. 75) 


l—sin x 
(ii) per А/ ХУ, sin x 
x*—x41 
т 


(ii) у= =A, Ја? — x! савж ѕіп-21 (2) 


cos x sin "e (v) 


(iv) y-(sin x) +(cos х y=log, sin x. 


(i) y=log af im х = (ов (1+sin x) – log (1— sin 51) 


sin 
dy 1 [ cosx _ eoe] 
dx 1+5іп х 1-sinx 
1l-sin x+1+sin x 


=1 sin 2 
ag cona таи x)(1—sin x) 


= cosx 201 =sec x, 
1-sin? x cosx 


xxl 
" NE TxTlosinx 
ü) у SÉ Er : 


р 2,/х3-х41 a 
2. log y=log {x Vaert sin x} 
=2 log x+4 log (x? +x +1) —{ log (x?—x +1) +log sin x 
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Differentiating both sides with respect to x. 


1 dy 2 i 9х+1 .1 2x —1 4905 х 
7 ах x' 2 хїфх41 2 z*—xti sin x 


Е ча NL -Fcot x. 


т 1+x*+x* 

dy _ хз х*+х+1. dins 454.59 —. 

T x JE x Lush. +оо x}: 
Gi) у=їх /а#—х®-Е11® sin"! х 
5 ын 1 (— 22) 1 1 
. 3, 8. ИШЕ. чы. ЖШ а 

=. xita х uu xix Jig 1 
-% 


-/48-х8. | 
(iv) у= (sin x) 995 *+(cos х) sin X _ 4+, where 
us (sin х)@0% * ,. log u=cos x log sin x 
and v=(cos xin * QS log v=sin x log cos x.. 
Differentiating w. г t x, | 


1,4и | 
2и = —sin x. log sin аня x. 98 * and | 
и sin x’ | 


1 dv Lcos х log cos x+sin x, _ Sin x f 
% v dx cos x 
| 
. d x А x 
we ao (sin х)°®$ 1- sin x log sin х+ cot x.cos x} | 


4 1 т 
апа а= (cos хул * [cos x.log cos x — tan x.sin x} 


dy .. du , dv 
dx dx dx 
= (sin x)€99 *( — sin x log sin x-F cot x.cos x} 


sin x 
+(cos x) {cos x log cos x - tan x.sin x} 
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= + yn lo Sin f.. _ log,a 
(у) y=logzsin x pus | [5 logiae m 


cos x : 
es | in Х.- 
438545 og 5 5 
ах (log x)? 
= х cot x.log x —log sin х, 
x(log x)? 
Ex. 8. f(x) and g(x) are two differentiable functions, If for 
all values of x, in an interval 


(i) f'(x)=0, then f(x)=c in that interval, where c is а 
constant, 
(i) f(x)=g(x), then /(х) = g(x)+c where c is a constant, 


а y y s s : 
(i) Let y=f(x) ., =). Now ФУ isthe gradient 


of the tangent to the curve y=f(x) at the point (x, у). 


As Bao at all points, so the tangents to the curve у=/(х), at 


all points ofthe given interval, are paraltel to the x-axis. This 
is possible ifand only ifthe portion of the graph of the function 
corresponding to all values of x within the interval be parallel - 
to the x-axis. Now the equation of a straight line parallel to the 
x-axisisy=c. ,', Iff(x)=0, then f(x)=c. 

(ii) Let ẹ(x)=/(x)— g(x) 

Ф'(х)=/'(х) — g'(x)=0 (according to given condition) 

Л. ф(х)=с, where c is a constant ( by (i) above ) 

ог, f(x)-sg(x)-e, ог, fie)=g(x)+c. 

Ex.9. If a function be differentiable at a point, then it is 
continuous at that point. Is the converse of this proposition 
true? Explain with the help of examples. 

Let the function f(x) be differentiable at the point хэд, 

‚ а) =) fla Ла) has а definite value. 

pe ho h 

Let a-- he x and so as /i—0, then xa 


and f(a)=lim 70-10) 
ха х-а 
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Now we can write 


f(x) afl Ww- fia) e^ (x a) +f (a) 
sii (21-49), a)+ f(a) } 


xd x—a 
(".^ the limits on both sides exist) 


-lim f(x)-J(a) lim (x—a)-lim fla). 


‘xa x-a кта EX 
[- E JE IO exists | 
=f'(a),0+f(a)=f(a). 


Hence by definition, f(x) is continuous at the point хаа. 
Hence if a function be differentiable ata point х=а, then itis 
continuos at that point. 

But the converse of this proposition is not always true. A 
function may be continuous at a point but not differentiable at 
that point. 

For example let f(x)= | x |. Here the function is continuous 
at the point x0. 

For, when x>0, then f(x)= | x | =x and 


lim f(x)=lim x=0. 
x>0+ х-»0-- 
and when х<0, then f(x)2 —x. 


So, lim Лх) = іа (-х)-0 


х-»0- x0- 
Again f(0)=0.  .. lim f(x)=lim Дх)=Д0). 
x04- х--0-- 


But the function is not differentiable at the point x 0. 
For the right derivative of the function at the point х=0 is 


f'(0+)=lim = AO) үд 131-0 
h>0+ 1 h>0+ 
: h 
=lim ==1 [t k 5. = 
ps. apr Dg ots h>0 ам» |-л1 


The left derivative of the function at x —0 is 


f'(0—)-1im flh) - f(0 үд [hj -0 
h-0— h-—0-— h 
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slim  213--1 qe 


ШШ. эу h>0-, 
1-»0- 


h<Oand [А | --4| 


. 


SNC S'(0+)#/'(0-) 


Hence the function 18 not differentiable at the point, though 
continuous at the point. 


Ex. 10. If ax?+2hxy+by20 1, then show that 


dy. —axhy ad ду. h?-ab_ 
dx — hx-cby' dx? (hxcby)* 


ax*+ 9hixy 4- by? = l, Differentiating both sides with respect 
to x we get 3 


dy dy _ 
9h(x.—- 5 22 = 
2ax+2h(x axt 13) 26y77 0, 
or, йу _ ax-chy 


ах+һу ту : 3t | ря 
ах hx+by iflerentiating both sides again with 


respect to x we get; 


дуз d - th) 
dx? dx\ hx+by, 


dy g dy 
а (a2) (+) 23171111 
(hx+ by)* 


ofa 2 — gb)x.? 
(ab h*)y -- (h? — ab)x. s 


(Ах + by)? 


2) ax thy 

a= у+х 

= (A? — ab). (Аа. ар)- EBD 
(Ах + by)? (Ax t by) 


“(ич ap! Uit by) +x(ax+hy), 
(ix by)* 


(ра qh) ах? + 2hxy+by? 
дав (hx + Ьу)% 


E. [^ ax?+2hxy+by?=1] 
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dex 
? 3 
Ex. 11. Show that Ct дуз. , and hence find zv when 
dx? ЇЕ ах? 
ау | 
sin y=x sin (ач). 
| Pal 
We know dx dx 
dy 
. з 1\_4/1 «di... cu dx 1 
Л. у AG) ay dx | ax eres 
dx? аӣх\ = (5) 
dy dy 
d? 
ao 
8-1 Хү 
2! 


; — a 
Now, siny=xsin (a+y) Ог, Х= 1 (ау) 


» dx sin (a+y) cos y — cos (а+у).ѕіп у _ Sina 
ay sin?(a+y) | = n*a +y 


Т7 dy _sin?(a+y) d?x "appa rid 


dx sina * dy? за аж»! 
dx —2 sin a соз (a+y) 
s Py. dy? e sinat») 
dx? а sin*a 
dy sin®(a+y) 
_9 sin?(a-- y) cos (a+y), 
sin?a 


Ex. 12. The actual radius of a sphere is 5 cms. But in 
measurement the error was `0 mms. Find the error in volume. 
What is the percentage of error ? 

Let v be the volume of the sphere and r be its radius. 

а у= л. 


о VP А 
web = 4nr2, If for the increment дг of r, the change in 


volume be бу, then 2283 СУ arcs АлгЭ дг. 
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Now г= 5, 57 —'5mm.- '05 cm. 

error in volume of the sphere 

=5у= 4.1.53 (705) = 51— 1577 c.c. (nearly). 
The approximate error per cent 


=” x100= 97 x 100-39. 
y ял 


Ех. 13. The time period of a pendulum of length / is given 
by Т- m/i. If the error in measuring the length be 1%, find 
the error in time period. 

т=з, f1, .'. log Talog 2n+ 4 log 1—4 log g 


Differentiating both sides with respect to 1 we get, 


141... 3 5 1 fas л and g are constants ] 


T dl 
хыг Боль оЁ еггог 
а, 
ST ar 1 dT 
— x100-— 100 = —.—~51X 10 
“т хэлэ i aN 
=y 13 х 100-3 x error in length per cent 


Сү =#х1%=4%. 
Ех. 14. Show that for all values of x, the function x—sin x 
an increasing function. Hence prove that 
(when x20, (i) x—sin x>0 
\ (ii) cosx—1-4-1x?20 
х (iii) sin x—x+4x°>0. 
Let f(x)2- x—sin x. 42. f(x)=1—cos x. 
Now for all values of X, cos x<1, 
Hence for all values of x, (x) 221—120. 
Hence f(x) is increasing for all values of x. 
(i) 220 f(x) is increasing; if x20, f(x) —/(0) 
1, x-sinx>0,ie., sin x—x«0, for all x>0. 
(1) Let g(x)=cos x 12r ix? 
S gx) =—sin x+x= f(x) 
Now as f(x) ís increasing; 
f(x)—f(0 when x20 


is 
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or, 8(х)»)(0) when x>0 
2, g(x) is increasing when x20 
s. g(x)>g(0) when x20 
Now g(0)=cos 0-14-0-21-1-0 
cos x - 1 Fix? 20. 
(iii) Let h(x)=sin x - x tix? 
SQ. h'(x)=cos х—1+%х%= g(x) >g(0)=0 
when x>0 
2. А х) is increasing when x>0, h x)>h(0) 
Now h(0) =0, 
2. sin x—x+gx°>0, when x>0. 
Ex. 15. Prove that if x>0, then 
x>log (1+x)>x—4x?. 
Let f(x)=x-—log (1+ x) 


, 1 х 
ts ГЕ, i e 
f(x) iz" bz 0 when x0. 


SS f(x) is increasing when хэд, 

1. f()-/(0) when x>0 
ог, x—log(1+2)>0 [as f(0) 2 0— log (1+0)=0-log1=0] 
JO x>log (142) tee = 
Next let g(x) =log (1++х)—х+1х° 


g(x)=—1_ -14x 
ip 


Sicile x vat РЦ 
Тас its when x>0. 
e's g(x) is increasing. 
So, g(x)>gl0) when x>0. 
or, Іор (1+x)-x+}x?>log 1- 2 
or, log(14 5)-3- 350: ЧЭ Раға 
or, log (1+x)>x—}x? (2) 
From (1) and (2) we get 
x>log (1+x)>x~4x3, when x»0. 
Ex. 16. Iff(x)=x, when x «1 
=2- x, when 1<х<9 
к= — 2+3х—х?, when х>9 
then show that f(x) is differentiable at x —2, but not at x — 1. 
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When х« 1, fix) - fix) -AD wet. 1, 


x-i x-i 
,. lim Й) Л) у 
х-1-  *-1 
when x>1, лэ (5)-7(0, 8-х-1 1-х,.ү 
-1 х-1 x-1 


", lim fi) 
x14 *-1 


дэр- 894 molt жа 


(1) does not exist and f(x) is not differentiable at.x«1. 


when x<2, Лх) л) Jug --1 
“х-8 “x-2 


KA lim Д(х\ — (9) _ == 
х>1— 3-8 


Again, 


E: Es 
When x» s 0 -7 za. IUe = = 
_—(х—)(х-1)_1_,„ 
х-2 


im ЛЙ). а (—-ууш1-а=-1 
xo94 5-2 xo24 
5 dm LL) үд AA 
'' x3- Х-8 ac alio 
Hence f(x) is differentiable at х= 2. 
Ex. 17.. І ух) =9- х, when x<2 
—x-ix?, when x22, 
find the derivative of f(x) at x—2. 
2, f(x) —/(2) _ 2-х-0 1 


Tees ug 29808 
lim Јо). f. 4, 
x2— х-2 
Лх) (8) x-ix*. x 
When хэд, Хо. хол 5 
Odi A 
x24 5-8 


7(8)-7(04)-7(8-)с-1. 


D, C.—12 
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: Ex. 18. Find the equation of the tangent to the circle 
x3 y? = 62 parallel to the straight line 2x+3y=8. 

Let the tangent to the circle x®+y?=62 at the point (x,¥1) 

be parallel to the straight line 2x+3y=8. Now the gradient of 


the tangent to the circle at the point (x,,y,) is EIN y ) 
" ЕД 1/- 


Now from the equation of the circle 2x £25 e 0 
leu 
лах у) yi 


Again the gradient of the straight line 2x+3y=8 is - 2. 
Às the tangent is parallel to this straight line, | 


ТУОХ: | Ххї--У 

——=- 8, OD —-——c- 

P» 8 2^3 k (say) 
x,—2k,y,-—38k. “20 х12-Буү2--54 
42 +902 =59 ог, К2-4 к= +9 


2. The point of contact is the point (+4, +6) 
The equation of the tangent at this point is y+6= -4(х--4) 
or, 2x+3y=+8+418= +26. 
Ex. 19. At which point of the curve y—x?—5x--8 the 
subtangent and subnormal are equal у . 


Here A =2x-5. As subtangent= subnormal 


2 
ээй o "=, o Boa 
dx 
or, 9x—5-— +1, s х-з8,8, 
When х= 3, then y29—15--8—9 
When x 22, then y 24—10-4-8—9 
Hence the subtangent and subnormal 
points (3, 2) and (9, 9), 


Ex. 20. What should be the height and radius ofthe base of 
a right circular cylinder of given volume and closed at both ends, 


50 that the surface area of the сур 
ylinder sh За: 
Let the radius of the base; ould be minimum ? 


height=} and volume y 


are equal at {һе two 
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If the total surface агеа= А, 
then A=Qnr2-+2arh[ the cylinder is closed at both ends] 


= 952r? + nr = ("2 vaak] 
ar 


- a(ar2+-)- 
r 
Now as v is known, so it is a constant and therefore A isa 
function of r. 


ЯА. "TE, BA. 
Now йл = 9лг Z ааа ГАР: 


ЭР di 
Now for minimum volume, 0. 


v\_ E. У ws 
4(длг - 2.) 9, or, “Meee r, (say) 


S. when г= г, у= 227,5. 
4 d?A 
Again, (2), РЕ. (97+ 4л) 219270. 


da _ а?А 
= 0 and ee 


42. when r=ry, the value of A is а minimum. 


Evidently; for all other values of r, the value. of A is greater 
than the value of A at т, ^ The value of A is least when 


SQ forr=r;, 


r=ry 
v 
nr? 


Now when r—7;; y—39ar,? and k= 


3 
= er aor =diameter of the base of the cylinder. 
arı Е 


Hence the total surface area of the cylinder of the given 
volume will be least when the height of the cylinder will be equal 
to the diameter of the base of the cylinder. 

Ex 21. Show that the yolume of a right circular cone of given 
total surface area will be greatest when its semivertical angle is 


sin"? 3- 
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Let the height of the cone=h 
radius of the base —r, slant height /, 
semi vertical angle— « and total surface area = s. 


j7sin« <. Г= г соѕес < and h=r сох. 


Now, s=nrl+ar?=nr? cosec «+ лг? =nr¥(1+cosec «). 


and v=3ar?h=} E a, ENS 
1+ созес 4 Jm Jitcosec х 
255 cot « є 
3 —= E! 
Mn (1+. соѕеӣ)? 
dy» ss 


. >= x 


dX з; 


"cot < 


3 1 
oa +cosec «)* — 3(1-F cosec «Y? x (—cosec < cot “eat 4) 
(1+cosee <) 


„л as cosec «(cosec « — 3)(cosec «-- 1) 


3 Мл 2(1-ьсовес a)i 


ЮУ ir? =0, then cosec<=0, 8 or, -1 
« 


Now the value of cosec < cannot be 0; also if cosec «--1 


then cosec «--1— 0 and then а does not exist (for its denomi- 
nator in this case vanishes ). 


1. соѕес «x6 — 1 41. cosec <= 3 ог, sin a=} 


~. The value of the cone will be greatest when sin «< =, 
Ex.22. Show that the largest rectangle that can be inscribed 
in a circle is a square. 


Without any loss of generality we can take the equation ofthe 
circle to be х2 +у? = а? and the co-ordinates of a vertex of an 


inscribed rectangle to be (x, у). Hence the lengths of the sides of 
the rectangle are 2x and бу, 


4. Area of the rectangle = 4ху. 
Now as (x; y) is a point of the circle, 
Г. x+y, о, у= уда, 
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Hence the area of the rectangle is 
A=4xJ/ qt — x3. 
1 
A 
Ма? — x? 


d ухас m9. Mte а. 
Jaa x? таза "ue | 


(dA -5-34 
nn m Ja? — xà — 4x Y 


d?A 8x9 – 19ха? 


Also — = 
ах! (a? — x2) 


For extreme values, do, ог, а%—9х2=0 


dx 
MN. 
4:5. qua d, Au] Д2 
ND. „2 ах? 1333 
22: 
=-16<0. 


Hence for the value x= the value of A is maximum. 
Evidently, for all other values of x between 0 and a (i.e., for 
all points on the circle), the value of A is less than the value of 


A when x= 28 


Now, when х=-®. = Jas- 9 = a idee ae 
meee лг: "Dia Ja 8 A9 


Hence the sides of the rectangle are equal. Hence the rectangle 
isa square Hence of all rectangles inscribed in a circle, the 
square is of the greatest area. 

Ex. 23. Two particles start from the same point at the same 
instant along a given straight line, The distance between the 


particles at time fafter start is ut — iMt? (u, f constants). Prove 
that the maximum distance between the particles before they 


ы ид e 
meet again will be — at time — after start. 
2 of f 
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Let at time ¢ after start the distance between the particles be x. 


<. x-ut-dft?. When the particles will meet each other, 
thenx=0, or ut-ift?-0. 


t=0, T So, particle will meet again at time?" after start. 


> : ди 
So, we are to determine the maximum value of х when t<— 


f 
Now, X cu ft and ахау 
420, then u-fr=0 ог taja. 
С. When t=", then Zao and Pe 0 


1. x will be maximum when x 


ppp 


So, before the particles meet again, the ‘maximum distance 


When :—7, then x= u3- art u2 102 quy 


2 
between them will be P at time # after start. 
Ех. 24. А particle is moving along a straight line starting 
from a point О and at time г after start its distance from the point 


Ois s. If s=8'5t+21 1? 14 13, then find the velocity and 
acceleration of the particle 1 sec. after start. When will the 
acceleration of the particle be zero, 


5= 8614-97112 — 174/8, 
If vand f be respectively the velocity and acceleration at 
time г, then 


v=rate of change of s with respect to 1 — 45. s 
zi 354-49: — 4'21 


f —rate of change of v with respect (01-42... 4'2—8'41, 
| а 


-. velocity of the particle after 1 second 
> 


-Г| на =85 +42- 40-365 
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and acceleration at that time 

-[/], 21-7 42-847 -42 

If the acceleration be 0, then 

г9-841-0 . t=} 

Hence the acceleration will be zero at time 3 sec. after start. — 

Ex.25. The bottom of a tank is a square of sides 3 ft. If 9 
cubic ft. of water is poured in the tank in every minute; find the 
rate of increase in water level in the tank. 

Suppose when the height of water level in the tank is x ft., the 


volume of water in the tank is v cubic ft. .°. v=8%.x=9x. 


а 90 (where t is the time in minutes) Now it is 
с * 


given that 


dv = rate of change of v with respect to 1::9. 


E luy ok 
Pa di ieri 9-1. 
Hence the rate of increase of water level in the tank is 1 ft /min, 
Ex. 26. The radius of a circular plate when heated increases 
at the rate of ‘0015 inch per second when the radius is 21 ft 
Find the rate of increase in the area of the plate at this moment. 
Let the area of the plate be A sq. ft. and radius л. „'. Azar, 


_Now, if ¢ denotes time, then 
P rate of change of A with respect to ¢ 
= rate of change of area per second. 
d arate of change of r with respect to to ¢ 


rate of change of radius per second. 
= "0015 inch. (given), 


dA dA dr dr 
GA GR 87 = Onn. — 
"ue a 0 ГИН 7 
When г = 23 ft.—30 inches, 
а^ = 91.30 х "0015 sq. inch. 
а 


= 98 sq. inch. 
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& So, when the radius of the plate is 23 ft., its area will increase 
at the rate of *23 sq. inch per second. 


Ex 27. Ifa wheel rotates through 9 radians per second, 
then a= бг? - n. Show that in the first 1} seconds the 
angular velocity of the wheel increases. When will the wheel 
stop ? 

6-515 - 4n. 


Angular velocity o — а= 5--3t— 19. 


Now де =3—2t>0, so long as t £211. 
do 
dt. 


Hence during this interval the angular velocity of the whee 
will continue to increase. 


is positive from t=0 to t=14 secs. 


The wheel will stop when the angular velocity will be zero. 
ie, whenoc-b54-3t- t? —0. 


* r3 kJ9430 3t V29 
3 


Now, as t cannot be negative, 


1= 3+ Jag 
2 


Hence the wheel will stop after 4719 seconds (nearly). 


= 4°19 seconds (nearly). 


Ex. 28. А ladder, 13 ft. long rests on a vertical wall. The 
lower end of the ladder is at'a distance of 5 ft. from the bottom 
of the wall. The lower end of the ladder is moving away from 
the wall on the ground at the rate of 9 ft. per second. At what 
rate will the other end of the ladder шоу 
the wall ? 


Let the distances of the lower and upper ends of the ladder 
from the line of intersection of the ground and the wall be 
x and y respectively. Hence the velocities of the lower and 


upper ends of the ladder are ЕЭ 


e downwards along 


dy s 
and == 
at respectively, 
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It is given that х. 
dt 


Now as the length of the ladder is 13 ft. 
t 


SO 2х-2-9 
х2 ^ 23 иа 
4 РНЫ РНР both sides with respect to 7 J 
dy | xdx, 
ог, 57 
' di уай 


When x=5, then y 2/132 —63— V14 —12. 


oe аг. - 2х 9 ft /ѕес. = — 10 inches рег sec. 
Hence the upper end of the ladder is moving downwards at 


the rate of 10 inches per second. 


[Note that as ż increases, у decreases. So, we have got negative 


dx 
value of 2] 


Ех, 29. The distance of a particle at time t from a point O 
is а cos nt-Fb sin nt, where a, b, n are constants. Show that 
the acceleration of the particle is proportional to its distance 
from the point О. 


Let the distance of the particle from О at time t be x. 
‘| x=acos nt+b sin nt 


velocity; ya 4 — ап sin nt+bn cos nt.» 


and acceleration f= Z=- — en? cos nt — bn? sin nt 
= — n*(a cos nt--b sin nt)= —n?x 
fex (C. пЗ = canstant). 
Ex 30. Ifx=a(t+sint, у=а (1— cos 1), 
з 
(17,2)? dy а?у 
and p= where ee TE 
Уз Уу” ду Уз а 


then show that p=4a cos 5 
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Here, dX — a(1--cos t), 9 =а sin £. 


Фу 
è dy» dt, asint — 1 
S Spit dx dx а(@1+соѕ 2) ang 
dt 
уа= 8 sect a =} sec? f i Du ра 
2 а 4 
а.2 cos 5 соз 5 
3 
а st 
NOTUM. 2) —4a cost 
ys ek a.d 2 
4а at 
cos* 5 


Ex. 31- Itxex- fin ) and. Y» Ai then 
32 


show that when y? =4ax, then 27aY? =4(x - Mes 


Неге y?—4ax, 2. 2y Р” ог, J=% 
dx › 
. ш За dy _ _4a® 
ч. Ra ae y? 
2a 4а? 
24-54) 
А mE. у" 2x y3--4a*? _?ах+4ах+ 4а? 
_ за? ба 9а 
уЗ 
=3х + 2а 
4а2 
1-8. 
2 y* 209-4429). . уй Lon 
ү=у+ зай TS 4a? ean аа! 
=й 


yit aar e Lt gi? 
a a a 3 ^ $a 
or, 27aY? —4(x— 9a)*. 
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Ex. 32. If (12-x)? 2 C09-FC41x- Cax? 4- - FC, x?...(1) 
then show that 
(i)  C41-4-9C4 F3Cs FH пс, 7 n.2?71, 
(1) Co--9C,-F3Ca +++ (2 $1)C n= (2 +3).9 ^71 
(1+ x)"=Co+Cix t + Cn”. 
Differentiating both sides with respect to x we get 
п(1-+Ех)"7®=с,.1++С4.°х+С5.3х2-Ь++-ЕпС„х"Тї 
Now putting х= 1 we have 
n.9^-1 —04 03.2--0,.3.1? + TC&4n1?71 
or,' C,--2C3--3Cg +.. 0, 20.8" 1......(1) 
Putting x—1 in (i) 
we get, Со Сі Сз Сз +" Съ": (ii) 
Adding (i) and (ii) we get, 
те 1)c, 2 1.2?71--2? —(n4-9).9^71, 


X ә: Ж 
-Ех.33. sin x —2"^ cos 2 соз gs * cos з ** COS 3» sin A 
From this PR show tbat У 
5 tan 5 jg tan 7; Aye d. tan nas аз cot д5 cot x. 


From the given шаг 


х х х х sin x 
COS 5'COS pcos Zg''***COS es =. 
2 93 2 8" oe sin X 

ЯЛ 28 


ог, 108 cos 5--log cos gate log cos = 


= —log sin ga log sin x—log 2” 


nx л = in X 
a sin р у sin 83, | Ae uA а" 1 
n = : ^ rw = 
cos 2 cos да cos a 3 
x : — " 1 
соз 25 1, cos x (Differentiating both 51465 with 


x 2” sin x respect to x) 


sin а" 
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1 
ог, рап 353 tan - ateti tan 2, 


=% cot 2, —cot x. 

Ex. 34. If f(b)=f(a)+(b —a)f'(c) then find c 

when f(x) = Ax? +вх +С, where A, B, C.are constants. 
Here, Дхї-Ах2--8х--С, 2. f'(x)=2Ax+B 

and f(a)=Aa?+B.a+C, f(b) = Ab? --B.b-- C, 

2, fib) — fa) — A(b? —a?) +B(b - a). 

From the given condition, f(b) —f(a) (b — а) (c), 

or, A(b? —a?)--B(b —a) = (b —a).(2Ac+B), 

or, A(b+a)+B=2A.c+B, 


с=——, 


2 
2 8. 
Ex 35. Show that if the curves SEO. and ERES 21 
1 
intersect each other orthogonally (i.c, at right angles), then 
a-a,zb-b;. 
Let the curves intersect each other at (Ху, уу) 


жүз Ыз. ду Se. 
ae (1) a bis 1..:(9) 
Now, differentiating both sides of 
2 2 
Pu ae we get 
ipd 2- 
X ay 


,. The mut of the tangent to the curve at the point 


bx, 
ay, . 
Similarly the gradient of the tangent at (X4. уу) of the curve 


:. (ду 
(Ху, Уу) 15 (Pees, »p ~ 


S -118 -bix 
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As the curves intersect each other orthogonally the tangents 
to the curves at the point of intersection (ху, уу) are perpendi- 
cular. Hence the product of the gradients of the two tangents æ 


at the point (хү, ¥1) is — 1. 
xi. 1 215 (8) 


By subtracting (2) from (1) we obtain 


s Ba) 8-59 


2 by — b)aay_ ` 
ži =- ( 1 1. же (4 
ч yi? (аз = a)bbi ) 


From (3) and (4) we get 


L0, _ (b i Њай; 
bby (а; — a)bbs 


*od,—a-bi- bora-a,-9b-bi 


Ех 36. (i) Hgy-x* to > show that 
NEN m 
dx х(у log x — 1) 


Gi) If p= Jx* Nxt =e NVEUTPETCO = show that 


Ce 
dx 9y-1 
xeceto Ён ‚ os. logy=y log x. 


(i) y=” 


Differentiating both sides №. T. t. X, 


a -1-1 u dy. yl 
ог, 26 log x "o POLIT 
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(ii) ya Ix Nx+ Nx 4 eto a Nxty, 
2. y?=x+ у, differentiating both sides w. r. t. x, 
Ф010 s Ф. l, 
d uu да 2y-1 


Ex. 37. (1) Eliminate a and b, from y=a log x t b. 
(1) Eliminate a and b, from yt tb, 


(i) Differentiating both sides of y=a log x+b, 


9 
Differentiating again, 1D x. on 


2. Required a, b eliminant is D ex а © Ум; 
dx3 


(ii) Differentiating y=Stb, м. rt. x, 


dy а dy _ 
ds ue or; x* ds -а. 
j Ут" è dy d? d'y . 
Differentiating again, Ox + xe pi -0. 
ог, 2 +% 42 TX-0i is the required a, b; eliminant. 
477 dx* 


Ex.38. Тһе abscissa ofa particle moving at o» axis, is given 
at time f by х= ?а sin пі +а sin 2nt, where a and n are constants. 


Show that, in the interval офис the particle moves from the 


centre О to another point A, and then return back to the point О. 
Determine the abscissa of the point А апа the acceleration of the 
„particle at A. 


,'ox-29a sin(nt) +a sin (Ant), 
. Ux... 
538 2an cos пі+ Зап cos nt, 


dx 
ап 2 ics 7 дап? sin nt— 4an? sin Int. 
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when 720, x=0, dX. зар and 25.0 
dt dt? А 


At time 1-0, the particle starts from the origin О with a 


velocity 4an, moving along the x-axis Now; 4х 9 gives 
| t 


di 


cos пі +соѕ 2nt=0; or, cos am . COS зэ 0 


. 80 л paž or, n 


т opiat = 
ss б б а an п 
At time t5, the velocity of the particle is zero and at 


3/8 
а 


this time acceleration = —3 „/$ап%, when tež, x= 


4, At the distance n5, the velocity of the particle is zero 
and as the acceleration is negative,the particle will move towards O. 


л л dx.. dix | D 3 
At time fes x=0, dt =0, a .'. After reaching the point О; 


the velocity and acceleration of the particle are both zero. So, the 
particle will remain at rest, Taking the point хаад as the 


. point A, we get that the particle moves from the pointO to the point 
4 and again comes back from the point 4 tothe point О. The 


abscissa of the point A is x 4345, and the acceleration at A is 


3J Зап? towards О. 
Exercise 4 


1. If у= Л, then show that dr ед уь). 


X 


Hence find dy when 
dx 


1 з Ёс i T - 
(i) угаа" +4х+1 (ii) yoo (iii) yoetan 1x 


(iv) »-e"* ti (у) y= (ef 
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9, If y=sin {f(x}, then show that 
2 = cos | {/(х)}./`(х) and hence find 4 if 
(0) y=sin(x?+x +1) (1) y=sin (log x) 
(10  y-.sin (e*) (iv) y=sin (tan^1x). 
(v) y=sin (x? cos x). 
3. Show that 


(i) If y sin"! f(x), then 2- J eg j f(x) 


" z dy , 
(ii) If у= tan! f(x), then i renal (x) 


(ш) If vex then Z=- f(x) where f?(x) = 7 х). 


dx FG ^ (x) 


Use the above formulas to determine Ed when 


(iv) y=sin7?(x?+4+x-1) (v) у= 8іп-1(соѕ x) 


(vi) у=#ап-1(е*) (vii) y=tan72( Jx) 
m 1 TUE US 

(viii) y" Fa? (ix) УЛ xe log x 
0) y= 


sin-3(x*4-4) 


ü әла 1351 (цу ре 1 $ 
оз кА (0 у Nxta-Nx+b 


(ш) yai a (iv) у= а-а. 
+tan x (2— 3x)&(3 — 4x)5 
(у) y=sin x. e”. log х.х" 


(vi) y =(tan ху@0 * 


(di) poe” (vii) у-(14х73) 


+ (соё x)f@2 х 


tox 
4 
бк) y=log (i| -hinin | 00 Gn 
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А (x*) m a xsin & 

(xi) x =stan7! (Zs) 

! E ge H 1—x cos a 

(xiii) y=log sinx* (xiv) y-log,.x (xv) log, 4 
avi) у= 102 * + (log x) 


(хүй) p*+x¥ =a". 
5. Prove that if 


3 
(0) у= хх + а%+ log (x+ /x*+ a2), then 


FS e (0) у= - МВ х x) +8 sin BL 
Oo a E 
dx М\8+х-х%) 


iii = —1 со15х--4 cot? х cot x— x, then ФУ = cot*x. 
y t dx 


liv) у= A{(x8+1) tan"? x*— x3], then ae х5 tan-*x*, 


E 1+х+х2 
(у) y-log 13345 log [xu J3 tan^! хз {һеп 
дугы 8 
dx 1—x® 
N 1 17! x2 1 " 
З (vi >= н ТЕ "Еи" үх" Гран" 
: 2 
then 7. 0. 
Qa dy 
d 9 when 
6, Fin dx 
" 1 cos X -sin х ii) уьй?! 
(i) yatan? cos x+sin x NU y 14x? 
(i) y-sincM3x— 4x?) Чу yetan!,/l-*cosx 
1-cos x 
(v) y=tan™? міъх- 1-х 
| М14Х44/1-хХ 


D.C—13 
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tangent will be normal to the curve at the point (m?, — m°) 
Prey Y2. 
3 
36. (i) Show that the portion of the tangent to the curve 
2 з 
rr Я | intercepted between the axes of co-ordinates is of 
constant length. 


(ii) Show that the sum of the intercepts on the axes of 


co-ordinates of the tangent to the curve /х+,/у=,/а is 
constant. 


37. Show that the subtangent at every point ofthe curve 
у= bea is constant and the subnormal at the point (x, y) is x. 

[Pat. °37, *33) 

38. Show that the subtangent at every point of the curve 

x" y^ — "^*^ is proportional to the abscissa of the point. [Bihar] 


39. Prove that the length of the perpendicular from 
the foot of the ordinate on the tangent to the curve 


. 8 -- 
age te 5 


y à is the same at all points of the curve. 
40. Prove that the product of the abscissa of every point of 
= р?х? 
the curve у= е Вх and the subtangentat the point is 
л 
constant, 


41. Show that the sum of the subnormal and the subtangent of 
the curve x=a+b log (b+ Гвз— уз)— A/ b? — y? is constant at all 
points of the curve. 

42. Show that the square of the subtangent of the curve 
by? 2 (x--a)? is proportional to the subnormal. [Pat. *39]] 

43. Divide the number 12 into two parts so that the product 
of the parts 18 the greatest 

44. Divide 10 into two parts such that the sum of two times 
of one part and the square of the other part becomes least. 


45. Find the positive integer, which when added to fts recipro- 
cal, yields the least sum. 


46. Which cylinder with top open and given volume will have 
the least surface area 1 
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47. What should be the length and helght of a conical tent of 
given volume, sothat least amount of canvas will be required in 
building the tent. 

48. Show that of all rectangles inscribed in a circle, the square 


has the greatest perimeter. 
49, Find the length and breadth of the greatest rectangle 


TP : ШОН Ыы 
inscribed in the ellipse “a+ ру = 1. 


50. Prove that of all isosceles triangles inscribed in a circle, 
the one with greatest area is an equilateral triangle. 

51. The length of the hypotenuse of a right-angled triangle 
is a, Determine the lengths of the other two sides of the triangle 
so that (i) sum of the lengths ofthe other two sides will be 
greatest and (ii) the area of the triangle will be greatest. 


52, If s$?—(x-1,)? +(x 15) (x 71,2, where 14, 1975s]; 

are constants, show that the value of s? will be the least when 
Llc lg. 
n 

53. According to postal’ rules the sum of the length and 
diameter of a parcel should not exceed 6 ft. If the parcel be 
cylindrical, show that its volume will be the greatest when the 
length and diameter of the base will be 2ft. and 4ft. respectively. 

54. From a square tin plate of sides 16 cms, four squares each 
of side x cms, are cut off from the four corners and а box, open at 
the top is prepared by folding the sides. Determine the greatest 
volume of the box. 

55. The consumption of petrol in a ship is proportional to the 
cube of its velocity. Show that if the ship moves ina direction 
opposite to that of the current flowing at the rate of c miles per 
hour, then the consumption for moving through a definite distance 
will be minimum if the velocity of the ship be # c miles per hour. 

66. The displacement ofa particle from a point о at time г 
after start is given by s=36t +612 13. Find the velocity and 
acceleration of the particle after 1 second. At what distance from 
О, the acceleration of the particle will be zero ? 

57. If h be the height of an object at time t, then h=ut - 321° 


(и and g are constants). Determine the velocity and accelera- 
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tion of the particle at time / and also the maximum height attained 
by the particle. 

58. The vertex of a conical water pot is downwards. If 
the height and radius of the base of the cone be 15 inches and 
5 inches respectively, find the volume of water in the pot when the 
height of the water level is x inches. Find also the rate of increase 
of volume of the water with respect to height when the height 
of the water level is 10 inches. 


59. Of two tanks connected by a pipe one is above the other. 
The base of the upper tank is a rectangle of length 6 ft. and width 
4 ft. and the base of the lower tank is a rectangle of length 7 ft and 
width 33 ft. If 25 cubic ft. of water is poured in the upper tank, 
compare the rate of increase of water levelin the lower tank with 
the rate of decrease of water level in the upper tank. 


60. A circular plate expands when heated. The radius of 
the plate when 8ft. in length, increases at the rate of ‘0012 inch 
рег second, Determine the rate of change of area of the plate at 
this instant. i 


61. The radius ofa sphere when 25 ft. in length increases at 
the rate of ‘0015 inch at being heated. Find the rate of increase 
in volume at this instant. 


62. If Pand v be the pressure and volume of a gas, then the 
adiabatic law of expansion of the gas is Pv'*— Constant, If when 
the volume of the gas is 10 cubic metres and the pressure of the 
gas be 25 kg. per square centimetre, the volume of the gas is 
increased by 2 cubic metres рег second, then find the rate of 
change of the pressure. 


63. Ifa wheel rotates through an angle 0 in t seconds, then 
6= 5nt(4—3¢+ 12). Show that the least angular velocity of the wheel 
is бл and also fiad the angular velocity and acceleration of the 
wheel after 9 seconds. 


64. The distances ofa particle from a fixed point after time 
tis given by se4t—31? +323. Find the velocity of the particle. 
What is the least velocity of the particle and what is the distance 
of the particle from the fixed point when the least velocity is 
attained ? 
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65. Ifsbethe distance ofa particle from a fixed point due 
to rectilinear motion, then s—ae^*', where a and k аге constants 
Find the initial velocity and acceleration of the particle. 

66. Inthe above example if 5-5 (e*—e-7*), show that the 
acceleration at any instant is equal to s. 

67. The distance of a particle at time ¢ from a fixed point 
O is cos 5t-Fsin 5t. Determine the greatest acceleration of the 
particle. When 18 this greatest acceleration attained? Show 
that at that time the velocity of the particle is zero. 


я 

зү? 
68. Show that itg Лал” then 
ys 5 
i E 
(i) pe when jema 
Gi) p=at when x=a (cos t--t sin 0), у=а (sin t—t cos t). 


1 9 з 2 
Gii) pe3(axy)9 when x? +у? =а?. 


я 
” 2 0?) еп show that 
69. Ifr-—/(0) and P= Hn гга s 


(i) p-$ga when r=a cos б. 


2 
(ii) p= when r? =a? cos 96. 


1 


iii =a, р=1 when r2 — —— + 
(iii) аб--л,Р-1 whenr id cora 


(iv) atg=0, p=a when r—a(8* sin 0), 
yty”) y=) OE then 
Уз Уг 


10, If x=x- 


8 
0) (ах (bv Fe (at b)? when her. 
8 2 2 
"m (ху) = ёа? when х” T€ = at 
x24 y2=a? when x=a (cos t-F t sin f) 
and y=a (sin t-t cost). 


(ii) 
(iii) 
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1-x*?*! 
ix 


71. From the formula 1+x+x3+--+x"= 


find the sum of 1-4-2x--3x? 4- nx" ?. 


79. Ifsinx sin(*4-) sin ex) -sin (= n+x ) 


aoe then show that 


cot x+cot (7*3) -Fcot (Бэх 


n-1 


n 


+cot( 


nx) =n cot nx 
13. From the formula, 

5 nh\ . h 
sin (m sin (n+ 1) 5 


x 
sin 5 


sin x+sin (х-л): іп (x-+nh)= 


find the sum of cos x +cos (x i) + :*- -F cos (x nh). 
From these two series find the sums of 
(i) sin x+2 sin 2x-F + +n sin nx 


and (ii) cos x 4-2 cos 2x-F «Fn cos nx. 
14, Iff(ath)=fla)+hf(at+oh), then find ө if 
(i a21,h23,f(x!- Jx 
(1) а=0, h—8, f(x) = 5х — 3x? 9x. [C. 94 


75. If f(h) =fO)+hf 01-32 f" (ah); find 0, 


5 
when f(x)=(1—x)?, h=1. Lc. UJ 
76. Show that the curves х? – 3ху?= —9 and 3x2y -y9?-2 
intersect each other orthogonally. 


77. If the curves ax*-Fby? 21 and a'x!--b'y*-—1 intersect 
each other orthogonally, then show that 
4 
aa'(b — Ь)® + bb/(a а) = 0. 
78. Show that the straight line x cos aty sin «=p will touch 
the ellipse 


я 7.71 if a? cos?« +b? sin3« — p?, 


а? b 
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79. (i) The straight line [x+my=1 will touch the curve 


(ax)"+(by)"=1 iD) ^ нај" -1, 


(ii) hans straight line [х+ту=1 will be a normal to the 
parabola y? —4ax if al? --2alm? = т?. 


80. Show that the curves ET and 7 ын зал 53 = 1% touch 


each other if с=а+ b. 


ds _ ау}? then show that 
81. d A 1c(2) И 
(i) а= J1-436x? dx, when у= 3х8, 
li) ds=,/@+2a) dx, when 97ау%= 4(х–а)?, 
0) а= ГЕ jay? = 4(x—a) 


t 
3 8 2 89 
(iii) dse (3) dx, when x5 4- у% =a%e 


89. = (B) (0)? Ер - , show that 


(i) ds-a dt, when x—a cos t, y=a sin t, 


(ii) ds=} sin 2t, when x = cos? t, ye sin? 1, 


83. Two particles start at the same instant from a point and 
move in the same direction along а straight line. The first has a 
uniform velocity of 40 ft./sec. while the second starts with an initial 
velocity of 16 ft./sec. and hasa uniform acceleration of 6 ft. /sec®. 
Find when, before the particles meet again, the distance between 
them is maximum and what is the maximum distance ? 

84. Two particles start simultaneously from the same point and 
move along two straight lines at an angle <, one. with uniform 
velocity u, and theother from rest with uniform acceleration f. Show 
that their relative velocity is least after a time 2135 .and that 


the least relative velocity is u sin 4. 
85. A battle-ship sailing North at a speed of 30 kilometres an 


hour, observes a sea- plane carrier due East of itself at a distance 
of 20 kilometres, the latter steaming due West with a speed of 40 
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kilometres an hour. After what time are they at the least distance 
from each other? Also find the least distance. 

86. Aship is 21 km. East of a pointo and moving West at 
28 km/h.; atthat time another ship is 84 km. South оғо and 
moving North at 21 km./h. 

(i) After one hour, at what rate the ships аге approaching or 
separating each other ? 

di) After 8 hours what is this rate 7 

(iii) When are they nearest to each other ? 

87. Displacement s ofa particle from a fixed point о after 
time tis given by 5=/3 — 9124-94 z. 

At what interval of time the particle will move towards О? 
When will its velocity decrease? When will it increase р 

88. Gasisescaping from a spherical balloon at the rate of 
900 сс. per sec. How fast is the surface area shrinking when the 
radius is 450 cms. 

89. Find the maximum and minimum values of poxt +2x3 
-3х3-4х--4, On which intervals y is increasing and decreasing ? 

90. Two sides of a triangle are 6 cms. and 8 cms. long, the 
angle included between the sides is 60'. If the included angle 
increases at the rate of 1° per sec., find 

(i) at what rate is the third side increasing 7 

(ii) at what rate is the area increasing ? 

91. The sides a and b of a triangle ABC are respectively 95 cm 
and 16 cm., the angle C is 60°. If a and Б are measured correctly 
and the error in measuring c is 5°, find the error in the area of the 
triangle. 

92. Four bars of length a, b, c, 
a quadrilateral. Show that the area 
when it is cyclic. 


dare hinged together to form 
of the quadrilateral is greatest 


: ; (sin x)....... «fO. о 
93. (i) If y (sin x) 8 3) P 
show that Z=  »*cotx 0 

x 1—y log sin x 


(ii) If y= Asin x+ Jsin x+ Јо IL 


` show that 2a £08: X 


dx 2y-1 
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94. (i) If» log БЭ Vlog x+ 212723 


show that х ay d o. 
dx 2у-1 
с: . (log x)-+++to = 
(й) If y= (ов х)098 5) , then show that 
dy y? 


x. log x, = =—_—__+—__» 
dx 1- у log (log x) 


95, Eliminate c from the following equations :— 
(i) у+1=х+с.е7*, (ii) »!-cx-xlogx, 


dii) у=сх+©, (іу) c®8x—c*y—1=0, 
с 


w) y*-9ex-cc?, (vi) (2y-3x?—c)(2y +x? — c) - 0. 

96. Eliminate a and 5 from the following equations :— 

(i) у=ах+Ь (ii) ах?+Ьу%= 

(iii) узажфсовх (iv) p=ax*+bx8+)x. 

97. (i) If ax®+2hxy tby*+2gx+ 2/y = 0, show that 

(22) — а^ bg? — 9fgh, 
dx*1 (90, 0) d 

Gi) lfax*--9hxy- Бу? + 9gx + 2fy t c—0, show that 
d*^y _ abc t 9fgh— af? - bg? — ch?. 
dx? (Ax+by v f)? 

98. The consumption of coal in running a locomotive is 
proportional to the square of its speed and is 2 quintals per hour ` 
for а speed of 32 kmh. Ifone quintal coal costs Rs. 10, and other 
cost per hour is Rs. 11°25, find the minimum cost fora journey of 


100 km. 

99. The horizontal velocity with which water comes out ofa 
hole made in the surface of a cylindrical vessel full of water is 
proportional to the height of the water over the hole. Show that 
water is projected to the maximum distance in the horizontal plane 
through the bottom of the vessel if the hole is made ata height of 
one-third the height of the water in the vessel from the bottom of 


the vessel. 
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ANSWERS 


Exercise 1 


1.() x20; (ii) x=0; (iii) хэл2 (п is a positive integer) ; 


(iv) х=+9. 
2 (0 x=0; (ii) х=+а (ii) JX- -l1. 
(iv) x=nn (nisa positive integer.) 
4. 26457- 5. 1599, 
134 136 138 140 149 144 146 148 


165° 165° 165° 165° 165' 169 165’ 165 
8. 24:06, J24-12 ; /2-:18, J 34-04, 
ll. (i) Infinitely many. (ii) Yes (iii) No 


12. (i) rational number ; rational number (ii) non-recurring 


and non-terminating dii) rational. 


JS. (i)  J8, VIO, J3, (i) 3, 3/7, YB (iii) 3B, 4/9, 8/25. 


Exercise 2 


1. /0)-1:7(10 4 f(2:1 9:841; A-3)2-23; 
f(a] a? — 2a +4041; f(-—x)= - x3-9x? 4x 41 


110237) 7a* — 2a? - 4a 4-1-F(8a3 —4a4- 4) +(3а – 9)h9 +з, 


2 f9-5; Л -15 ЛД за, 5) = ma 
Not h)= -2 sin h+1; fx)e9cos x41. 


3. f(2)=4; f21)25411; f(2:01) = 40401 


8001 «4 А /@`0001) ~ f(2) _ : 
f(20 4004001 ; OST 4*0001. 


8 f3-0 j()-—4 Л-1- 0, (0-0. 


9 (х--3Дх4-4 Y(1—2) A- (1-3x)(1—4x)(14-3), 
(2x 3) x41) ^^lz x(2--8x)1—x) ^" 


71) is undefined; 5. уб)=1 ; filogax)=x; 
fGx-h)-fixi — гал-1 
Еа) 50153989 

h A 


, 6. 700)-г - 


Se 
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-)=-3; Л) 3 1\_х(1—х), 
fK-1)2-3; = EB LT 
EN Ar pee 
Лха р + ЕТ 


15. 044, 044, 17. (i) —1<х<1 (i) —4<х<5. 
(Ш) — o «x« oo, (iv) all real numbers other than a. 


(у) 0«х« o. (i) —}<х< =. 20. х--0. 
22, у=4х(8—х)?, 0<x<8 ; 288. 
23. Аз Bia 24. a=2,b=1. 25. = 

A resur Е rS 1 
26.0) х= J 6) x=4(r-5) 

(1) x—iQ/yr2t (ex Gv) x=} Jy-34 Му). 
27. (i) =: 2) Gi) 2tan-2 Jy 


28. y=18 when 0<х<1. 
=1:8+(k—1)x°18, when Il E(k— D)xx'1«x«1-4-kx-1 
where k is any positive integer. 
29. y=50—x, 0<х<30 
=20+(x—30), 30<x<60, 
—50--2(x— 60), 60<х<1120 
=170, x>120. 
Exercise 3A 
2. 2:99983<x<3-00017. 
3. lim |x] 20, 4. lim fix) is not defined. 
x50 x0 
Exercise 3C ( Page 65) 
1. (a) (i) 2; (0) 16; (iii) 1; 
(1) x=1,2 dii) х=(21+1)5 
[п=0, +1, +2, 


(iv) 1. 
(b (i) х=2, 


2. 0 3.() х=0; (ii) continuous ; 
discontinuous at х=$ 4. No point of discontinuity. 


D. C. —13(A) 


; (iii) continuous at x—0; 
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5. 6; is removable discontinuity. 
6. х=1, х=2; Not removable. 7. 4. 
Exercise 3D 
1. ( —3; @ 9; (i) 12; (iv) 64; (у) —1; (0 1; 
(vii) 4; (vi) 4; (x) 1; (X) 22: Gi) $3; (кі) 2. 
dede Exercise 3E 
2.) 256; (i) 12: Gi) фу (у) 32; (у) 1; (D $i 
(vii) 1; (vii) e. t 
: Exercise 3C ( Page 92) 5 
1. () —3; Gi) 9; Gii) 12, (v) 64; (v) —$5; (i) 13 (vii) 4, 
(viii) 4; (ix) 15 (х) е; (xi) 2%; (xii) 2. 
2.0) 4; Gi) 5; Gil) 1-2:09:-4: 0) 91 (0) 2, (уй) 10; 


(viii) T 
з. @ 15 @ 4: Gi) 25 GY) 310 533 WH 25 Wid) 3: 
өй) 1; @ 24, 


6. (i) 1; Gi) 5. 
di И 
8. (i) 3; Gi) 5; (ii) ? 52 ; Чу) T1 (у) $; (vi) 25 (vii) 3: 


(viii) 2; (ix) 2; (x) sina—a cosa; (xi) 3, Gil 5; (xiii) 2 ; 
(xiv) 2; (xv) 24 (xvi) 1. 

12. (i) 1; (i) e. 

15. (i) 2x; (ii) —cosec*x+2 ; (iii) sec x tan x ; (iv) =Z. 

X 
16. (i) —1; di) e; (ii) 1. 
17. Lt f(x) does not exist; Lt f(x)=3. 
х-»1 a 
19. (i) 0; Gi) 15 Gii) 0; (iv) 2; (0) 0; (vi) 2: (vii) 0. 
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Exercise 4A 

: | s xcu Loa 
1, (i) 02x—-0299 (ii) PES (ш) 0. 
2 (i) —1; —237, 237, (ii) 11, 4957, 4:506 ; 
" 98 49 

(1) 2, 5579 3375 

3.() Ax|3x? +3x. Ах+(Ах)?} 


iy АХ, gi 2x-DAxt(Ax? 
09 oera 09 стала ту 
: bAx 
(iv) OD A 
(у) 3. дх{4х +2x+ 6x? Ax+ Ax+4x(Ax)? 4-(A3)3] 
Р sin Ax Даш дй, : 
00 Жу sin (х+лу ^^ an (x+ Ах)+2х.Ах-(Ах) 
vi) — 2x Ax (Ax)? РТ” 


(x+ ETE: эх (х Axa. Gr Ax) 


Exercise 4A 
1. (i) 2; (ii) 8х (1) 2°: (iv) 2ax; 


(У) -g (vi) up (vii) -$ 
(viii) 3x2+1 (ix) БТ (x) 0. 
2.0) 4 äi) —2. 3.0 2; i) 0. (ш) 2. 
4.0) —2; Gi) =. 4 : 
(8) E 5 m4". € т=з 
x Gi) -4 GV) 4Qx43 


(vii) 0. 


1 © vi ax 

0) "atp en Jax? +b 
2t. 

8. 614-4. 9. costt2t. | 

10. (a), (b) continuous and not differentiable. 


11. some as 0. UÉ 


1 
13, Дх)--0 when 0<х<а; —3*t*34 i when a<x<b, 


1 
f)o — 5,0? — 09). 
D. С.—14 


208 DIFFERENTIAL CALCULUS 
15. (1) 2x (ii) 99x98 (iii) 1000x399 (iv) 2:5xv5 
(у) 15-5 (му -2 (d) -—r&crs (уш) —À 


l-n 


n 


Р - " : 4 
(xii) 34x (xiii) 15 (хіу) сайр 


(ху) d (xvi) ex*-! 16. d) 12x? Giù RS 
Gi) -580х (0) -g @ ve wy -$ 
(уй) 2598 log. 


17. (i) 8х+5 G) —— (1) 6x--1 (iv) 2ax+b 


2 А i 
2x у, 8° x tan x. (vi) Ku cosec?x 
1 1 


vii) 2х+3 viii) 2nx?"-!—2nx (i = = 
(vii) (viii) me 09 -ы 727 


M - 4 1 
(x) 6Ux 12 Ux (xi) DXX tix 2458 


() $4x— 


(xii) cos x—2 sin x+3 sec?x —4 cosec?x +5 sec x tan x 
—6 cosec x cot x— e”, 

(xii) 1— a xy Ш 3 --1. 

J ei) -atra LS 

18. (i) 6—4x—12x? (i) 45x*—45x?—12x (ій) 4х8--2х 


—cosec x cot x. 


(iv) 2xsecz-x?secxtanx (v) 1— 4 
х 


(vi) e"(sin x+cos x)-+sin x 
(vii) sec®x-+sec x tan*x-sec x(1 +2 tan*x), 
(viii)  sec?x— cosec? xe —4 cosec 2x cot 2x 

(ix) 2tanx sec? x (x) 4x8+8x3 Jy 

(xi) cosec x—x cosec x cot x (xii) 7m"! cot x--x" cosec?x 
(xiii) cosec?x — 2x cosec?x cot x=cosec®x (1 —2x cot х) 
(xiv) 2xe” cos x-+X7e* cos x —x?e? sin x 
(xv) 5x* +16x°+8x+16—2x(3x+8) cos x+2x°(x+4) sin x 

— e (x8 4- 3x? +4 2x sin x—2x cos x— 2 cos x) 
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(xvi) cosec x —x cosec x cot x (xvii) - (8 LINT) 
(xviii) 2x cot x—x? cosec?x, 
20. (i *3ec?x—tan x se 2 =з 
0) = = (ii) Gl (iii) Gas 
i —x—3 4xt; 
(iv) ob 2 vx д @d—be 
ИХ Jx+ 1)? б) (х + 1)2 бй) CETE 
” 4b(c — ax?) Ha 2 A a 
CD a-a CP “(бузуу ©) -arap 
2038 у 222—090 +1) соѕ х-Ьхвїп x — 11 —sin x 
(5) (851) (xi) (xe? 1) 
aO X(X?4-3x242 
(xii) eam) 
(xiii X5-F2x3 +52 2x —2 t (X? +2) cot x+(x2—x+1) cot? x 
) = (x? —x 1e 
шу 209 R1) 
(xiv) “(8-1 D? 
1 ^ 1 2 /х : 
Ё 2x cos X--sin Х-- 1 
0 аар 26 deret 0 >) 
Ехегсіѕе 4С 
: á ss 4x m 2 
1. (i) 10x(x?+1)* (ii) тту (iii) 20x(x2 +a2)9 
(v) 6(x+1) V2x” +4х—1 
5 yn 2x—3 
(0) nQax-D(ax? +}х+су'-1 (vi): us 
2 cos 2x (viii) —3 sin 3x (іх) —5 cosec? 5x 


(vii) 
(x) nsec nx tan nx 


(хі) 3/cot x cos x 


sec x. соѕес x _ (xiv) —cot x 


(xii) 3x? соз (х8) | (xiii 
Gy) ап х (хи) — : sin ( log x) (xvi) —sec x 
5 ЈА | 
(xviii) zu хузо 9 = log x" о „, 
aye ae Е T уя Р a 
i ————— (i) ——————— (И) ——————— 
uta (х +аз)? Мох) | шааж 
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à) 21-69 


a neb 1 
(v) 2 8640 cosecg (v) 3a(1— 12)* 


3a? a(1+cos 7)? 
5. p+2x—4=0; 2y—x—3=0 
6. ту==х+а% ; y+tx=2at+at?. 
7. ax—by=a?—b? 
П. (i) (а) —2<х<4 (b) 1<х<2 (1) 1<х<3. 


Exercise 41 


1. 41:53 2 а/а; аа. 
а(1—1 cot t), a (tan t— 2), 
а cos.1(1— 1 cot t), a (tan t— г). 

5. Maximum at x—2 ; the maximum value is 10. 
Minimum value 6 at x—4. 


6. (i) maximum values at х=(0п+1)5 ; minimum values at 
x=nx+(— 1) Та 
6 
(ii) maximum values at x —(2n--1) » minimum values at 


хапа +(— 1)” e 


Gii) maximum values at x=nz, minimum values at 


х=2пл®л, 
Ехегсїве 4 
M : 
LG A HEEL gypa) a Sin osx 
s tany 1 А Jz+1 1 А 
ii) е “гүш, (У х-1 pes 
Gii) ns 9) ё* хуур (уу 9 


2. (i) (2х+1) сов (58--х41) (і) Los (log x) 


(їй) *cos(e”) (iv) 


Im cos (tan-!x) 
(у) (2x cos x—x? sin x) cos (x? cos х). 

2x1 
J2x x3 — 2x3 — x* 


g” 


3. (v) Фф -1 Ww) тя 
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4: 1 E? 2x 
(vii) 2 Jxü-3) (viii) TQ ani 
А 23 1 к 1 5 
(15) wae tons (1+. log ыал ) 
(x) = e O 
sin rape JI- GFI 
: 1—х? T 1 1 1 
4 0 тта 8) р Б A 
ME ыд 
(соз x--sin х) Jcos 2x 
. 1 2 9 16 
(iv) М-р зу 53-55) 
жм. ч 1 
(у) sin x.e?.log х.х [cot *t- jog zx tlos x+2| 


(vi) (tan x) cot Х.совес х log (e cot x) — (cot xn x 


sec” x log (е tan д). 
(vii) OP х= дор ex. 
(уш) (14-x71)* [log (12-27?) -(12-)71] 


(ix) а (х) x" +1. log ext 
(xi) x ei (1--х log x log ex] 
Gi) Lov үүр Qu) ME E 
oi) 11987 ww) - 7 >i 
(xvi) 2x18 — 1.108 x +008 ху? {log (log ux) 
= 0-1 
(хуй) Aye 
6. (i) —1 (ii) г Gii) A 
d) -3 GO ула 00 -i 


09 She OH) сг 69 135 a) 
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(a? — 5?) sin x 


б) (a? +b?)(1+cos?x) + 4ab cos x 

(xi) 1. (кї) 2. 

7.0) $ Gi) =} (0-5 (v) -4, (0 1 
8. (i) 8х5 (ii) o (i) 4 (iv) 1. 


-— Lu 
(v) ín *{log x4Vl-x 81-15) 
x 


14. 44 sq. mm. :3% (nearly) 15. 1:39 inches (nearly) 
16. :33075 c. c., 299, (nearly) j 25295 
18. 02 (nearly) 23. continuous and not differentiable. 
25. f'(x)j—0, іп 0<х<а 
8..g9 . 8-448 . 
zt gom a<x<b=—? = »inx>b 
27. xx, 3+ yy, bai, 80) 05-151-1,0 


Y ars 1 1 
@ (у%—-Ъ),(— 42 1.) 29. 6,9, G д) 
31. x4yz2,x—y-0. 
J I] .9 3 3 1 2 
32. (i) (0, 0), (4.23 a9b3 | 1.2343, b*), 
22 1 3 1 9 
(0, 0), (1.224355 , 12343,5), 
(i) The pair о? points intersected by ax-+hy=0; the two 
points intersected by Ax+by=0, 
33. y=0 and y— 1::-4,У-4х- -1 
34. (2,4) 43. 6,6 44. 9,1 45. 1 


46. If height— radius 48. height= /2 x radius 
49. a J2,6 2 п. m ow 8192 
TUE 2 "Js 54. 7 
А u? 1 
56: 45,6,88 57, u—gt, —g, x 58. ame? 349 
59, 49:48 60. 27 sq. in./sec 61. 17 cu. in [sec 
62. 7 kg.[sq. cm. will be reduced. 63. 20x, 30x 


64. 4—t4-t2, 33, 33 65. —ak, ak? 
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а? 
67. ig$ (2n +1) second 


1. 109+ хепе 


(1— х)? 
пйү . h 
73. cos(x+ 5), sin (»+1)3 
sin Д 
(i) (n+ 1) sin nx—n sin (7--1)х 
4 sin? ix 

ну (2-1) cos nx —n cos (n+1)x—1 

Gi) 4 sin? 1x 
74. (i) Š (i) (3+ J3) 75. 5 


83. 4 sec, 48 feet. 85. 19} min, 12 kms. 
86. (i) nearer, 161 /82 Кш./һг. 

(ii) further, 4:2 JIO km./hr. (iii) 1 hr. 55 min. 
87. 2<1<4; t3; 793. 
:89. Min. value y=0, when х= —2 and х=1; 


88. 4sq.cms, 


maximum value y=$} when x=—1 ; 
decreasing in x<—2 and —}<x<1, 
increasing in —2«x« — } and x>1. 


90. (i) 
95. (i) 
(iii) 
(у) 
96. (i) 
(iii) 

98, Rs. 


5 ^m cms./sec, (ii) 
у +у=х (i) 


yox, + (iv) 
у=ууу?% 2x9, у (vi) 
ya=0 Gi) 
yacy,cotr; (iv) 
93:75. 


5n 


л 
is cm.[sec, 91. 18:34 сш. 
хут +=X, 


у\%.х—уу%у—1=0 


y,?—2xy,—3x320 
XQ +у 2) = у 1 
х2уу-Я4ху,-бу-х. 
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INTEGRAL CALCULUS AND 
DIFFERENTIAL EQUATIONS 


MÀ DUNAJ 1780 uh 
ИИТ ШИД 14731131: 


MEE 7 


va 


CHAPTER ONE 
INDEFINITE INTEGRAL 


511. Aim of Integral Calculus 

The term Integration means “finding the sum of”. The aim of 
integral calculus is to find the sum of special types of those infinite 
series, each term of which tends to zero as the number of ternis of 
the series tends to zero. In fact the subject of integral calculus came 
into being in the attempt of finding the area enclosed by closed 
curves, In such an attempt, finding the sum of above mentioned 
infinite series was required. Integral calculus has another view-point. 
This view-point is to find the original function (primitive) when its 
differential coefficient or derivative is known. In this respect the 
process of integration can be regarded as the inverse Process of 
differentiation. These two viewpoints have been bridged by the 
Fundamental Theorem of Integral Calculus to be discussed in Chapter 
Four. 

Integral Calculus has various applications in Applied Mathematics, 
Physics and other branches of science. You shall find applications 
of Integral Calculus in the Mechanics part of this book. 

Historically Integral Calculus was discovered from the first view 
point. But we shall, in this book, discuss first, the second view point 
ie, we shall first discuss integration as the inverse process of 
differentiation. 

5 1:2. Integration as the inverse process of differentia- 
tion : Indefinite Integration. 


You know that = (x?)=2x. This is also written as [2xdx—x? 


which is read as integral 2xdx is equal to x? or integral of 2x with 
respect to x is x?. You know that differentiation of x? gives 2x. 
The inverse process of getting x? from 2x is called the process of 
integration with respect to х. 2х is called the Integrand and (2хах or 
æ? is the Indefinite Integral with respect to x ofthe Integrand 2x. In 
[2xdx, the quantity dx is the differential of x. As the operation of 


differentiation with respect to x is indicated by the symbol a so isthe 


process of integration with respect to x indicated by the symbol (dx. 
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Example. AS, sin х)=с05 x, 

[соз х dx=sin x 
Def. If $i f=), then fg(x)dx— Дх). 
Hence by definition, if (g(x)dx— f(x) then, 
d E d e 
axi 09i 09, or, geome). 


5 1:3. Integral of a function with respect to a variable is 
not unique : Constant of Integration : 


LetjfG)dxesG). — c. quee. 


Again, Lieto f(x) [e, is any constant] 
By definition, | f(x)dx=8(x) +e. 

So, 2(x) +e, is an integral of f(x) with respect to х. 

Hence integrals of f(x) with respect to x are more than one. 
Again, if g(x) and h(x), be two integrals of f(x) with respect to x, then 
g(x) and A(x) differ by a constant. 

For, since | f(x)dx=s(*) and | f(x)dx=h(x) 


^D Sj) and Dico =/0). 


d 1 1 
leh 7, 16)1—0, or, Sie) 690 


s. g(X)—h(x) is a constant [See Ех, 7(1) Exercise 4 Differential 
Calculus]. 

For, you have learnt in differential calculus that the derivative 
with respect to- a variable or the rate of charige of a function cannot 
be zero | if the function be not a constant. 

* Now, it is clear from the above discussion that if g(x) be an 
integral of f(x) with respect to х, then (X) +с ; where c is а constant, 
will also be an integral of f(x) with respect to x. For different values 
ofc, one can obtain different integrals of /(x) When c=0, the 
integral g(x) is obtained. Hence g(x)+e is the general form of 
integral of f(x) with respect to x. The constant c is called an 
arbitrary constant of integration. The general form of the indefinite 
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integral of a function with respect to a variable is expressed by adding 
with the integral of the function, an arbitrary constant of integration. 

From the above discussion it is now evident that every function 
possesses more than one integral with respect to a variable. So, no 
function can be definitely called that, it is the only integral of 
another function with respect to a variable and hence the name 
Indefinite Integral. 

Note. For convenience of printing we have not added in this 
book, the arbitrary constant of integrations on many a occasion. 
But you mustalways remember its presence. To find the indefinite 
integral is to find the general form of the integral. Ifthe constant of 
integration is absent, then one cannot get the general form. 


$ 1'4. Standard Forms: 


0) ferd = +e (n41); 


d [x"*l 2 шан d 
Proof. 24 er te) mii) +509 
= 1 d 04-1 =i nyh 
“n+l ze 1)+0= 75 п+1)х жи 


n4-1 
2. рава re Qua 7): 


Examples. 
x5! xê 
5dx 2—— te= ete 
1. [fx5dx TE 6 
HET ул эт, 
2. [adm [demeure hem te 


1 xoti xl 
3. рах 11.4 x dx temi te—te 
T {ах _| 
(2) {х-!4хог, Ер =log x+e. 


Proof. 4 (охе) a [tos х+с. 


az 
(3) e""dx— ё c. 
a 


d [езе у 4 (699A а 
Proot 42859) da) ж? 


"T d (pax -1| az| paS E РЕ 
: zl )*o-; а.е \= а к о, 


4. 
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Examples : 


1. еза с. 


2. fe-5*dxz* 


(9) ја" Хан“ ой, 


d [1 £ a 
Proof. Am ic 


1 d amz 
=— lo: qn? m— = 
mon 3 la AO т! оврль log? 
za, 
А В ағ 
By definition, [а па im loge +“ 


Examples. 
1. f25"dx—]257|log2 +c. 


(5) Integration of Trigonometric functions : 


л [d[snax 14 1 
(1) E |= 23 sin ax)=-a cos аХ--со8 ах, 


їп ах 
fcos ax душ t АХ e, 


чу df cosax 14 
(ii) 2(- mI 


= -1-4 sin ax) =sin ax. 


{sin ах dx= —. 


шү d [t 14 
(iii) xr T (ton ara Sec?ax sec? ax. 


tan dx 


fsec?dx dx= Tc. 


бу а x ed “(со az) 


dx 


1 
=— = (- a созес?ах) =coseo%ax, 


S. Јсоѕес?ах dires POE, 
a 
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(v) (ee аз) = - A (cosee ах) 


1 
= - 4-а cosec ах cot ах) =cosec ax cot ax, 


-.  fcosec ax cot ax de= OSE yo, 


(vi) (seem sec ax) 


1 
(a sec ax tan ax) =sec ax tan ax, 


{sec ах tan ax dx= +c. 


sec ax 
E m 
Cor. Putting a—1 in each of the above formulas, 

[cos x dx=sin x+e [sin x dx=—cos x4-c. 

[sec?x dx—tan x+e ; (cosec?x {х= — cot x+e. 

[sec x tan x dx—sec x+e ; [cosec x cot x dx=—cosec x t c. 
Examples. 


1. [соз 5x акаба ЗХ +6, 


2. [sin (—3x)dx= E 


Examples 1A 
Ех,1. Integrate : 


1. @ [5 Gi) [а-вах 


. -4+1 3 
2 , 8 3 2 
(i) {= EIE 34% puto += +С. 
= 8 


x- _ 095 n 1 
(ii) [х7% аж лат +С=— ROS tS 


Ex. 2, Integrate : 


Р ах 2. ыг! "T dx 

(i) Í 285 (ii) | We* dx. (iii) Ja 
-6% 1 

(i) {anes dx Cm +С. 


Z 3 E = 
(ii) | Ses axe [ 8 drs CSI. Ceux +C 


Int. Cal.—15 


INTEGRAL CALCULUS AND DIFFERENTIAL EQUATIONS 


di) | Au -8 Sat ecc eC. 


Ex. 3. Integrate : 
d [7 ax Gi) АД ах. 


ЖЕ 
| 


e dx=- 


+C 


(ii) —e4C[:: (8 ),-11 


5+ 
Ех. 4. Integrate : 


© [вес 4х4 Gi) | costo аө 


| вес? 4х dx=" 0 +с 


i) Es do=| sec ө tan Ө do —sec 0+ C. 


Exercise 1A 
1. Integrate : 
(i) | x100 dx (ii) ( х14х (iii) IE: (iv) | хэ dx 


diis ад : l "TU 

(9) На (му [ах (уй) БА vä) | s 
i E: 
2. Integrate : 


(i | ас а (i) ете de di) jede do [ax 


() [vzde (vi) [eede (ii) (к= 
3. Integrate : 
O [за d) [оа di farde бо feas. 


(у) | 10 dx (vi) 6197 dx. « 


(viii) je © dg. 
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4. Integrate :— 
(i) [sim 7x ах, (ii) | sin (—2x) dx. (ii) | cos 6x az. 
(iv) | cos(—4x)dx. (v) | cosec? 3x dx. 


(vi) | —cosec 2x cot 2x dx. 


3 L5. General rules of Integration : 
(1) fa.f(x)dx-a.jf(x)dx. (aisa constant) 
Proof. Let | f(x)dx=g(x) +c, 


(ee) +e) 00), 95 ae 8) + ao ad 
on (а®)=л® [« дө-0| 
Now, 2 (ав) + ae) = =F (ats(a)) +4 (ас) 


a (se) )+о=адх) 
ja(x)dxzza.g(x) 4- a.c —a.(e(x) 4-c] a (x) dx. 
Cor. Let, f(x)=1, .. fadx=aldx=ax+e. 


Q2) Sth) + a(=)}dx=f(x)dx + [в(х)ах. 
Proof. Let, [f(x)dx=h,(x) and fs(x)dx—h,(x) 


EO —f(x)and — ЗОО 
4 Л1(5) ЕЯ,(5) Е-222:225 CF) x а(х) 

3. UG) EQ) deme, Q В (х) fx) й 4 [е(х)ак. 

Сог.1. By repeated application of the above rule, it can be 
proved that if each of [f,(x)Ax, f[fa(x)dx,-., [f,(x)dz can be 
determined. 

HEAO 5 00) x fax) ++ f Qo)ldx. 

= t | fdr [ /»(Х)4ж E f f (IXE « +$ f(x) ax. 

[ п is a finite positive integer ] 
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Cor. 2. From Cor. 1 and rule 1 we get that if each of 
f fads, | /ь(%)ах, «++, | /.Одах, can be determined and if @,.. 
ад, а„ be constants (n is а finite positive integer). 
И+а fi) Eao) + ++ xa, f. dx 
= +а, | fi(x)dx £as | fo(x)dx +. +a, f. (x)dx. 


Examples : 
1. [f(x?-e7)dx— [х?ах+ fe*dxe +е +e. 


2. [(x9--cos x)dx— (x?dx- [cos x de=% +sin x+c. 


2 
3. [2х dx—2[xdx—2. tcr +c. 


4. (sin (—2x)dx=f—sin 2xdx= — {sin 2xdx 
cos 2x ..cos 2x 
--(- 2 аж 2 

816. Determination of integrals of powers and products 
of sine and co-sine functions of a variable by reducing it to 
functions of multiple angles. 

From the formula (i) 1--cos 2x—2 cos?x and (ii) 1 — cos 2x— 
2 sin?3x, cos?x and sin?x can be expressed in the forms }(1 +соѕ 2x) 
and 1(1— cos 2x) respectively. 

Hence (сов2х dx= f}(1+cos 2x)dx = [dx 4-3 [cos 2xdx 


Tc. 


=}х жо Ө 
Similarly, (sin2x акау, 


(ii) sin 3x —3 sin x—4 sin?x 
*, sin°x=4(3 sin x— sin 3x) 


or, | sin?xdx— [1(3 sin x—sin 3x)dx= -i cos x +208 3 35, 
12 d 

(iii) Again, cos 3x=4 cos?x—3 cos x gives 

cos?3x =} (cos 3x 4-3 cos x). 

sin 3x ,3 . 

12 34 sin x4-c. 
(iv) Products of sines and co-sines can be integrated by - 

expressing them as sums of sines and cosines by the formulac 

2 sin A cos B=sin ( A+B )--sin (a—B) etc, Follow the illustrations 


carefully. - 


or, (cos?xdx—1|(cos 3x +3 cos x)dx= 


INDEFINITE INTEGRAL 


Examples : 
1. [соз 2x cos dxdx— [3.2 cos 4x cos 2xdx 


=1{(cos бх + cos 2x)dx —3[cos 6xdx-- Mcos 2xdx . 
8% = бх sin 2х sin 6x , sin 2х He 


АГ. 
2. {4 віп ГА cos 3xdx — (2.2 cos 3x sin 2xdx 
=2((sin 5x—sin x)dx— 2[sin 5xdx —2 sin x dx 


=% (-25 5x їе —2(— соз х) +с=2(с0з xte) +c, 


Examples 1B 
Ex. 1. Integrate : 
(i) f@2—sin x)dx (i) [(x--2)dx (i) f(2-+x)%de. 
6) JEDEH (у) [88 +77945 
(0) [(x?—sin x)dx— fx? dx — [sin x dx 


3 х3 
=7—(— cos x) +=% +cos X+c. 


(i) (24-82) dx= 10° +4х+4)4х= padeds dx 
эайх-- разах T +4. 5, х? 4ste 


-5 2x3 44x +c. 


(i) ((2+%)8dx=f(8 + 12x +-6x® +х3)4х c 
— (8dx-- (12x dx + f6x?dx + [x^dx 
—8,dx-r12(xdx-4-6(x?dx + [x?dx 


2 
=8x +12. Ds Ee 


xt 
ae 
Qv) 10+2)(0+ 3)ах= | (x? +5x+6)dx 

р ен ах+ [6ах=|х?ах+-5[х dx +6(dx 


=8х+6х° +2x5 + 


=% + 55. Ж+бл+с= 1х3--3х2--6х--с 


v) e“ 47 Jayde 08 +7) іх pli e (Tax 


9 


Z 9 
= erect +1х+с. 
z 
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Ex. 2. Integrate: (їап2хах 
ftan?xdx— [(sec?x— 1)dx— [sec?xdx— (dxztan x— x +c- 
Ex. 3 а) m [Gneznens 
= fe?dx +2jdx+ [e *dx—e* -- 2x —e7 5 +c. 
et? 4.267 К. @5®(в-® +e”) m К 69 
Ех. 4 е | rase |а e 
Ex. `5. [4 108 £ д, [ов *“ах<[х"ах=®” (nes — 1). 
oS. "i 5 ) 
=log x+c (when n= —1) 


ax 
cos —— 
Ex. 46: [sin 2°dx= [sin ЭХ dee di. 


180 5 


180 


1 o 
— — 190 PN, eee tN x 
=—— соз i80 ^^ z^ 9958 ЖА 


Ех. 


ми 


= (cosec?xdx — (dx= — cot x —x +c. 
Ex. & Р sin?x4-3 eos dy (f 2 sin?x E. cos*x | 
sin? x cos?x sin?x cos?x  sin*x cos?x 
= ((2 sec x tan x+3 cot x cosec x)dx 
=2{sec x tan xdx-+3{cot x cosec хах 
=2 sec x—3 cosec x +c. 
Ex. 9. { вес х cosec?xdx= Коксын: 
sin?x cos?x 
= лаи 
J Sin?x cos?x 
= fsec?xdx + (cosec?xdx— tan х— cot x --c. 
Ex. 10. рех х+ sin x 
cos x —sin x 
| cos x 4-sin x 
cos x—sin x 
— (905 x4-sin x 
=| cos x—sin x 
={(cos x+sin x)(cos x— sin x)dx 


= [| (соз°х—зш°х)дх= (соз 2х dez Ho Ж, 


dx= | (вес? х + cosec?x)dx 


(1-sin 2x) dx 
(sin2x-+cos?x—2 Sin x cos x|dx 


4 2 
( cos x —sin х) ах 
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Р ал 1+sin x 1+sin х1 
21591 ee cen үү. = 
Ех. ЇЇ. = in х Moms x)(1+sin х) s | соз?х 


=| С sin 2 aeo (зоо +800 x tan x)dx 


={sec?x dx + [sec х tan х dx=tan x+sec Х-ЕС- 
91+® „31+ 97 +3.37 
Ex. 12. Ё ах PATE dx 


раа төд хэн (parse 


3* 


x 


=э{з=4х+3|4х=9. leg rete 


Ex. 13. (^ log 2а-| 08 ? i |227 +‹. 

: \ 108,2 
Ех. 14. [ч е (cos? qx. (Omas 

sin?x sin?x sin?x 
— sin? in 
= | 1 -2 Ма х+8й xg. [(cosec?x—2-+sin?x)dx 
sin?x 

= (cosec?x dx— 2(dx -- 3f(1— cos 2x)dx 
=— cot x—2x- pua TC. 


=—cot x- jac 825, 
Ex. 15. {cos x. cos 2x cos 3x dx 
=1}((2 cos х cos 2x) cos. 3x dx 
=1}{(cos 3x-rcos x) cos 3x dx 
=}{(cos?3x-+cos 3x cos x)dx 
=12 cos?3x-Fi[2 cos 3x cos х dx 
=1((1+cos 6x) dx+1{((cos 4x +cos 2x)dx 
sin бх , sin 4x , sin 2x 


=t кы" 8 59 


Exercise IB 
Integrate : VE 
1 (6 0243") a 00 18435746 a) e 
(ted) ds (V) fe rer ta) dx (Vi) т) 


(cot? хах. (vii) (2 cos x -tan? x)dx. 
(i) [sin 10 x cos 6x dx 


Gv) 


(уй) 
œ) (0 sin x sin 2xdx 
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Gii) [2 cos бх cos 4xdx (iv) [sin?x dx. (v) (соз? 2хах. 
(vi) feos? 5 dx (vii) (cos?xdx. (viii) {sin® 3xdx 
(ix) [cos x cos 2x cos 3x dx (x) (зїп x sin 2x sin 4xdx. 


2. (0) (О2х-1їх-2)йх | (и) ?ux (х°— 2,)& 


Gi) (2-4) 09 [CtP ae. сл. int, 160] 


$ g х?—7х-+12 a x3 +3х% —4х—12 ,. 
. (i) p dx (ii) Еа dx, 
А e? 4-1)? ,. ү [e9*—4e7-F1 
4. (i) = ах Gi) (2-5 
Ci OE 6. fcosx°dx, 7. f[sin?ax dx. 
8. [соѕ?бх dx. 9. [sin зах. 10. | cot?2x dx. 
1 —tan?x cos Ө 
Ч1. Е . |—— de. 
; | 1 Tan 2 [базой 
13: [2 sin 3x sin 4x ах. 14. fcos 4x cos 5x ах. 
15. [sin mx cos nx dx. 16. (sin? 2 dx. 
in?x— з 
її. |а, в. (Me dr 
cot x зїй х cos?x 
19. (1) ((tan?x--2)dx. (1) f(tan?x +2)(cot®x-+ 3)dx. 
20. | l-sin 2x 
sin x 4-cos x 
, 24-1)? 
21. @ je Gi) [£e as. 


ў 4х T dx : 
22. T 27 dx 
6) f +соз 2x Gi) irl x ш) Po x 
23. [ea x—cos 2x 


1—sin x 
24. () fNi+sin2xdx (й) | Ji-pcos ox dx. 
25. [e 2x— cos 20 


сөзу Ө dx ; where Ө is a constant. 


26. {(sin®x+-cos®x)dx. 27. (i) [costxdx (ii)  (sintx dx. 
28. [sin dx sin bx cos ex dx. 
29. [sin 2x(1 4-cos 2x)dx. [ C. U. '60 Int. J 


30. Ј(соѕ 3x—2 sin x--x?)dx. [ C. U. '61 Int. ] 


CHAPTER TWO 
INTEGRATION BY SUBSTITUTION OF VARIABLES 


$21. You have seen in Differential Calculus that there are 
«certain general rules for differentiation of functions ( of course, which 
are differentiable and most of the elementary functions are 
differentiable ). But in case of integration, there is no definite rule 
for integration of integrable functions. The processes of integration is 
mainly tentative. So integration is more difficult than differentiation. 
In chapter one you have seen that many functions which are not of 
the standard forms have been integrated by expressing the integrand 
as the sum or difference of more than one integrands of standard 
forms with the help of Trigonometric and Algebraic formulas. But 
all integrands cannot be reduced to standard forms with the help of 
-those formulas. In those cases different other methods are followed. 
In this book we shall discuss about two methods, viz., (i) Integration 
‘by substitution and (ii) Integration by parts. The subject matter of 
:the present chapter is integration by substitution of variables. 


$22. Let [f(x)dxg(x) 


d 
Atom =Л%. 
Now if х= (2), then ZRG) 
вор A oon}, E= 
а — dx i dz ` i m (z) 


By definition, (x) = (fiF(z)F'(z)dz 
ог, |Дх)їхг | ДЕ ДЕ (z)dz. 
Now the variable of integration is z instead of x. Hence the 
ántegral (if it can be determined) will be expressed in terms of z. 
he final result in terms of x from the relation of x and z. 


Express t 
dx. : ч Р 
Note: Youknow that 77 is the ratio of the two differentials 
ах. =F" d of this form is 
dx and dz. arr or laa al ао изе 


more convenient. 
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Ex.1. Integrate : f(2x 4-3)5 dx. 
Let I ((Qx 4-3)5dx. 


41 

^ —= 3)5. 

^ (2х--3) 
23°, ded 

Let, 22+3=2 or, x=5-9 UNE CD 


а dldx E 
Now, сер Co idi 


zô 

6 
at 

i J2—1 


sS 1эш(1254:-:1(254::53 tem QS Qx 3)? +c. 


Ex. 2. Integrate : | 


Let (-ш86с0 ` dt do see 6 tan 0 dé 


and: J#—1i1=sec Ə /sec2g — 1 =sec Ө tan 6 


Ж c. ше 090 TC 
t Ji —1 sec 0 tan 0 
Now, .; seco=t, ~. g-sec^!! 
( dt 
112—1 
Sometimes variables are substituted in the form 4(x) =z: 


=вес-!/+ c. 


$(x)=2, Ses 00), 2. dx= БЭ ! 

Now from ¢(x)=z, express f(x) in terms of z and also d= бу 
| f(x)dx will be of the form fg(z)dz. 

Ех. 3. [sin?0 cos Ө 90. 

Letsing-z, .. cos Ө dó—dz. 


and (81120 cos Ө dg ist dz ee 6с, 


3 
423. Rules of substitution: There is no general rule for 
substitution of variables for integration of functions. Variables аге 
generally substituted by inspection. In the next few articles WE 
discuss some convenient rules of substitution of variables. 
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824. Integration of integrals of the form | f(ax 4-b)dx. 
Ех. 1. Integrate: {sin (ax 4-b)dx. 


Let ar+b=z. .. adx=dz or, den, 
(sin (ах +b)dx= f sin zdz=(!sin z dz= 9095 2 йы! 
J Ja Ja a 


EN taag 


dx 
Ex. 2. Integrate : =, 
Let3x4-4—t. .. Зіх=й or, 2-40 


ах dt Ца 1 
IP -[g-37- log t+e 


=} log (3x+4)+e. 
$25. Theform: [if(x)i"f'(x)dx 
To integrate {{ f(x)} f'(x)dx let, f(x)=z 

f w=% or, f'(x)ix-d:. 

. : EL 
Hence given integrale [27427 +e (їїлжл-11 
and=log z+e[ If nz —1] 

Hence given integral ӘН, (їїлж-11 


and=log {/{х)}++с | їл--11 
Example 1. For, integration of ((ax? T bx-r c)*2ax 4- b)dx notice 
that if f(x) (ax? +bx+e), then f'(x)c2ax--b. Hence the given 
integral is of the form 


17754328 


$26. The form: АХ) (dx 
If (4(хуйс (8), then, (ЛО). f'Codxel ЛЭЭ) 
Proof. (HION /'(Х)йх== |ф(@\а:, [putting z=/(), dz f'(x)dx.) 
ma D. 18094хг:509) 
= Дх). 


цэн хөшиг БОРЫН ta tO үс, 
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Hence if the integrand be the product ofa function of an integrable 
function of the form ¢{/(x)} and the derivative f'(x) of the second 
function, then substitute z for the second function f(x). 

Note. The form jif(x)|"f'(x)dx discussed in the last article is 
a special form of [$t fO} f'(x)dx. 

.fan-!x 


Е 1939 
Example 1. Integrate : 1 ї 3 dx (C. U. ] 
dx 
-1х= = 
Let, їап-1х=2 ix ou. 
Given integral= | e? dz=e* genu * +c. 


Examples 2A 
Ex. 1. Integrate: s(4—3z)}°°dx 


1еї4—3х=г. 12 Зе 1) ёс--8. 
С f(4—32)!00de= — |2100 2 
Ene Egg 

Ex.2. Integrate 3 laces laces 


Є СТЕНЕ С ра 
f aa) =| laca 
Now, let a--3=u and х—2=> 

dx=du and dx=dy (respectively) 


Given integral= [2- |в u—log v+c 


3 


=lo Yicslo Ес: 
£; E 529+“ 


Ех. 3. Integrate : 


ах ах a! 
(a) les ® |55 (©) a 


(d) Letar+b=z 01. adx=dz ог dx=% 
a 
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4: T dz Idz 1 
атт |; те “Бэ ЕД 


=! log (ах -+-Б) + c. 


(Б) Letb—ax=z 12, —adx=dz or, йх=—®. 
dx. "p а рае) 
56; [ee EC 1)" “үзэн 2198 5 
=-1 log (b —ax) +c. 
(с) Letax+b=z 01. adx=dz and ata? 
a 
z—b,, 
f шал к= dr mos РА 
ах+ —— — т 
1 [а= жа аъ, . ab! —a'b(dz 
-al 2 a |+“ а? f 
, b'— 
=% e Mg 246 


4 d (ах-+5) + E log (ax +b) +c" 
m a log (ax+b)+c 
E +с=с (say)| 


b’ 
Alt. method : IE EU ара” cc 


ax+b T 


, ax4 E. abt 2 5i 
а а деб Wo ue d. 


a wb o dj "urb 
a8 ene ir IET 
a8 (art g 2 = К 


=—Х 


а' +900 jog (ax-+b)-+e [ See (i) above 1 
a? 
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cos хах 


Ex.4. Integrate : БЕ 


Let х+а=2 .. dx=dz and x=z— 4 


| соз xdx _ ЇР” (z—a)dz _ ye 2 cos a -rsin z sin d. 


cos (Х44) 6 соз 2 соз 2 
A sin 2 
=cos a | dz+sin а |24 


=соз a | dz —sin а eon | as d(cos z) — —sin-zdz ) 


=z cos a—sin a log (cos z)+ c' 
=(x +a) cos а--ын a log sec (Х--а) + с 
=x cos a+sin a log sec (x +a) +e 
[ as а cosa is constant, а cos a-+-c'=constant=e (say) 1 
e? dx 
Ex. 5. tegrate: |——4 
Ex. 5. Integrate ЭН 


Lete*+1=z ,'. e* dx dz 


e* dx dz ! 
е =|= =lo 24-1) с. 
ЭГ [үт Ї log z -c—log (e )+ 
Ех. 6. Integrate: Јх?/5° +1 dx. 

Let 53--1:523 .. 3x?dx=2zdz 

ог, x?dx=3zdz. 

[x Марі аха 8202.15 [zdz 

23 


жинг 


=? 
S 


Ex.7. Integrate: [tan x ѕес°х dx 
Let tanx=z. .. sec?xdxzdz 


tan?x 


3 Tc. 


" 9 
2, ftans sec?x dx | 24:55 kem 


tan-!x dx 


Ex.8. Integrates | Lp 


Lettan-la=z |’. dX de 


(ee z? _ (їап-1х)? 
1+2° р 27 0m 
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‘Ex. 9. Integrate : 


! 1+ccs Ху 1+cos x 
9 оета н 0) leat т^ 


Letx+sinx=z .. (1+cos x) dx=dz. 


1 Mem 
Now (i) [2x ас бо» W/ete=? (+ x+e. 


Xx-rsin x 


1-гс08 х 


dz. " А 
x+sin z= | log z+c=log (x +sin x) +с. 


d | 


Ех. 10. Integrate : () (tanx dx (ii) {cot хах (їй) [sec хах 


cand (iv) (cosec хах. 


(i) [tan хйх=| Зах я 


Now letcosx=z 3. —sin xdx 2dz or sin xdx = — dz, 


Given integral= — [£- -108 (2) +с= —1ор (cos x) +с 


=log (cos x)7! + c=log (sec x) t e. 


(i) foot x de х= | 

[where z=sin х 0. dz=cos х dx] 
—log z+c=log (sin х)+с. 

sec x(sec x -tan Хх), 


(ш) fsecx = Seer aaa 


Now let sec x +tan х= г. (sec x tan x4-sec?x) dx 
—dz or sec x(sec х +-іап x)dxzdz. 


Ј sec х а=} =log z -+c=log (sec х +tan х)+с 
ах sec?» 


dx 
(v) f совес ШИ та 
i x 
2 sin 5 COS 5 2 tans 


DONE 555517 вс995 Е 
Lettang—z /. 4 sec p йх=й 


Given integral = | =log z+c=log ( tan 3) tes 


dx 


` 


{ Note. Remember the integrals of this example as formulas. ] 
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dx 
Ex.11. Integrate: ЇЕН 
| ах -| e^ *dx 
epi DIt? 
Now Let 1--с-5:1 012, ех or e^ "х= — dt 
dx iA dt_ £e -24.] 
[== зов t+c=—log (с7741) +с 


412. ; sec х dx 
Ex.12. Integrate \iog (sec хан 5) 


Let log (sec х-41ап x)=z 


1 
sec x-rtan х 


1 
sec x --tan х 


(sec x tan x-rsec?x) dx=dz 


sec х (tan x4-sec x) dx=dz 


or, sec x dx—dz. 


4. Given integral = | —1og z+e 


—log (log (sec x-+tan x)] 4- c. 
Ex. 13. Integrate : 


DP, ж @ [S99 ax 


(М1—х?) sin^!x 1+tan x 
(i) Letsin"!xzz Jd 
=x 
Given integral= (£z шор (2) + с==1ор (віп-1х)+с. 
(1) Let 1+tanx=z  .. sec?x dx=dz 
sec?x dx (dz 
Ї THEE" [F=log z+c=log (1+tan x)+c. 
Ex. 14. Integrate: I sin \/x dx [B. н. U. '50 
1 dx 
Leti xr 1. Е Е „салд 
i dz or, Y. dz 


JN А 
1-5 sin Jx аха] 2 sin z dz=—2 cos z4-c 
> 


=—2 cos (Vx)+e 


1 
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. (£x) 
Ex. 15. Integrate : Vacate 
Let, xe*=z. .. (0% +xe*) dx=dz 


ог, e"(1+x) dx=dz, 


(14x) х г dz TS 
Ка E xà adz 


= tan z+c=tan (xe?) +c, 


Exercise 2A 


Integrate : 
1. (i) J(ax--5)' dx (i) (4х-5)94х — (iij) 17:28 
iv) 5 bx’ | 


2, (i) Joos (ax +b)dx (i) fsec?(2x --3)dx 
Gii) fsin*(2:--3)dr — (iv) fcot*(2—3rJr. 


3, [at ea 


1 " dx TE d. 
+ 0 i Gi) На Gii) IP ЭБ 
| dx 
Мх+а+ Jx4b 


Hints : Ї dx | Ух-ка- xb, 


xac Jxxb | œa) -G+ 
амата) 
Їнэ 
а--5х 


‚ы. [o Х4Х _1/ bxdx a+bz—a 
[ Hints : [255= = к= zl a+bx зё 


= (ке [ЕБ цал s^] 


4 dx 
7. Q) [атая DE D 
2ax +b 
8. 0 Јоза 


А А 2х ах 
9. ех Г Allahabad, 59] юн. | : 


1+2? 
Int. Cal.—16 


dx (8) [09 +6x? + 5x-- 23x? -12х-+-5) dx 


22 INTEGRAL. CALCULUS AND DIFFERENTIAL EQUATIONS 


и. 11555 зї"! дуг С.Р. 1933] 00 азат ® 


А a РА хах os x sin x 
12. (i) [exeat dx (ii) === 2—2 ах. 
14. Ј(ап x+sin x)? (вес?х--соз x) ах. 
2 
15. _ Bec _ cosec?x gy 
D facra x)? 5 Gi) сон Х 
sss dx 
(iii) onum = 
А хах 5 4x3 ах”-1 
16. 0) 1752 i (ii) e Ч [p bs dx. 
dx 


т. O jlzTugi o 88753109 | хлор (989 


В сої xdx Р їап хах 
BD P (аз 5 [= (sec x) 
19. = xx cos X dx 20 s x cosec Хах. 
x sin x log tan x 
21. [e sec? (e^)dx. 22. [gr à 
J1—x? : 
23. («ot e?) e*dx. 24. Нь cos Jx dx. 
АХ 
sin” ix dx dx 
25. | ay 26. | cos (log х) = 
27. jen Х cos xdx 
28. үх? cos x?dx. 29. fx -! cos x” dx. 
30. (i) [(x(a-- bx?)dx (i) fx"-! sin (a4- bx")dx. 


31. {(tan x—x) tan?xdx. 32. [xm-1(2x"-4-11) "dx. 


$277. A few standard forms $ 
Inthis article we shall discuss integrations of integrands of the 
xpa? x2 la and acu 
to х. These integrals are taken as standard forms and are to be 
‘as formulas. 

Now as l--tan?g—sec?g, or, sec?9— l—tan?g and 1— cos?0 


=sin’9, or, 1—5іп20=с0520, so if the integrand be a power 0 
x?+a? put х=а tan Ө, if it be a power of x?—a?, put x=4 sec Ө 


forms and their square roots with respect 


used 
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and if it be a power of a? —x?, put х=а sin 6. ‘In many cases the 
alternative methods are useful, 


5 ах 
© lager 
Let, x=a tan Ө. 2. ах=а sec?g дө. 


and a? +x? =a? +a? tan?g =a} (1 +їап?ө)=а° sec?g 


j dx [CE dM igo! 


= zaa = -6-cc. 
a? +x? a?sec?g а “най 
à x “өрх 
Now, :; х=а (ап ө, 2. tan 9=2, ог, @=tan үс. 
[P t гаа”! Хе, 
а+х? a a 


4 “ЭГ oF 
= tan! 25 
Ew y 
m. Tx 
@ jum. бээ) 
Letxzasec0, 2, dx=a ѕес ө tano do. 


апа х? а? =a? sec?g —a? —a?(sec?g — 1) «a? tan?g. 
| dx -Ё sec ө tang == 277 


хї-а ) a tano alang ^ 
1 1 1 1 1 
=< 9 zm oe ijs o m Leone ө ds. 
- log ( tan 8) сс. [ see § 2:5 Ex. 7(iv) 1 


221! 48) el x—a 
E log (tan 5 Байна aa 


ө : 
1+tan? _ ңа e 

Х—ес pee 0. or, 2-4 tan} 9 

а 1—tan? 9 х+а. 294 


d 2 
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Alternative method. 
dx __ 1( 1 1 | dx (| dx) 
== |6, zc inu pe 2415 -а 3 


- [log u— log ›]+с[х—а=и and x a—v (say)] 


21 1 
=] Іор += log 2-6 


= ах 

(iii) | at (а> x). 

Letx=asine; -. dx-acos ө 9. 

and a? — x? =a? — a? sin?9—a?(1— sin?8)—a? cos?6. 


Бо. =“ cos Ө 40. 1... ө de. 


Now, a? cos*9@ а 
=! log (sec 0--1ал 0)--с 


че = atx, ol цо 6313 ун 
u$ Tem 1 og fA ee EL 


[Ein 90 . [1-sin EN (1+sin 6)? - 


cos Ө cos?6 (1—sin 6)(1 +sin 6) 
fa oat m 14:7 
= [ltsing | a — m Ый x 
a 


= j= |. 
Alternative method : 
fa alatt 


st Ez 2l (je | 2j [ putting х+а=и 


and a—x=v 1 


1 
=: и—1ор reas log Ë Mest log 23 c. 


Note: 1. As, at amus so it may appear that the 


а? — x? x2— 
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integrals Em аш |, мн are of the same form. But as 


logarithms of negative number are not defined, so if x>a, then 


[aZ - and if x<a then [5 Lm can be integrated. For this the 
two integrations are performed separately. 

2. In integrating the above two integrals the formula of integration 
of fcosec Ө 40 and [see Ө 09 have been used. In the alternative 
methods these two integrals have not been used. Again {sec @ dð and 
{cosec Ө 29 are often evaluated with the help of the integrals 


( em and Ба. z [See Ех. 4 below]. But there is nothing wrong 


їп апу case. For, in the integration of [ou da з an а |, s by the 
alternative method (sec 0 49 and fcosec Ө dð are not used. Again, 


in Ex. 7 (iii), (8) $ 25 Р 4%, have not been used in 


—a? or [ж —x? 
the integration of [sec Ө do and | cosec ө dð. 


dx dx =: 
Ех. 1. [ -| ар log zat [x24] 


x:—16 9 

dX 0 d 2 3x 
Ex. 2. [sam ls log 572+ (а«3 1 
(iv) 1 LO 
Let x=a tan ө, .. dx=a sec? de 


and Jx2+a?= Ja? tan?8-r a? — V/a?(1 + tan®9)=@ sec Ө. 


[perpen i eee ji o de 


=log (sec 9 4-tan ө) - c 
Now ', xzatano, .. tan@=+ 


and sec 0— 4/1 +tan? russe 14 ( Ж) =i feta 


[2 —log (sec ө +tan 9) -c 


Vx? +a 
=log (ree =) =log (vere ) с: 
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=log (x+ Jx3-ra2)—log a+c 
=log (x+ Ја? фаз) К [К=с—1ор a, is а constant ] 


| dx 

y) |-—— xa 

"9. Jx? — a? t J 

Let, xca sec 0 2, dx=a sec Ө tan Ө de. 


and Jx2—@2= Ja?sec?a—a?-— Na*(sec¥@—))=4 tan Ө. 


| ах. -[ sec Ө tang do _ 
Ма? a tan 0 


= [sec ө de. 

=log (sec 0--tan 6)=log (ыа) +с 

а 
m x-asecg. .. ѕесө=Х and tang- V X =a] 
a a 
=log (x+ Jx2—a2)—log ate 
=log (x+ Jx? а?) +К. 
Note. Putting x+ /x?-pg?-z, the two integrals (iv) and (v) 

can also be integrated. 


А ах 
rr m 
Let x=a sin Ө. ,, dx-a cose 00. 


and Jag? —x3— Ja? a? віп?о=а Cos 0. 
| dx = [259 cos 040 _ 


Уа8-х23 | acos0 хайраас 


4 x : 
—sin-! ate. [Ce x=a sin 6, 
. х . 
sin =? ог, ө=зїп-!^] 
а 


ах 
Ех. 1. [sgg ӨВ М) + 


4258. Integration of integrals of the forms MC. - and 
sax? +bx+e 
| (рх+4)ах 
ах? +b? +с 


(1) То integrate [ , if ax?+bx+c can be resolved 


dx 
Jax? +bx+e 
into factors, then follow the methods of Ех 4524. Note carefully 
the following examples. 
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If ax2+bx+c cannot be resolved into factors, then express 


==, in опе of the forms (i), (ii) and (iii) of § 2:7 depending 
on the values of a, b and c. 

T px +9 

ш) lax +bx+e 


You know 4 (ахз +bx+ | =2ax+b. 
dx 


рх+9 
аас I 
ax 4 244 (20x+b) +724 b 
=P Р dxz P. - IP а. 
2a | ax? --5х--с 2a ах? +Ъх+с * 
_ Р (_ 2ах+Ь 2aq— bp 2aq— 244 
Шш «+; кае: =j ITA a 


Now, Т, —log (ax? +bx-+c) and the form of I; has been eit 
in (1) above. 


Note. If ax2+bx+e can be resolved into factors, then 


i i i Det їп the 
integration can also be performed by expressing EI SET 1 


Кух+Ё ks ха, 


form 
€QX-c64 езх+с„ 


В . 4Хх 
52:9, 14). jo сЕ. iy [—— X). 
) ates and (ii) ac ) 
(i) Letx—x=z? .. dx-2zdz 
dx . dX 2, 
or, = 2dz or, m pe 
Again, x—«-z? (12, Xz«-z?, or, х-В=22 +<— В. 
Р 3 2dz 
Given integral= | ————— 
: [оя TX-B . 
—2 log (z+ Vz244—p)=2 log (/x—«- Ух 9). 


dh dx " рх+9 
$210. (i) | and (i) | Teepe re 


: ах 
© | Јах? 4- bx +e 
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Here there are two possibilities. 

(а) ax?-Fbx--c can be expressed as the product of two linear 
factors with real coefficients. 

or, (b) Factorisation is not possible. In case (a) follow the 
method of $29. In case (b), follow the following general method. 
This general method can also be followed in case (a). 


If a be positive, 


| dx _ ах 
Jax?-cbx--c Ја „ре 5+ 
: а 


dx 


[ If 4ac—b? be positive, then take the ‘+’ sign. If 4ac—b2 be 
negative, then take Ба *—' sign | 


бе, [ыт ТЕТ aum nre m) 


JB xx 2a 
and this is of the ы (iv) or (v) of § 2:7. 
If a be negative let a— — d ( d positive ) 
| ах a} [ ах 
А е 


-7 PG NT, -m 


1r d b ddc 4-52 
m—-|———— tæ с, x? 
73) үх — t2 | Е 
This form has been discussed in $ 2:7 (vi). 
3241. Integration of integrals of the forms : 


dx 
9 [с Jex-- d 
and (ii) | 4х 


(ах--5) /рх rax ir 
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(1) Tf we put ex+d=2°, then ea 75552 will be reduced to 
one of the formas (i), (ii) and (iii) of § 2-7. 
dx 


If we put ax+b=i, | will be reduced to 


(ax Fb) /px3 +9x+r 
‘forms discussed іп $ 2:10. 


Examples 2B 
Integrate : 


Їнэн 

1--а 2) 

Letax-z. 2. adx=dz апі йх=® 
| ду -| Ld -li d laria 1(ax) 
1++аїх% ia(l+z?) a!l+z? а a 
| e?dx 
etyl’ 

Let, e°=z. 1, e*dx=dz and e9*=(e*)? m z3. 

4 e*dx dz -1 EN 
Хошин m em =tan (eF). 

So, LS Iz ап-12 (e?) 


B: f cos х dx Let, sin x—z ; cos x dx=dz. 
1+sin?x 


cos x dx d: _tan-12—=tan-1(sin x). 
чо, [тешет [тз 


ах 
4. | sF log x°} 


Let, log x=z. 2. P eds and 1+(log x)? =1 +2°. 


[тш m =| dz tan-1z=tan- 1(log x). 
1х(1-(08 х)?} J1+z? 
е*4х 
5 [тсн 
Let,e"=z; .. e*dx-dz and Past E 
eds ( dz a 142: 1 
Гэ гэгч log 1-z i өү 
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cos 6 d6 cos 6 49 
6. [seco de [e«5]- ET á “нөт HS 
Let, sin @=z, cos Ө de— dz 


4 | 4 1-2 1--sin Ө 
1888 = [tsi 8 1081::2253 102 p ung | 
Slog /t+8i0 0 log us 9 жан 1+sin 6 | 
I—sin ier cos Ө 
‚ =log(sec 0 4-tan Ө). | 
7. эж De 1). 
Let, x? =u ; 3x? dx—du 
a (3х34х p dw i —1 | х3-1 
247 m poi: log " ai? log c-r 
| x 
JW 1i-aix* 
Let ax=z. .. adx=dz, or, ах, 


ах 4х lt Жи . 
I aj == sin шалан” ВВ (ах)+ с. 


4 4 3 e 
bermo erama ua xj 
-3| ,— | dx _ 3log ger -3 Ох+зу +, 


3x+4 2x+3 
ad 3x+4 
Bani 1 hin 
| dx _ dx _. dx 
x2 4x4+1_ 12,3. тү? (/3\? 
(882) 831085) 505) 
Now, let х4-1:5:, ... dx=dz 
dz 1 z 
Given integral= Pes а ШЕТ +c 
: Зу V3 V3 
2 2 2 
2 -1х+} 2 -12Х-1 
= — =—_t 1 
3 E es X d 
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is not a standard form. Putting 


€ dx 
[ In the above example, orci 


z+}=z the integral reduces to the standard form [- E. 
+(e Y 


dx 
П Yee е 
Бас 12x+8 


| 4х =l dx 
9x2 — 12x48 |(3х-2)-25 


Let, 3х—2=2. 4. 


sec?x dx 


12. Integrate I= Vai ЕЗ 


Let, tan x=z, sec?x dx= dz 


3dx=dz. dx-——. 


Г Rajasthan, 1959 1 


Given integral |. Ee GF 


Now let, 2--1::4 .’. dz=du. 
= du кс 21:43 
апа I=| rr. Jp 05 tan m i 
1 zal. oL 
= 72 {ап-1 72 Tem 7 tan 


2 
+( J2 


21 (ne) 226 


dx 


13. jz Tahe эс 2573 


«-5-G* 


1| 42 2. 
=} жопу 15—85° 690] 
pM z—4, ,_! x—5—ü 1 
755; 8 nq ticae s 21+ log 2176 
ах ах = dx 
Me ee ol (x— 


| и=х— (say) | 


Е 
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= [ log melk. i ыкы 
"UL Macr. pg LAM 
2 2 2 2 
ыы 
15. m й in дах [ C. U. 33] 
=g 3 ах-2| 59 
=1|®- Joy яу [ x? —2x+35=u (say) | 
=] log uM p [ х—1= say ] 
=} log (392x435) 4, tan- 1 sate 
=} log (x? —2x435)— gam 1 T 
16. Integrate [22 
p рх ах 
=i tela 


4х+1 | 
Now, [perp yay = lon +х—1)+-с, 


Гэ MC ачин | 


4 2 
[кетес Ji Е) 


Х+4) 7M 
zl xc-i-i 2x—1 
log —— 5$ —2.-e,— 
223 g spip 507 3 log rT 
Given integral 
=} log (2x? +х—1) +5 log 2х—1 +c. 


2(x4-1) 
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dx 
17. I =н”? log (\/x +\/x—4). 
х E NM PS 
m Ic У(х--3)Х--4) 


=2 log ( /х+3+ /х+4. 
19. ea fl dx 


=2 sin t, [5-2 sint Jf. 
E I [C. U., 41] 
Given integral =| пете) =Й 

“| 409 шон OTF [ x-$2! (say) ] 


—sin-! jasin! 21—sin-! 2(x—8)=sin-}(2x — 3). 


| dz [C. U., 1942] 
3x? 4x2 ; 


Given тев | m 
3 


= dx d nul dx , 

3 Ма +4x+$43 ve 2) 
dt 

Ї 


=," ар + (2) | 


1 yt 4-4ү--3 
=—з log (xit +4243). 


x4-i-t say ] 


-3 log {3х+2+ Jo +4х+2)}+с 


2 ах =| ах 
2%: lone 3140-4477 
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=| r= [х+4=г (вау)] 

= 3\2 5 
14 5) + 

=log CELER +( sy "]-tog х-14 Ун) FS 

Lp [+ T— \=log = ! ен 
=1ор (2х--14-23/х5х:-:1)-4108 2+с' 

Now as log 2 is a constant, 


і ах 
JixxYx3o 


=log (ё 


slog (2x+14+2 x2 4x4 1) +c. 


2x+9 
8 -х-1 


23. їшевгаїе | Jz 
Ho +x+1)=2x+1 and 2х+9=(2х+ 1) +8, 


2х+9 — 2x+1 8dx 
Now. XLI|——————dx4|——97* — 
arr х1“ н «X +х +1 


= +x +148 | 


4х +e 
М(х+1)2 43 7! 
=2 /х#+х+1+8 log (eni) Ла | T6 +6, 


=2 Jx7+xX+1+8 log Perl as +x+I ec. 


24. Integrate | x 
х + 


| Sane} ant | ах 


= Vx? 41+ log(x+ Jx? +1) +e. 


25. Integrate : IN 22 : БО (С. U. 1925, *28, 5591 


Іза | JZ XY ды + di х ах 
238 —— Io Jr а бау) 
Now, hz) EM 


INTEGRATION BY SUBSTITUTION OF VARIABLES 
x dx 
Hor; „== ЕВ, ы 
: IFS 
Let, 1--Х3:25, 2. —2xdx=dz, or, хах--2 
dz _ ? _1 == 
= |=: += VITSE 
Given Integral 27, + Г =8їп-1 х+су – {/ x3 tes 
—sin^! x— VI xi +c. [ci 05 26] 
3x41 
26. Integrate ————— 
à 4 =a 
3х-1 ЗИ" “Жы. А S, dx 
| J(2—3x— 2x?) la alor 5 
5 4х 
=-3 2-3х-2х3 -гэЇ-тт ээг-эттхэ +6, 
B ат сря 
, 57 20, (Axes 
E ed EC CON ME 1 
——8J(2-3x—2x3) aa = )+е. 
27. Integrate [сток 
d (Х++1)/х+2 
Let, х+2=и%. 2. dx=2udu and x+1l=u?—-1, 
| dx - 2u du _ | 4и 
(X+1)\/x+2 = етти uriu 21 
—log? t= i+e=log ух-2-1,с, 
мх-2-1 
4х 
28. Integrate 12888 
g eri 
Let, ica 2.0 dx=2t dt and x21? —1 
ї == | ма 0. | dt 
Zr Jen (2—12 2102-1 
=2. 1 log 1-1 clog МХ 
1+1 Мх+1+1 
ах à А 
t tegrate | -.—— ———————-  |[Punjab, '60 
ца. lc agir [Punj J 


1 Е wei 
Let, 2X2. кг -d= di. 
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or, ахай 1-28:-343-41-2(2-1) 3-1) 
=1-4424 12-1243 98 — E 
[ ах ES dt / 
Еи 798103 р 
M 
БУ. fad | 
=| arara Je ЗЭН fo 
dt + 
Ka malg) 
5 log [0 Јар 2 «(4By ye: 
=} log (55-22) 48 ГЭНЭЭ 
=4 log bezat ass at zy E Z3) Ht 


= Sx-1 | /Г-2х-3х8 
= log) — ap T Я 
s 8 82-07 30-x) ү 


Exercise 2B 
Integrate : 


1. () [5 (ii) Га (ii) 4. 
(EES o [E o {гд 

o Јоу актару (i зноя 

(ix) [>= [ С. U, 58] 
20 [omy 6) (25 een 

(ii) — (x>2a) (v) ын. (x<2a) 

б) Гат 5s (0) | 6 Cii) 15°, 9 


(viii) (совес Ө de 
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£06 [5 (пу [|-. 9. mm [^ dx. 


У +9 Va? +b? x? М 
- 
Gv) [7255 у. ® fares штуу 


sec?x s 


1 (v) Jot us -tan?x 


Q™ . dx = dx Tr dx 
АС MET (ii) [яри ш) xin 


м. NN а C dx 
wy) h-E- б) 5 cos x dx 


sin?x+2 sin x4-5 


©) aar O Гараз 

бш) Lom 69 h тышуу [0087971 
5. (i) [acus [ C. U,, 1926. 28 ] 
&) [2 д4 19.0.1935] (ii) [mm dx 

v) fee б aa 
6. 0 mU 1931 ] [m 

ш (ae 
dir 9 S 

80 [ou mE. ГР Р» 19321 @ [ Se 

dx 


б) Грега [ Gorakhpur, 7631 


у [98 (Арга, 6!) (vii = 
09 paga V 160-00 | ema Аш, 61] 
! sec?xdx : dx 
2 _ ON 1408 
(viii) Б acumen. O 5 У@ов x)? +2 log х--5 
2x43 


& @ I [C. U., °28, B. U., 45] 
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22 2-2 ? 
ШИГ „айй 
- (2х--5) dx Р хах — N ,'32] 
шш) | V(x? +3х+1) н) | /х% +єх+1 ш 
0) [ET жаңа 
5—6x a | _(2¥-+5)dx_ 
09 eae Ui) = 
: dx a [ da 
5.18 Jos) Лх 0) Ia x /3x 4 
Е, а , 
dou cM eu, 
10. (i) last [Andhra, 6631 
2 ах m dx Р 
(ii) тта (iii) ти [Poona, 7631 
4 dx dx 
laws © quet 


s dx 
9n | J3x3 —x3 +1 x2 +1 
42:12. Integration of integrals of the form 
| — SE 
а cos Х-- sin x4-c 
In integration of integrals of this form use the formulas 


2 tan 5 1— tan? 5 
sin x= ——— “©. and соз х= 
1+tan? 5 L--tan? 5 


Put tan 2-2 and the integral will reduce to the form of $ 2:8 @ 


The method is illustrated in the following examples. 


Ex.1. Integrate : I [C. U. 74] 
| dx - | dx m 
5-4 cos x 1—tan? X 
IT Wem t 


INTEGRATION BY SUBSTITUTION OF VARIABLES 


а aT 
Б (1+tan Jr E sec dx 
5(1+tan? 2)44(1-чаа 5) 9-+tan 5 
24: * ox SE РОСТ E ys 
“| сн (те, їап 57: zu sec 5йк--4:) 
4: 1. 
ёс | 2-2 -1 
=2) үр z tan то 
2 1 х 
=“ =1 
=; tan (5 tan 5) +e. 
Ь ах 
Ex.2. Integrate : Быт 
dx = ах 
Ies sin x4-cos x a X 


a зап — 1—tan? ; 
ы M а 
1+tan? 5 1+tan? 5 


| (1 +tan? y 


ll 


s(1 tan? 3) +4 tan s*( 1— tan? 5) 


аж 
sec? zax 


=| 2dz 
sus К x ~J2(22 +2242) 
2(tan 5+2 tan 3+2) 


| Let, z=tany 52 4:-1 222 


= бааж ( tan 5+1). 
7 * dx 
Ex. 3. Integrate : lox mu 
ds(1--tan? 2) 
Given integral = — oa 
ЕЕ, a 
32 tan 2-4(1 tan 2) 

24: € х . а X31 ну. 
е2 68 Найр .. Sec = 2dz| 
=| +6:—4 EH, 2 2 

dz 11 lo ztí—i 
=| — n 5508 arete 
jero 223 "rri 


2 tan х-1ү6 
2 tan 5*4 


= 


39 
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dx 
а COS X-Fb sin x 
by the following method, Let a—r sin Ө, b—r cos Ө. 


Alternative method : | 


r= Ja? +5? and tan 8-4 Or Ө=іап-1 $ 


Given integral 
= | ae [ dx -— 
"lacosxabsinx |r (cos x sin @+sin x cos 0) 
—lf dx 
- Р 


_1 x+6 
Яадын (+ 0\o=! log tan 4- 


-14 
= log tan (2-4 їап 5) 
Now, putting а= —4 and b—3. 

Ї ах 


5 1 (1 1 -1-4 
38 2-4 cosx 33.43 log tan ( 3x-F3 tan v)te 


2-4 x -14 
=; log tan (7-4 tan 3) +e. 


Exercise 2C 


Integrate : 
эн 2 les IC a 
4+5 cos х 51534 sin x 
= 4 { dx 
4—5sinx ' J3 віп x+4cos 4 


| dx 
2--8Ш Х--сов x 


Miscellaneous Examples 2 
1. Integrate: [5/1 yx dx, (ii) | Лаа x sec?x dx, 
т. ах " 25 x+3)? 
ii L———— —— —/ dx. 
ci) Ё V1+logx ш) Ї/ї—х 


G) Let 1+r=z, 


2. dxzdz 


E 1 6 8 
з таа а | анода tate. 


сап also be integrated 


INTEGRATION BY SUBSTITUTION OF VARIABLES 
(ii) Letl+tanx=z (12, sec?x dx—dz 

ттрек ЗЕ =, 1 
апа йл -rtan x sec?x ах=|Ута:=|:* 4: 


=trite =#(1+tan хус. 


(ii) Let 1+log x=u .. ldx=du 
dx =|“ 4 
and | —————- u du=2u? +c 
" ls Ji-clogx Ju =| 


=2 Jute=2 JI Flog x4-c. 


1 


(iv) 1еїзїп-1х+3=7 dx=dz 


41 


JI—x? 

(sin-1x4-3)? n [.a4, 2? , pm (Sin 1x c3)? 

and femme dzz 3 Tc omer иг +e 
5 x?dx ? ; 

7 te: нас nchi ’63 ; P. U. 46] 
2. Integrate: (i) | 7537 [Ва 
Let Х--2-212 2, dx=2t dt and x=t?—2 

| xidx (ea 8 2: dt 24e 4-4)dt 

4х4-2 t 


t? 
ex -$to +41) +c 
3 
2128-14-20 86-2) +e. 
iy) Ја Еа. 


х /х+4 
=| x x | 4dx 
IK +4 X /х-4 
dx dx 
шин үг —_=/, +4, 
| /х+& угаа” : 
Now, let wt+4=2? .. dx=2zdz and Jx+4=2 


п= шэуй=?г=2,/х+4 
2: 4: 4: 2 | " z—2 


and „= Ї эж dz z3— 794 =5 0 2+2 


Ух-4-2 


i log аа 
2 Ух+4+2 


42 
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So, the given integral=2 Jx-+4+42 log. УХ+4—2 
Ух-4-2 


ах 
3: E ——À—— 
Integrate: | ЛЭ 
Let ax+b=z 2. adx=dz, or, dicit 


. dx a 
we ——————-— — a 1... 
М1-(ах--5)) 2855 sin 1z-4e. 


= sin^? (ax -- b) 4 c. 


4. Integrate: (i) | + 
ах+ 
Gi) [f(ex--d) Јах + ах. 
Letax+b=z?, ,', adx=2zdz and x=, 
22-85 
(i) | ex+d di « a )--4 r 

ээржэээээх.. — 2-4: 

Jax b w aaa а 
=2°[;ь2(а4— be 2e z3 | 2(ad— 
xL айн mdr z+ ын bo), sy 
гм 2с 3 2 аа—Ь 1 
заа) ento уу, 


Gi) [беха Jazze ax=f (e= 3d) Zaz 


me 


„ 22,4 ad— bc 2c z5 ad— bc) z3 
al? de + 295 Dens +2 ai OF +k 


= 2¢ 3 2(ad—be) з 
sien eo) 54-202 10, 5) 8.44, у 
5. Integrate; (55-3232 3x4 63 
£ арр [C. u. '63] 


[EERE Bet dp +2 D? 4284 +3 45 
‘leew a х8 42x41 


= 1 “үүр |» dx4- |dx+ foe 


x2 3 
pa T, НИҢ 
z+ ЖЕТЕ 
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x? +1)x : 
6. Integrate : IE StD dx [C. 0.68] 
(x? + 1)х x3dx x 
үс > =| ai et 
Now, = х =|&, [Let xt+1=z у. 4x3dx=dz] 


1 log (z)=} log (x* +1) 
and J, =j" ЇЕ [Let 332: 2, 2xdx-dí| 
=} іап-1/=1 tan“? (x?) 
x? 4- 1)х 
[а= log (x* +1) +4 tan“ 108) +. 


7. [tan?x 4х==|їап x. tan?x ах= ап x(sec2x— 1)dx 
= [ап x sec?x dx— (tan x dx 
=f{z.dz—log sec x, [In the first integral put 
{ап Хаш2, 02. sec?x dx=dz] 


z? 2 
— leg sec Х-нс::1 tan?x—log sec xt c 


8. Integrate : [aao sd [C. U; 3581 
1 cos 


| Р sinx (= Цаг x4-cos x)—(cos x—sin Xx 
sin x-+cos x sin X4-cos X 
al а x—sin xj. 
sin X4-cos x 
—1x—1 log (sin x+cos х)+с ['- the second 


integral is of the form Ge Јак | 


i b 
Note: Ifan integral be of the form а он then 


express the integrand in the form 1 x (denominator) 4- rn (denominator). 


See the illustrations. ] 
(2 sin х+3 608 
3 sin x +4 cos X 
Let 2 sin x+3 cos x=1(3 sin x+4 cos x)+m(3 cos x—4 sin x) 
=(31—4т) sin х4-(414-3т) cos Х 


9, Integrate : 
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Equating the coefficients of sin x and cos x from both sides we 


get, 32 3 Т9"). Solving /--13, m= 


Required integral 


= [226 sin x-- 4 cos Х)--5,(3 cos x— 4 sin х) ix 
3 sin x+4 cos x 


3 cos x—4 sin x 
=| 18d; с - 55550 
[38 «+з; sin x+4 cos g^ 


=}$x +} log (3 sin x--4 cos x) +c. 
10. Integrate: (i) (= 2x x (ii) (= X dx 


cos x Os 2x 
iy (0082х,. (2 cos?x—1 — 
(i) | co а | r7 dx 2[cos x dx (вес х dx 


=2 sin x—log (sec x--tan х) с. 


m cos x cos x 1 43 cos х dx 
ш E cos la sintx T Bi —( J2 sin x)? 
=) cs [Taking J2sinx=z, JZ cos x dx=dz] 
1 1 1+z_ 1 1+ J2 sin x 
lo i= 
CUBE 981 2799 bs nex 
11. Integrate : | —. 
(а cos x 4- b sin х)? 
[ dx -| ах 
(a cos x+b sin x)? ^ Jcos?x(a-rb tan x)? 
1 
=| E mn 25 a+b tan х==2 (say) 
(a+b tan К 21 s. b sec?x dx=dz 
1 1 1722 
Eu Pte ~b abtan ^ 


Alternative method : Let a=r cos 9, b=r sin Ө 
а соз x+b sin x=r(cos x. cos 0--sin x. sin 8) 
zr cos (x— 0) 


where r= Ja? -r-5? and б=(ап-1? 


dx 1 


Required integral — Їн Foose) =F 


(sec? (Х-0)4х 


эрс tan (x —tan- РЕС 
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12. Integrate : [ашшы 
(a+b cos x)? 
Leta+bcosx=z .. —b sin x dx=dz 


z—a 
and cos x=—_, 
b 


sin2xdx __ 
(a+b cos x)? _ 


22-02) 
_ 2 Emme 
=j] 7 o Biz Bis 


Ё sin x cos x dx 
(a+b cos x)? 


Now, | 


z? 
2 . 241 
LX. log z pz 
2 2a 1 
=—— log (a+b cos x) —2-.— — ——— 
b? REB RR BP a+b cosx ^ 


13. Integrate: (i) {sin®x cos?x dx [C. U. 7681 
T as 3. um ss [sin?x 
(ii) [sin X cos?x dx (iii) = 


(1) fsin®.x cos?x dx={sin®x.(1—sin®x)cos x dx, 


[Letsinxez .. cosxdx=dz ] 
z(z9(1—z9)dz— |20 dz — (z8dz 
21 z9 " r 
C Tomlsin'x—1 sin?x-4 c. 


(ii) (sin?x cos?x dx— [1.2 sin?x.2 cos?x dx 
—1/[(1— cos 2x)(14- cos 2x)dx —1f(1 —cos?2x)dx 


-i[(1- 5929) (3 — 1 cos 4x)ae 


27 sin?x 1 — | tan2x.(1-+tan2x). sec2a dx 
Gi [Ia = nts tani , 
[ Let tan х=? sec?x dx=dz | 

jur a DE tem} tante] tandxte. 
=|г(+®ш=у+з tems п i 
form fsin?x cos?x dx the power of 


hen the other is to be replaced by z. 
n express the integrand 


Note. If in integrals of the 
one of sin x or cos x be odd, t 
If both p and q be even positive integer, the 
аз sines or co-sines of multiple angles. 
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If both p and q be even integer and one of them be negative, then 
put tan х=2 or cot x—z. 


14. Integrates | Јес x dx. [C. U. '62] 
— „2 cos x: 
[/Т+єзес x da=] V1+c0s Хүх-- 2 d 
cos x 1—2 sin? 5 
= == 22220 | „2 sin =? ( зау) 
+ cos 5dxe dz | 
—2sin^!z-c 


=2 sin: ( JZ sin 5) 4c. 


15. Integrate : d [C. U-] 


sin x ___fitsiax—1 
emi oe X 
ones V dez 


= Ji-+sin x da- [ds 
T+sin x 


-| с08 58 5) dx— f edi... А 
соз --sin 5 


бог, (cos 5 -+sin 2) =! +sin X 


=2 sin *—2 х1. БЭРТ 
5 COS у— 7 |совсс (+ 
аы х 
=2 sin 5 2 соз у— 


JZ log tan (2+8) +. 


Miscellaneous Exercise 2 
Integrate : 


1. fü-x)dx 2. [а әд, 
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cos 2x ЕЕ x? 
3. [52 ai 2 4. [xa* dx. 5. [x%e™ dx. 
2 

үте» Жа. ву [2 +6х+9 Oy 4 зуйх. 

log (log х), g. [08 х : 

jee Co Dux. Ї слу. | [C.U.'64] 

dx 
162] шоху 222225 Use 

" eye бе үүлсэн loge уруйн 

sin*x , 
п. (Sa [QUU 12 IA [C. U] 


13. 0) (б ше [C.U. °67] (ii) [с=с [C.U. *63] 


х2--х-1 


х2-х-2 


dx : Se йл 
14. Snort [C. U. 766] [Hints: Put, 14-x?—2?] 
dx dx 
à 55 592319. . — C. 0,762 
ре Без 7x 4-12 15 | Jaat ( 1 
17. 0) "E [c.u.768]  &[ [== 
ad Б: & 79 ETE 
x 
[ Hints: Put 1+ Jx=z ] 
Р dx 
19. (i) Б (ii) Jee 
0. ae 
[C. U. 5681 


21. (i) [sin?x cos? хах 
(i) fsin*x. cos?x dx 
ха, 
sin (x+4) 


24. | x? 20555 


9 
26. Биш 


6 y 
sin® x x: 


(ii) lc 
23. |./2х--х8 dx. 


x4-1 
бх) уох 3x8 


25. | 


1 
=й 
27. fern 2x 
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Е — 
29. (i) eus [C. U. 65] @ nm 

30. (i) fae (ii) E x 

31. (i) m Gi a cox ES sin x)? 


А с05 Х = cos x 4-2 sin x 
9». 0 [2+5 x-rsin nat ш) [s cos х--4 sin iau 


33. Наэ» sin x -- 14 cos х x 
3+4 sin x+5 cos х 
[Hints: Express the numerator as / x (denominator) 
+m х (denominator) 4- n.] 


о 08) Ї- 2 


4 cos? х—3 cos х cos 3x — cos x 


Н соз 3х РА 

БАП ЁС @ [x 
4 (sin 3x Р і 

36. (i) dn. (ii) lan ae dx. 


37. Show that : 
3 1 _1 1 _ 
@ [т=ш= _Чх==г tan MN, tan-! (VZ tan x) 
T tan x dx—2 
0) НИ xcosx” Йал ж 
(iii) ftan?x dx— —1 tan*x—1 tan3x+tan x— x, 
(iv) [сої5х dx— —1 cot4x+43 cot®x+log sin x. 
38. Show that, fsinjd(x)].9'(x).dxe — cos(4(x)) and evaluate the 
following : 
(i) [sin (log х) das. (i) [sin (e*),e* dz. 


(iii) sin (xe?).e"(x -- 1) dx (iv) sin (tan x) sec?x dx. 
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39. If (f(x)dx—g(x) then show that 
{fisin x}. cos х dx=g{sin x} and evaluate the following integrals : 


0) jn * соз x dx. (ii) [5іп5х.соѕ x dx. 
(iii) lass y COs x dx. (iv) Лор (sin x) cos x dx. 
(v) fecus cos x dx. (vi) {sin (sin x) cos x dx. 
40. Integrate: (i) Java 5 RT Im 


T е“ 
Gp | беку з 


CHAPTER THREE 
Integration by Parts 
$31. In this chapter we shall discuss integration of the product 


of two functions. Generally, these integrations are performed by the 
method of integration by parts. 


Theorem. Ifu and у be two differentiable functions of the same 
variable x for all values of x, then 


|449 ах=ио |44. | 


РгооЁ: Я (wu зүй 


Hence from the definition of integral, | 
uz tu и уй) ах. | 


4: d. 
=| ах + |а. 
ог, (Ё iS dem - 222 


In the above theorem both и and ыг are functions of х. 
x 


Let u — f(x) and а=). 
аѕ шаг *, dv=¢(x)dx 
p E фе = x. 


or, (dv (d(x)dx, or, у= |Ф(х)йх | 


Hence from the above theorem one can write, 
ао) боо Gods | [{ ад) [400a |ах. 


i.e., the integral of the product of two functions 

=(first function) x (integral of the second) — integral | 

of {the differential coefficient of the first function 

x the integral of the second function}. 

"This formula is called the formula for integration by parts- 
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Ex. l; (x sin x dx 


={xfsin x axs—|| {Le} [sin x dx dx 
=—х cos x— }{(1)(—соз x)}dx 
= —x cos x4- fcos x dx= —x cos x+sin x+c. 


Ex.2. (X? cos x dx x? [cos x dx 


5 | | o ) (сов х аа ' р 


| =x? sin x— ((2x). sin x dx 

=x! sin x—2(x sin x dx 

=x? sin x—2(—x cos x+sinx+c) [ from Ex, 1] 

=x? sin x+2x cos x —2 sin x c. 
Note that: One can take any of f(x) and ф(х) as the first 
| function ; but one should first determine the function which is to be 
taken as the first function, so that integration can be easily performed. 
In example 1, x has been taken as the first function and sin x as the 
| second. As fx dx and [зїп x dx are both of the standard forms, so 
each of them can be easily determined. Let us now examine the 
situation if sin x is taken as the first function. In that case, 


: х ds 
: (= {x ах—|{( — 
(x sin x dx=sin х.|х dx 15588 х) fx 2) 4х 
2 2 
| => sin x— [2 cos x dxi e (E) | 
| In the given integral, the integrand is the product of x anda 
| trigonometric function, By taking sin x as the first function, we get 


in (9, Їй cos x dx and here also the integrand is the product ofa 


| trigonometric function and a power of x. In Ї cos x dx, the power 


| of x has increased and the integration will be lengthened. If 
1 2 : А Ч 

| їп 5 cos x dx, cos x is taken as the first function, you will find that 
| , 


x3 


integration of | б 


sin x dx will be necessary and integration cannot 


| be completed. x ЖЕЛЕТ! 
. Hence if in integrals of the type fx sin X. dx, trigonometric 
functions are taken as first functions, integration -Will -never be 
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completed. So, you find that the success of the integration process 
depends upon the choice of the first function. There is no-hard and 
fast rule for the choice ofthe first function. But a general rule is 
that the integral which cannot be evaluted easily is to be taken аз the 
first function. In case of {х sin x dx, evaluations of both (x dx and 
fsin x dx are easy. But if sin x is taken as the first function, 
integration cannot be completed. So, this rule is to be followed, 
when integration of one function is difficult. We give below a list of 
rules for the choice of the first function. There are exceptions 10 
these rules. But in the primary stage they will be useful. 


Rules for choice of the first function : 
If the integrand is a product of 


(1) an algebraic and a trigonometric function, take the algebraic 
function as the first function. 


(2) an algebraic and an exponential function select the algebraic 
function as the first function. 


(3) an algebraic and a logarithmic function, select the logarithmic 
function as the first function. 


(4) an algebraic and ап inverse circular function, take the inverse 
circular function as the first function. 


(5) a trigonometric and an exponential function, take any of the 
functions as the first function. 


(6) Sometimes in determination of integrals of the form f(x) dx, 
the integrand is expressed as lJ(x)and in those cases f (x) is to be 
selected as the first function. 


The rules for choice of the first function can be remembered by 
the following artifice г 


Remember the word “LIATE” 

L stands for Logarithmic function. 

I stands for Inverse circular function. 

А stands for Algebraic function. 

T stands for Trigonometric function. 

E stands for Exponential function. | 

In the product of two functions, the letter which comes earlier іш 
the word LIATE should be taken as the first function. 
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Examples. In (x? sin x dx 

x? 15 A and sinxis T. In ЧЛАТЕ? A comes earlier:than T. So 
A i.e., x? is the first function. 

In jlog x dx-jlog x. 1 ах, L i.e., log x comes earlier than A i. e» 
1 which is algebraic in ‘LIATE’. So, І ie, log x is to be chosen as 


the first function. 
5 5 4 
Ex.3. {x sec?x йх==х($ес?х 4х— |1 (узес?х dz) dx 


=x tan x— (tan x dx=x tan x—log (sec x) 4- c. 


Ex.4. [xe"*dx=x. [e** dx— fta a feeds) ax 


хе*= “е 1) 


ete 
а а a a] 


as 
=x. -Ї ах= 
а а 


$ 3:2. Integration of logarithmic functions. 

Ex.1. flog x х= (1108 x dx 

=log x[ гах [C2 (iog xf Ldx|dxex log х-[х ах 
=x log x—{dx=x log x—x=x (log x— 1) 

Cor. flog х"ах= [n log x dxzn[log x dx=nx(log x— 1). 
Ex.2. [(108 x)?dx—1.(log х) ах 


= (oe). |1. dx- [2 “(log x): Ї 22 


=x (log 3) E x dz=z(10gx) —2jflog x ах 


а 


=x(log x)? —2x(log x— 1) [ from Ex. 1 ] 
=x{(log x)? —2 log x+ 2j. 

$33. Integration of inverse circular functions. 
Ex. 1. [sin^! x dx={1.six-1 x dx 


==5іп-1.х.[1. ax- (C2 (sin712)f1. аах 


=х зїп-!х— | 
/ 


sf ах " 
Now, to determine| сүрьеэ! let 1—x? =: 


Int. Cal.—18 
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°% —2x dx—2t dt or л dx —t dt and. J| x? — 12 —t 


|-5 -j =-=- Л. 


required integral x sin^!x 4-/1 — x?. 
-1 5.8: цан ecd 
Cor. [с08-! x ах-1(5 sin хүх 
= [5ax—{sin“1x айх=ул—Х sin-!x—,/1—x? 
=рх— x(5—cos- а) /T—x2 =x соѕ-1х— J1—x2. 
Ех. 2. |(ап-1х ах= [14ап-1х dx 


-—tan^!x. п. (C (tan 3 fi. dx} dx 


=x апт fa x dx—x tan! x — log (14-x?) 


Cor. (cot-!x dx 


[£a 3 dx [dx — ftan- lx dx 


л 
—5x—Í|x tan^! x—$ log (1--х2) 


=рх—х(й—сог! x) +3 log (14-x?) 


=x cot^!x-F3 log (14-x?). 


Ех. 3. (вес-Їх.4х--(1.56с-1х.4х 


=5ес-1 х1. dx— [(Z sec 2) f1Ldx)dx 


=x secta — [Lee tof ах dx 


1 


=x 5ес-1х— -|s 
Xx? —1 


Cor. (совёс-Їх dx=x соѕес-1х --log (x 4- J/xs —1). 


Examples 3A 
Ex. 1. (x?cos?x dx= [x?1(1-F cos 2x)dx 
—i[fx?dx--[x? cos 2x dx] 


Е +x? [соз 2x dx— |{ # (хэ eos 2х аа] 


х @х==х ѕес-1х—1ор (x+ x3 — 1)- 
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Egg Hes 1 sin 2x 
Sub - з| эх. 5 ах 


5 HE = х. ЛЕ sin 2x dx 

“ot ER 2 abt sin 2x dx-| (8) [ча 2х ах|ах| 
zx 2 x3 = 2 _ (0922 +5[ (= dz 
ELE ш 2х үх = 2x Tan 

=% 4E E 2x х = 2x _sin 2x e 


Ex. 2. [оез erae o) [ras 
—x3e5— (2x.e?dxx?e* — 2xe* dx 


=x?” —2x.e* + 2| (205) [ea ex 


=x? e" —2xe* + 2|e* dx —x3e* — 2xe*? + 2e* =e*(x2—2x+2), 


Ex. 3. [xett dx=x. [еа rye jas 


rete APT LETT 3) 


Ex. 4. [x° log x dx 

=log x(x%de—| {4 dog x). рэа)ах 

= x— (es 22 шон х |5 

«Хлор ж (3 log x— 1). 

Ex. 5. flog(x? + 7x+ 12)dx= flog{(x + 3)(z+4)}dx 
= flog(x+3)dx + jlog(x+4)ax 

= Пов u du+ flog v dv [x+3=uand #+4=p (say)] 


=u(log u—1)+v(log v—1) 
=(x+3){log(x +3)— 1-04) log (х--4)-1) 
— (x 3)log(x--3) + (+4) log (х+4)—2х—7 


aA 
un 
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Given integral 
=(x+3)log(x+3)+(x 4-4) log (х--4)-2х--с 
Ex. 6. Ј(зіп-1х)2 х= (1.(sin-1x)?dx 


—(sin-!x)? [1.ах— (Fina)? m IL 


А 2 sin^!x 
= mio perd pe 
х(віп- 1х) | = dx 


=2(sin-!x)?— 2 [ sin- | БЖ -((£ (sin- 50| 7 22 а) а] 


М1—х? x 1—zx? 


=x(sin- 1g)? in-1 re 1_(_ n—3 
( х) +2[sin х./1-х +| М) 
—x(sin^1x)?--2 J1—x3 sin-!x— (2.dx 
—x(sin-!x)?--2 J1— x8 sin-1x—2x. 
7. [соѕ-1 Jg х= {1.соѕ-1 Jx dx. 


=cos~! ЈЕ] 4х— {2 (сов-1 x) [td] ax 


=% cos ly/g— |- Lal x dx 


=x с05-1 Ух++ | „х dx 


Now, for | 7 Jx 
1 


dx let x=sin? ө 


Ir [52e 2sin ө coso do 
Wis |, НИ? [2 sin? 20 dg 


= [a cos 20)40--0- zm sin 70 sin-! {ТЛ ET x 
—sin^! Jx—./x—x? 


-. Given integral=x cos-1 WM ENT ia Vx—x? 
2 


=x сов-1,/Х--1 (2-сөв-1,/8)- is 


= оов) Jy Vae 


л 
ta 


INTEGRATION BY PARTS 57 


S [cos Nxdx=(z—3)cos-1 Jx— Мах үр 


2 
БЭР, 2x зү-1(| 2 tan 
Ex. 8. 1 dx x 5 
х 8. аав) einh ERS), secto do, 


[ Let x=tan Ө; dx=sec%g 401 
={sin~1(sin 20). ѕес20 40:52(0 sec?g dg 
=2(@ tan Ө— [1. tan Ө 4)1-:2(0 tàn 6 —log sec, 0)--с 
—2(x tan~1x—log Aid x2)d c. 


Exercise 3A 
Integrate :— 
1. (x? sin x dx, 2. (x? sin 2xdx. 3. f(x4-S)sec?x dx. 
4, ((53--3х) cos?xdx. 5. [xe*dx. 6. (x2 —2)e2=dx, 


7. log ахах. 8. f(logx)?dx. 9. {х log x dx. 
10. [% Хау. 11. [a +x?) log x ах. 
12. (Qx?—5x-2)log х dz. 13. flog (sin x) cos x dx. 
44. ftan-lx dx. 15. fsin-!Qx /1-29) dx. 
TM -11-x3 
16. | атга UT. feet 


18. [sin-? ‚/тах. 19. f[(sin- 'x)3dx. 
20. {cos~1xdx [[sin x-! dx without determining] 
21. jcot-!dx. [ftan-!xdx without determining] 
22. |совес-Їхах [ѕес-1х dx without determining] 
23. |сов-1(1) х [fsec-!x dx without determining] 


534. Standard forms : 

[e** cos bx dx and је“ sin bx dx. 

Let fe*® cos bx dx—I, and (55 sin bx dx—I, 
I, = fe^? cos bx dx. 


ze, {соз bx ак-1| өег {соз bx ds) ах. 
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—,axSin bx (а. 5іп bx 
=e {ae к=р or 


Ё gin 5x = pep sin bx dx — (1) 
(ЦЭ а 
= sinbx—.-I, . (2 
b si Б 1° (2) 
Similarly, T, = Ut emn. P сов Бка 
= cos br tele ёс cos bx dx ...(3) 
шаа ебх cosbx — 
=; ==” ow) 


“Етош (2) by transposition we get 

b 1,--а1,-ге95 sin bx 05) 
and from (4) by transposition we get 

a I; —b I,=e%* cos bx (6) 
From (5) x b -- (6) x a, we get 

(a? 4-52) Т, —e?*(a cos bx +b sin bx) 
on p= (a cos bx-F b sin bx) -40) 

а? 4- 52 

Again, from (5) x a—(6) x b we get, 
(a? +b?) T, =e%* (a sin bx— b cos bx) | 


a — 


_¢°*(a sin bx—b cos bx) к 
ог, k= а? +6 ( ) 


Alternative method. 
In the first method T; and I, have been determined simultaneously. 
They can also be determined separately. 
e** sin bx а 


I, —fe** cos bx dx— b zi sin bx dx 


209 віп by баб. а? ( ах ах 
BN + Е cos bx— Ze cos bx 


__ ¢°*(b sin bx--a cos bx) a? I 
23 pi a 
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a? e**(a cos bx--b sin bx 
or, (i4 £)n - RR шишин at ) 
or . &**(a cos bx+b sin bx) 

Ma ri а? 4-b? 
С. e**(a sin bx—b cos bx 
Similarly, 15 “(а sin bee соз 0) 


Now, let a=r cos 0 and b=r sin 6. 
a2+b%=r2 ог, r= Ja?+b? and ө=іар-! b 
ü 
I; =e"*(a cos bx--b sin bx)|(a? +b?) 


_e*#(r cos Ө cos bx-+r sin Ө sin bx) 
= a a 


cos (bx—tan-i 2) 


ete (b 6) (1: 
=*— cos(bx—0)— ———— 
r : Ja? -- b: 


, t et Е 26 b 
Similarly, 15 = Jarret sin ( bx—tan’ 1. 2) 
e cos bx dx =— 24455 
гоё 
Ja? +5? 
2 e**(a sin bx— b cos bx 
and le sin bx dx— a+b? | 


cos (2 —tan^ 2 ) 


е“ 5 b 
E Бх —іап- 1 
arb sin |bx—tan 2) 


Remember these two forms as standard ones. 

$355. Је) + Р(х). 

fert feo +f прах fet f(x)dx + fe*f '(x)dx- 

=f(x)e*— f f'G9e* dx fe*f(x)dx [Integrating fe*f(x)dx by рагіѕ.] 
zm fe. 

§ 36. Standard forms. 

O VIFTE ах Gi) 1 Маз de Gi) Sa? ай dx. 


d) [+a dre Ах +a? dx 
- mem. x dx 
2 Jx? +a? 
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=x Pepa ade 
М (= pg? 


=g Jx? +a? — =: "кее ах= х/х? жа? | Jx? +a? ах 
ata? 


2 dx 
+а а — 


ог, 2[WJx?-ra? dx=x x7 ra? +a? log (xx +a") 
(by transposition) 


разах Ух ы БҮ a 8 log (x+ /х®-Еа%). 


G) [VTE dx—[1. Ја a dx 


Adding, (1) and (2) we obtain, 


2|,/88::48 ахх, aat 45 _ 
| v Rem 
=xV x2 —а% —а% log (x+ Jx3 —a3) 

ас ЕРЕН а 29 23 I— 508 
[Ja ды®Ч 4 log (x4- JXi—a3) 


(1) f4/g3—x3 dx= fl. Ја? —x3 dx 


=x fa? —x? ss x dx 
шим 

=x Ja?—x? PURI dr 
SEE] Jama аа (2 


on transposition, 
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2f /a? — x? dx=x /a? —x? +a? ѕіп-і 2 


82218 акмай x? 05 шү-1Х 
| Ja + 7 8i © 
Note. Putting x=a sin Ө you can easily determine this integral. 


Example 1. / Jx243 йх=® 193,2 log (x 4- /x3 +3), 


Ex.2. f Jx?=16 dic TM 16. 8 log (x+ J33 —16). 


Ex.3. / Ja3—b3x3 ах] Јат dt 


[ Let bx=t .. бах-а 1 
t Jai p apod 212225: a? | Ьх 
ser s nt a a a 
Ex. 4. fsec®xdx. Let tanx=r .. sec?x dr=dt 


and sec x=./1 +tanIx= JI} 
|вес8х ах= [sec x sec?x dx=f УГ di 


=МЇ+ё + log (t+ JB) 

2 
tan X 5С Хүү Jog (sec x+tan x). 
p 2 


Ex. 5. |(х—1) Ја 4x41 dx 


diva a 
2ү(х2--х--1)-22х--1 
Неге, ds 


Now, (x—1) /х5--х--1 
={(2х++1) Vx? +x41-3 /х*+х+1 
Given integral i((2x--1) / x+ Í dx 


-3| Jx3 Ех 1 dx 
=ї(х?ї+х+1)#— 3-4 (23а 


ах - 3(Х+4) У КЕ +x+1 


—$.8 log (54-4-- Jx2 4941) +e. 


3 -om 
=x? +x+ 1)? – 3(2х+ 1) JxI Fx F1 
=i log (x--3-- Jx3 4x41) +e. 
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Note. To reduce (x— 1) Jx? --х-„1 in the form 

3(2x + 1) Vxt+x+1—-38 Jx? +241 

let Х-1:54(2Х--1)--8, 2. <=} anda+p=—I or 5: 
Ex. 6. f J(x— «)(8— x) dx. (««x«p) 

=f tu ena dx 


ji -$)-6—<%-—» C); 
Бле Т Юу ea Эл gp — 


=цох «р JOG +095 шаг AEA, 


Alternative method: Let x= соѕ?ө +8 sin?@ 
dx-—(B—«) sin 20 40 

x—«-« cos?9-++f sin?g — « —(8 — «)sin?g. 

B—x=f—« cos?9— P sin?8—(8— <) сов20. 


Given integral — | J(g—<) sin?8 (8 — «) cos?6 


(6 —«) sin 20 de. 


EU 4)? sin? 20 40 
—1(8—«)2((1— cos 40) de 
1820089)? sin 40. 


Now, x—<=(6—x) sin?9 2.) sin ө=, /2—* 


Again, sin 40::4 sin Ө cos Ө. cos 20 
—4 sin 6 cos Ө (cos?@—sin6) 


== цал “ina сэг d 


=A p—x<+f— 2x 
лж 8-3 x ira 


1 ны 
“(гд «)? М(х «)(8— ж)(«+8— 2х) 
Given integra]—1(8—4)? sin- 1, |3—* 


B—« 
—4 J(x zy —3xy«--8— 22). 
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Exercise IIIF 


Integrate :— 
1. f Jx2+9 dx. 2. § J16—9x3 x dx. 
eh 25 
f J1—a2x3 dx. 4. = цан 
2 

5.0, mme 6. 

| J1—x? | Au^ 
7. [ J4—3x—2xi dx. 8. |./5-2х-х2 dx 5 

[ С. U. 566 1 
Examples 3 
sin x 

Example 1. Integrate : Ios хас [C. U. 75] 

x+sin x - x sin x ax 

loros 28 [6 +cosx 1-+cos +) 

1 2 зїп » cos 5 
= х. Бол Xx 
2 cos? 5 2 cos? 5 

1 x 

5 sec? х ак+ [ап 5 dx 

- вес? 5 5 dx— (eH 1.[sec? ? 5 dz ax (tan 5 5 dx 


E2 
( Integrating the first integral by parts ) 


x х 
-. 2 tan 5- [tan 5 dx + [tan 5 dx 
x 
=х tan XU 


Ex.2. Evaluate: fe” log (25 4-36 2) dx. 
Lete*=z “б, х=. 
Hence given integral= flog (2° + 3z 4-2) dz 
— flog (z+ 1)(2+2) dz 
=flog (2+1) dz + [log (z4-2) dz 
Now, flog (2+1) dz=z. log (3 +1)— Is dz 


dz 
=z log +1) [d | 


=z log (:41)-24108 (2+1) 
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Similarly, flog (z 4-2) dz=z log (:--62)-2--2 log (z +2). 
Hence the given integral, 
=z log (2+1) +2 log (¢+2)—2z+log (z +1)+log (z 42) 
=z log (z? 4-3z 4-2) — 22 +108 (z 4- 1)(z - 2)? 
=e" log (2° 4-3“ 4-2) — 2e? +log (e? -- 1)(e? * -- 4e? +4). 
Ex.3. Integrate: [cos x\/sin?x—4 sin x-- 5 dX 
Let sin x=z 2. cos x dx=dz 
'.. fcos x Jsin?x—4 sin x +5 dX, 
=f Jz3—4z45dz-| J(z—2) +1 dz 
=H2—2)/@—D? Fi +} 1081022) + J(z—2 1] +6 
=1(sin x— 2) Jsin?x— 4 sin x4- 5 
+4 log (sin x—2+ Jsin?x— 4 sin x+5)+e, 
Ex.4. Integrate: f2” sin 3x dx 
[2* sin 3x дх-ы log ?sin 3x dx 
[27.08 2* _ „Хх log 21 
E log 2 
— UP ЭРЭЭНБ! 2 si = 
(ов 2p 3:008 sin 3x —3 cos 3x] 4-c 
[ Here а=1ор 2, b=3 | 
Ех. 5. Integrate: [x(sin7!x)?dx 
[x(sin- 1x)?dx — f? sin ө. cos ө de, 
[еї зіп-1х=0 2, x=sin Ө, cos Ө da=dx | 
=1[/02 sin 20 401 


_1[д°——©05 28 [5,—cos 20 


--—5 cos 204- 5/0 cos 20 40 
E193 if, Sin 20_ f} sin 20 
le cos 29-30. 5 fi. = de) 


ll 


—1 6? cos 29+} Ө sin 2ө+°®%26 + 
1—2 sin®9 , „s 
трлр Tte] 


=H{(1—2x*)(sin-1 x)? -2x J1— xs sin-!x —ix? +c} 


=}{(1—2 sin?o). ө? +2 sin Ө. cos 8.04- 
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.mtan-!x 
Ex. 6. te: |- d. 
Ex. 6. Integrate: | (ix ® [C. U.] 
.m tan^ 
= |“ "e [Putting z —tan-!x, dz— — dx] 


l'as (1--х5)5 Ix 
m їап-1х Fe mz 

(3 € 

EI С =Í 5—02 

І+х? Tes I+tan®z 

=| орау гое 2: em? qz 


zife"'dz uS cos 2z dz 
ens 
=}— +i 


“na in Гын 


tan^!x а 
=" 2m zr Со 


Ex. 7. Integrate : {tess cord 


(m cos 2z 4-2 sin 2:)--с 


1 1 1 
fl x (log x)? je zl аз ae 


1 afjl dx— 12127536 
=x gx Paneg x [бов = 
[ Integrating the first integral by parts ] 


г = | 1 
х a gk — | dx 
= ор Үс (log x)? х (log x)* 
x 


azri _1 dx 
log athos [б x)? 


do x 
Ех. 8. Integrate : (sia A ER 


эн NER 
a+x 
x NT, М8 2 
.* zsin?g .,. х=а{ап“Ө 
Let Sed 
+. Given integral sin"! (sin 6).d(a tan?g) 
—aje.d(tan? 0)-5010 tan? ө— (1. tan? ө dé] 


=а[ө tan? өӨ— [(sec? Ө— 1)4]. 
=afe tan? ө—їап 0--0]-Fc 
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-a|* tan-! Яс -J +tan-1 Je 


=(х+а) іап- тА Мах+ с. 


Ех. 9. Integrate : Ё к= == 
х+ Js +a © 


1 Vx? +а%—х 
ү Jez” ше х? e 


EET +a? de vei 


nr ETE log (4+ x2 +a?) )- Е 


© ах 
Ех. 10. Integrate : 225225 
ах 4х [Let x+1=./5 ta 
(x? +2x +3)? “окис S. dx= Wess 
=Í ~Z ѕес?20 do _ „/2 seca de 
(2 tan?8-r2): — 3n] sec* 8 
14-cos 20 sin 28 
“ту ae [o] 
-1(Х-1 /2(x+ 1) 
tan-! — =>. е ДИ: ДИ 
=ral C alto er ]*- 


Ex. 11. Integrate: fxe” sin x.dx 
; Ё : 1 А 
[xe* sin x dx=xfe* sin x- ffa) fe* sin x dx) dx 
BA d fis e” 
=x. 7 Gin x—cos x)dx— | 1, “(вш X— cos x) dx 


=}xe*(sin x— cos xj — 3(—e* cos x)+e 

2 [ If f(x)=—cos x, then f'(x)—sin x 1 
—je".[x(sin x—cos х) +с05 x] 4- c. 
Ex. 12. ІРІ, = fsin"x dx, then show that 


re 


х 


1. = 
I,— —- 5їп"-1 cos x+” 
n n 


Also with the help of the above formula evaluate [sin?x dx. 
I,-—[sin"x dx—[ sin"-1x, sin x dx 


—sin"-!x[fsin x дх-|| Gin*-1 sin х дх| х 
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—sin*-1z(—cos x)— ((n— 1) sin"-?x.cos x(—cos x)dx 
= —sin"-1x.cos x -- (n — 1)f sin^-3x.(1— sin2x)dx 
= —sin"-!.cos z J- (n — 1)fsin"-?x dx—(n—1)fsin"x dx 
= —sin?-ix.cos x4-(n— 1)1,..4 — (n— 1)/„. 
Transposing, 
1,4(п-1)1 = — sin"71x.cos x+-(n—1)/,,_9 
jp sin^-1x.cos xj 1555 
п п 
Now, fsin?x dx=J;=—} sin*x cos х--41,, 
[ Putting п==5 in the above formula 1 
= — ]sin*x.cos x - 1(— 3sin?x.cos x - $1] 
= — Isin*x cos x — ssin?x.cos x 4-5 [sin x dx 
=—Jsin+x cos х — ў; sin?x.cos x — cos x+c. 


Exercise 3 
Integrate : 
ИУС 
2. (i) 5 (ii) [28 5а 
3. 0) = O fox 
Gi) [2—4 09 | aa 


v) ЇЕ: +sin x) ix. 


Ccos?x 
4.() fe? 68° —3e7 +1) dx 
G) |У1-24425 i [хё„Дхб+хз+1уах 
x "ELI J 


dv) Јоса 62) dx [C. U.'66] (v) Јелена д 


5.0) [37cos 4x dx Gi) fe?” sinxcosxdx [С. 0, 74] 
(iii) [е sin (а) (С. 07641 
(у) Је" sin’x ах (v) fe?” cos jx dx. 


6. (i) [z(tan- 1x)? dx Gi) x? tan-!x dx 


m tan`! х 2n x 
| 22253200 Gi) | — —2» 
д | ат 
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sin^! x 29811: i x 
Gi |а da ee dx 
(1—x2)2 J1—x? 
-1 2ci 1 
8. 0) sin x (ii) x^sin +x dx. 
[vata ym Inn 


E ү; ? pi. 
9. (i) а= og xj? “үх ху! ix (ii) Па X)" (log х)! 
(iii) | [logos Daler 


| 


10:0) sinc (3x—4x*) de (у (tanc 28—224 

G) (tani as @) jan 13а, 
uo jx G) | fet tax 

Gi |2. бм) [= гез: 627] 


12. (i) E (tan-!x)dx Gi) [x9 sin-1x dx 


ЭР ç=] — 
13. Show that соз"х dx= gn СОЗ Л" Хад! со$"-?х@х 
п п 


and hence evaluate (cos?x dx, 
2 
14. Prove that : adt ga Hn e Oe 


la sin X 4-cos X) xsinx-cosx 
Integrate : 


15. fe*(tan x—log cos x) dx. [C. 0.64] 
log Jx 
16. |208 "x; ^ 
Í саад [C. U. *64] 
17. fe*(1+x) log (хех) dz. [C. U. °63] 
18. [e"(tan x+sec?x) dx, [C. U. *63] 
19. flog (x4- Jaran +а®ўах. 20. fx log (х+ „2 ғаїуйх. 


1 
errem 
22. (i) flog (1+x)dx. Gi) fx? log x dx. 
23. ftan-1 Jx ах. 


CHAPTER FOUR 
Definite Integral 


1441, Area and Definite Integral. 

You have previously learnt how to determine area of 
rectilineal figures with the help of geometry. 

But area of figures enclosed by curved lines such as circles, 
ellipse or areas enclosed by curves and straight lines such as 
segment of a circle, portion of a parabola between the x-axis 
andan ordinate cannot be determined by those geometrical 
methods. These areas are determined by integration. 
Actually, the subject of Integral Calculus originated from the 
attempt of determination of areas of regular figures enclosed 


by curved lines. 
Let the function Дх) be continuous in the interval 0<x<b 
and the curve cAB be the graph of the function in this interval. 


- Since the function is continuous in the interval, so the portion 


he function in this interval is continuous. 


the y-axis at the point C. 
ch that 0<x<b. 


point P on the x-axis. 


САВ of the graph of t 
Let the curve intersect 

Let P(x, y) be à point on the curve su 
pm is perpendicular from the 
the area COMP be A, ie., the area 


Let the measure of 
axis, pm, and the curve y=f(x) be A. 


enclosed by the x-axis, y- 


Let P'(x-- Ax, Y+ ЛУ) 
is perpendicular on the x-axis. 


be a point on the curve very close 
to P and P'M^ 
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So, MM'— Ax, P'M'— y-E Ay. 
Let the measure of the area CO'M'P' —A-- AA 
The measure of the area PMM'P'— AA, 
' From Р draw рү perpendicular on P'M' and from P’ draw 
F/L', perpendicular on PM: 
Now, Area of the rectangle PMM'L— у. Ax 
and area of the rectangle L'MM'P'2(y-4- Ay). Ax 
Hence in fig, (i), y, Ax> AAT (d Ду). дх 


AA 
= t1 
ог, y- rtr (1) 


Now, as f(x) is continuous in 0<x<b, 
Л. if Ax>0, then Ay will tend to 0, 


li 
Hence from (1) we get, АЖЭЭ My 
da 


ог, gays. 


Again, in fig, (ii), у e <y+Ay (2) 
So, as before we get By йна 
ах 
: dA 
Hence in both cases a x) (3, 


2. from the definition of indefinite integrals, 
A=[f(x) 4х-Ес---(4), where cis a constant of integration. 
Hence if F(x) be a function of x such that F’(x)=f(x), 
ог, F(x)—[f(x) dx. [we assume that there is по constant 
of integration in F(x)] 
then A— F(x)J-c 84(5) 
Now, when the point P coincides with the point c, then 
PM Coincides:with the y-axis i.e., oc and then x=0, А=0. | 


Л From (5), 0=F(0)-+¢ (б) : | 
Subtracting (6) from (5) we obtain, 
A= F(x)—F(0) se 1) 


Now, if A((a, f(a)} and BÍ(5, f(4)} be two points on the curve 
and a<6, then putting in succession x=a and x— in (7) we 
obtain 
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Area OKAC = F(a) — F(0) -48) 

and area ОМВС--Е(5)--Е(0) (9) 

Subtracting (8) from (9) we get, 

area АКМВ-- F(b)— F(a). 

Hence the measure of the area between the curve y=f(x) 
the x-axis and the ordinates x=a and x=), is Е()--На). 
where F'(x)=f(x). 

So, the measure of the area enclosed between the curve 
y=f(x), the x axis and the ordinates x—a and х= [ where 
the function /(x) is continuous in a<x<b] can be obtained 
by evaluating (f(x) dx in the form F(x) and then subtracting 
F(a) from F(b). 


F(b)— F(a) is said to be the value of NC m | Лаа 


is the definite integral of f(x) with respect to x from the limit 
a to the limit b. а and bare respectively said to be the lower 
and upper limits of х, 

Note, 1, In the above discussion, the curve y=f(x) is 
above the x-axis ie. y has been assumed to be positive, If 
the curve is situated below the x-axis, then the value of the 
area will become negative. If the value of an area ora 
definite integral be Zero, then numerical values of the areas 
of the portions above and below the x-axis are equal, 


2. Though the indefinite integral of a function is not 
unique, the definite integral of a function cannot have more 
than one value. 

Note that in the value of the definite integral of a function; 
there is no constant of integration. 

3. In the above discussion it has been assumed that the 
value of the integral can be determined i.e., the function Дх) 


b 
is an integrable function. When | Дх) dx can be, determined, 


d to be integrable in the interval 
A function may not be integrable in an interval, 
book we shall discuss only integrable functions. 


then the function is sai 


a«x«b. 
But in this 
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b 
4. In | f(x) dx, the upper limit b is greater than the lower 


limit a. If b>a, then [ Дх) dx is defined as follows : 
b 
f, fea а | ло) ax. 
b a 
5. To determine [ла dx we write 
5 b 
|, Ax) [о | =F0)- Fia. 


| Ї means that put b and a successively for xin the 
22 

function F(x) within the third bracket and then subtract 

F(a) from Fib). 


Example 1. [ха &= -ЇЕ|-5 аз 3—43 


Ех. 2, р ух ёс- 3 -88-44 -18-8-14, 


л 


х 
E cos x dx-[sin xP =sin 2-800-1-0-1, 


Ѓ x Ma 
(25*1— 1). 


Quer 1"+1 


“AFi ЯФЕТ | in 


H 

Ex.S. (6243 exc [5x] - 85-00-33 
x 

Ex, 6. E cos2x dx [С.О] 
0 


Јсоз2х dx=3/(1+cos 2x) dx=} (=+ ча Be 


я 


f entz ipt 


“ejeje 


| a 
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л 

Ех.7. | їап?х dx [G. U.] 
о 


ftan2x dx= f(sec?x—1) dx= fsec?x dx— [dx 2 tan х—х 
л 


f tan?x а= [tan x—x Ї 


=(tan3—3)—(tan 0-0) 1-1 


х 
Ех. 8, f sin?x dx. 
Iu 
[sin?x dx=}/(3 sin x—sin 3x) dx —3 cos х үу cos 3x. 


л л 


d f sin?x &=|—% cos x+y); cos зх] 
D 


=(-3 cos Ets L cos з) (5 cos 04-.L cos 0) 


12 
=0+}—т%=# 
2 о 
Ех, 9. |р 1+x3 
ЇЕ: наад * Ses] 


л 
Ех, 10. | cos 2x cos х dx. 


cbe 2 
[cos 2x cos x ах =}{(cos 3х--соѕ х)йх=3| sin > +sin x] 
x 


8 +sin x]. 


30 [бсо 2х сов Х а= [> aS 
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mx _ туүх?ү'___ m d. 
E az Loi" 73 


EN т) 


Ех. 12. | у= ax. 
=, 


255-301 ) 
| ХҮ ах= ух dx-F3fdx ха 3x, 


L 23 Па 3) 
1 


Ех, 13. N ах |) е. 


о о 
2 

Ех. 14, P x sin x dx 
0 


[x sin х 4х==х(—соз х\— f— (cos x) dx 


= — х cos x+ [cos x dx 5 —x cos x+sin x 
2 л 


9 © " 8 
[ x sin x &х=|—х cos x--sin х 
0 0 


=| 5 74 sin 7|— in 0)21—0- 1. 
( 2 cos 84-82 (0 сов 04-8ш 0) 

в 
Ех. 15. | (x log x) dx 

1 


х3 (1 x? 
- ds. / 
р log x dx= (log x) 2 Б 5 4х 
x2 x2 x2 
a log х-3|х dx log x X 
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3 f (х log x) | log же 


4]. 
-(7 log е 2) (5 log 1—1) 
== == [o ge] 


1 
Ex. 16. | ѕіп-1х dx 
0 
Јѕіп-1х dx=x ѕіп-1х+ ух 
a [ ѕіп-1х dx=[x sin^!x4- ита 
0 о 


DEA C 
=8іп-! 1-125 


Ex. 17. Show that IK 1 1 „|4х=е— 


log x ~ (log x)? log 2 


e 1 e 1 
[ДЕ ea ls log x Ten. (log xj 7" 


xe [aga dx -[. iam” 


уйл агаад ар Aa Ls ce HOM 
= Tog 2 251 6 x)? lite x2 


=e rl log г=1] 


2 28 
Ex, 18, Show that f (4x2 4- а= [ x^" 


3 2 


ЇЕ tete nasus] (5 


175 
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Exercise IVA 
Evaluate : 


л 
1. NO dx 2. | (44-72) с 3. Ё cos 3x dx 
о 


1 о 
x 


л 
4. р (cos 6—sin 0) do 5, р sin?x dx 
о 0 


Ve 
6. NISI 7. 5 xlogxdx 8. frm ds 


-1 dx 34228 
@ p 10. |: xe" dx. — [C. U. 1936] 
л 


11. Р sec 6(sec 0—tan 0)d0. 
о 
If т and n are both positive integers (Ех. 12—14). 


л . . 
12. f sin mx sin nx dx. 
0 


13. Ё sin mx cos nx dx, 14. E соз mx cos nx dx 
0 
1 dx b 4 
15. 236: mx 1. К 
f Tä E в “dx 17 n log x dx. 
Жо л 
ів, Г Bin ix ах [С. U. °70]. 19. | x sin x dx. 
0 
л 
1 
20. i x sinx dx 21. | x log (х--3) dx 
0 0 
л 
22. ЇР x3 tan-!x dx 23. ЇЕ s* (sin x+cos x) dx. 
0 0 


л 
24. | (x+sin 2x) ах. 


л 
2 
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& 4:2, Substitution of variable in definite integral. 


In the last article we have found that to evalute the 
definite integral of a function, one has to determine its 
indefinite integral first, You have frequently determined 
indefinite integrals by substitution of variables; the 
indefinite integral is finally expressed in terms of the origininal 
variable. But in case of evaluation of definite integrals; 
one may not express the result in terms of the original 
variable. After substitution of the original variable; one may 
determine the corresponding limits of the new variable and 
evaluate the definite integral of the new variable between 
these new limits. This process is also frequently found 
convenient. Hence in case of evaluation of definite integrals 
by substitution of variables, the integrand, the differential and 
the limits of integration all are to be substituted, 

1 dx 
Example 1. Evaluate : Г, узо 
аи 


Let 3—2x=u —2dx=du or, а= 


When х —0, then u23—2023 
When х- 1, then u=3—2.1=1 


1 —du ці du 
Given Integral |. ЗУ: - al 


3 du à A 
- —- See Note à 411—4] 
a, Vu ( 


ера], - [4] =з 


Ex. 2, Evaluate : i V ad—xà dx 


ах еа cos 0 do 
0-0 


Let x=a sin 0 
When x20, then a sin 020 or, 


: х 
When x=a, then а sin 0=4 Of, om 


and Ja2—x?> 122--а 81030552 с08 0 
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л 


Given integral = [ а2сов20 40 
о 


Now, fa?cos?0 do = а? [соѕ?0 do 


а? а? зіп 20 
=-——|(1 =—_ 
5 f +соз 20) da=5 (o+ 7 


л 


p a*cos?g 109 = -[7 (0+ 28, 20) аах 


23 
Ex. 3. Evalute : | at а 
0:4-5 


Let 4—x? =u 2. —2x dx=du 
2. 3x dx= — du 
When x=0; then u=4; when x=1, then u=3 


2. Given їевга---2, 2-3, аи EET Ч 


=3(log 4—1ор 3). 


Let ё®=2 e*dx=dz. and 1+e2*=1+22, 


When x=0, z=e%=1 and when x=1, z=el =e, 
1 e*dx e dz 1 в 1 1 
„елешн „ш in: =tan-1 e—tan-1 1 
| iq ЇЙ T+22 [tan z| tan^! e—tan 


л 
—tan^! e—7. 
4 


Ex, 5. Show that (B M6—x)(x—2) dx22r. 
Let x=6 сов20--2 8ш20 
dx —112 cos Ө (—sin 0)--4 sin ө cos ө| 40. 
= —8 sin Ө cos Ө do — —4 sin 20 do. 
6—x 2 6— 6 cos?9 —2 sin?8 —6 8ш20--2 sin?0 =4 sin?@. 
Х--2--6 cos28--2 sin2g—2=6 сов20--2 cos2g=4 cos?0. 
V (6—x)(x—2)=4 sin 6 cos Ө--2 sin 20. 
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when x=2, then 6 cos?g--2 sin28—2 
ог, 6 соѕ20=2—2 sin?8 
ог, 6cos28—2cos?0 2, 4 соѕ20=0 


ог, cos ө=0 б 8-2 


when x=6, then 6—6 соѕ20-+2 81020 
or, 6 ѕіп20=2 ѕіп20 2, 51020 =0 
or, sing@=0 "ga. 


Hence given integral 
0 ^ 

= |? 2 sin 29 (—4 sin 20) do= -4|, 2 sin? 29 do 
* 2 


л 


2 


0 


л 
-4P (1—cos 40) da= =o | 


x 
=45= 


15 ах 
Ex. 6. Evaluate « Jagex) (824). 


SQ dx=2z dz 
=0, when х=й, then z= y B—« 


Vp—« 224 


Let x—x—2? 
when x=, then 2 


(_2— =| 
J/B—« | d op ЕҢ, 


о 


=? Zi cae 1 724 


z2(sin* 1—sin'! 0)22. 255 


log X 
Ex, 7. Evaluate Г шэн dx 
. dž_dz and when х=а and bthenz 
Letlogx-z ^ "x 


=log a and log b respectively. 
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bY log b E log b 
(etes Du pal 


' (log 5)2— (log a)? 
~ OD йл 


2 log a 
2 5), 
=4 log (ab) log (2) 


Ex. 8. Evaluate UN J2ax—x dx, 
0 


Let x=a(1—cos 0) dx —a sin Ө d6. 


A2ax—xi = |/248(1--сов бу--ай (1—cos 0)? 
=a J2—2 cos ө— 1--2 cos 6—cos3o 
=a ,J1—cos2g-— a sin ө. 


When x=0, then g—0 ; when x—2a, then 0-гл, 


Г М2ах—х? Ф-Г a? sin29 40 


a а? sin 20р а?л 
-Ff (1--со8 20) ах= 90 7 [= "E 


Exercise IVB 


Evalute : 
i. y4—3x dx cos x dx 
f. 2 Ё ian, [G.U. 1970] 
3 
4 3 4 
з. [2 Gan ! Es Т-ЕЗх%ах 
| sin! x 
o Л 86 [С. U.] 
if JEZNA) dx [C. U] 
« 


| Hints: Put х-«сов20--8 520 1 
2 (x2—1 x+ł 5 . ax 
5 ! ( E Fa в Lone 2)(5--х) 
л 


9, É m 10. F sin*x cos?x dx 
гу (x—1)(3—2) о 


E 
DEFINITE INTEGRAL 81 


4 я 
il. р dx 12 Р cos x dx 
10 (1—2x3) V 1 — x8) ` Jo (I+sin x)(2+sin x) 
| 5х ах 4 | dx 
o (x+2)(x?+1) o (X¥+2) V x 4-1 
34] — 3 1 {ап-1х 
15. b OYA xxx 16. Ї xx? dx 
e л д 
ах 4 sin 2x dx 
18. [2—5 
17. ,Xlogx [базе x+b?cos?x 
(435683) 
19 e? dx ЇЕ г онак аб 
i it х(1--108 x)? o Y x4-1t V5xXl 
s 43. Definition of definite integral as the limit of the sum 


of a special class of series $ 
In 5 4:1 definite integral of a function has been defined as 
In this article we shall give a more generalised 


an area. 
In the next article it will 


definition of definite integral, 
be shown that these definitions are consistent with each other. 
Bounded Function 2 If іп an interval a<x<b6, a function 
Дх) is defined and if there exist two finite numbers M and m 
such that for all values of f(x) in the interval; m<fix) «M then 
the function f(x) is said to be bounded in the interval a<x<b. 
If corresponding to every value of хіп an interval a<x<b, 
ne can get опе and only one value of /(x), then the function 
Дх) is said to be single valued in the interval. 
Let a and b be two finite quantities and ba. Let f(x) be 
d, single valued and continuous function of x defined 


a bounde 
Divide the interval a«x« into n 


in the interval a<x<b. 
equal subintervals each of length h, 
acx<ath, ath<x<at2h, ==. а 
So nh=b—a. 
Lt Ji fia) fias hoe fla 28) flan 19) (1) 


h>0 


+(n—1)h<x<a+nh=b 
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n- 
or, Lt h D fia rl) is defined as the definite intergal 
h-0 ЖО 
of the function Дх) with respect to x and is written as 


Ї fe а. 


Note 1. It can be easily proved that 


Lt hifia,+flath)+fat2h)+ +f(a+n—Th} Ш 
h>0 


= Lt МДа--н)--Да--201)4-----/(--1-:18)-Дач-пай)| 
h>0 
С. Lt Bifia kB) e f (ak 2h) 4- --- E f(a-- 5 — 1h) 
|^ — h—0 
+f(a+nh)} (2) 
b 
=| дә) а. 
Апу of the limits (1) and (2) can be taken as the definition 


b 
of | Дх) ах, 


Note 2, As nh=b—a a hett, 
n 


«e when 420, then n>, 


344. Geometrical Interpretation of the definition of 
definite Integral as the limit of a sum. 


Let a function f(x) be finite and continuous everywhere 
within the interval a<x<b and the curve АВ be the graph of 
the function y=/(x), The ordinates AoPo and A,P, at the 
Points Ас(0,0) and A,(b, 0) intersect the curve at P, and Pn 
respectively. 


Now, АА = OA4— ОА} =b—a. 


Divide the line segment AgA, into n equal parts each of. 


length А. 
nh=b—a, or, a+nh=b, 
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Draw perpendiculars to the x-axis at each of the points 
(ath, 0), (a+2h, 0).-- 
fa+(n—1)h, 0} and com- T 
plete the rectangles below 
and above the curve as 
shown in the figure. 

Let A be the measure 
of the area enclosed by 
the x-axis, the curve 
y=f(x) and the ordinates 
x=a and x=). 

Let A, and Ag be respectively the sum of the areas of the 
lower rectangles and the upper rectangles. 

From figure it is evident that A, <A< Ag -4(1) 


Now, A, —hf(a) -- hf(a--h) +: d- hfja4- (n — 1) 


ApAiA2Az An X 


and Ag=hf(ath)+hf(a+2h)+- +hf(a+nh) 
n-1 
=h > flatrh)—hfla) +10) 
r=0 
Now, if the value of h be very small ie. 7-»0, then n will 
be very large i.e., 7 will tend to infinity, 
Hence when n>, then as Да) and fib) are finite Af(a) 
and hfib) will both tend to zero. 
“| A, and Ag will respectively approach 


н 0 
Lt h fa+rh)=|" fix) ах 


— 
узе r=0 


n-1 5 
and Lf үз ны a 4х 


Hence from (1) we get, 


281 f(x) dx 
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Hence ї f(x) dx is the measure of the area enclosed by 
the curve y=f(x), the x-axis and the ordinates x—4 and 
xzb. 

Note, 1. From 5 4:1 and this article, you can now under- 
stand that the two definitions of definite integral as e 
limit of а sum and as an area have same geometical meaning. 
Mence the two definitions are consistent with each other. 
The definition of definite integral as the limit of a sum 1$ à 
more generalised definition than that given as an area, 


1 
Example 1. Evaluate from the first principle | 3dx. 
0 


1 12 
E h -1-0- 
Г, Зах wg en OE nh=1—0=1 
= Lt h(3+3+3+---to n terms) 
h>0 


= Lt (h. 3n)=3 Lt (nh) 33 Lt 1.=3,1=3. 
h>0 h0 h>0 


Ex. 2. Evaluate : r (ах? +b) dx. 
0 


1 * 
[| (ax? dx Lt > fateh)? b, nh=1—0=1 
о h>o Pear, 
= Lt hia(h?)+a(2h)?+a(3h)2+ ---a(nh)?| 
h>0 


+ Lt ho b-b-cbeee to n terms)} 
h>0 
= Lt h.ah?(144224324..-4n2)4 Lt h(nb) 
h>0 h>0 


“ieee {ans ae лан ЫГ A (nh) 

h>0 

ЕСТИ Ls tt 
1 


АЕ 


а 
=3+0. 
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Ex. 3. Find from the first principle or from the definition 


1 
the value of Í х%ах. 
o 
Here a=0, b=1 ; f(x)e x?, пїї--5-а-1--0--1 
-. By definition 


Ё x3dx- hae hifta-4- 5h) 4- f(a-4- 2h) + --- 4-f(a-4- nh) 


= Lt h|h5--23h3-F33h3-E...-pm*h?| (7 4-01 
= Lt h*(13--29-p--- +n’) 
h>0 


1\2 
еы 2027 i (iD 
һ>0 4 h>0 4 
(-4) 1 [ ` пһ=1апйдазЛ->0 
= Lt =z then n>% 1 
n> 4 : » 


Ex. 4. Evaluate from the first principle É e dx. [СОЛ 
Here f(x) = ; nh=b—a 
b a pgtth 4 eo * 8h gn (n-1yh 
Ў a dx= Lt hiette" re ee ent(M—1) 
Now, fre аке ^ } 


= Lt he e e bel") 


h>0 З 
п het 
О 295 

A Bu [eese [D dico 
EP ^ 1) ZEE (‹ £ | Li е1 


h>0 
= (¢?—e8).L 65-06 


Ex. 5, Evaluate : 
14-210 3104... +710 
SNO gian 


Са [C. U. °58) 
1-210 4-310 4. E119 
NT ЖЕ ОСУ "НЕС 


Int. Cal— 20 
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^l) ЭЭ e 7] 
2 ES [410 4- (25) 10 -me + (n4)19], 


[ where nh — 1 and so as n 


, then 450, | 
= Lt h X (rho zi хїоах =[ =] = тү 
h0 71 o 1 Јо 1! 
Ex. 6. Evaluate : 
1 
E Li rem rr ass] 
|С.307:7262 6.2675] 
Given limit 


n? FHA 
й "18 patna Pur па + ра 
i 1 1 1 
= Lt ae 
Лаан 1 et Ate PE 
TL 1+5 1+— 
. pn n2 п? 


ЕНИ ае 4 —— 201 

h>0 (m+ raga 1255: 
[ Let nh=1=1—0 

1 

-[ їе 1--х2 dx (Ву def.) 


1 
=[tan-1x] —tan^! 1—tan-1 0=7. 
0 4 


Ex. 7. Evaluate : 


; so as поо, then 4-0] 


: 12 22 n2 
1 54 1 19 k eur T4 m = , 
im ntt toa} [С. Us 63] 


12 22 n 
Givenlimit lim | 7?  , m» ори 
= m — 
n> 1\3 219 ENE 
"a 140) + 
. [12h59 ^ 2853 n?h? 
Jim [rc rentis Less) 


[Putting nh=1= 1—0] 
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= lima | Y rh? 1 
вэ0 11773) 


si, а= Іов (14-9) | 


= 5 (log 2—log 1) =} log 2. 


1 
0 


Exercise IV C 


1. Evaluate from the first principle : 


(i) Г, хайх (й) |А (axt--b) de — 00) | а 
20 
(iv) Ї ат. (у) | Jx ах. 


2. Evaluate the following limits : 


Д 1 1 1 

LUR = = и ар; 25 
(1) NES ( In? mri In2 55+ zi Уп —(n—1)2) ІС Us 
ü CMM M а a 
(ii) Ас [срт Ктр КЕЕ.) [СШ] 


n 
iii) Lt nil 
( Эй (Fe) 
r=1 


1 gma. 3m e n” 
(iv) Lt Lan mm —1] 
n=% 


8 45. Fundamental Theorem of Integral Calculus. 

At the very beginning we have indicated that the mutual 
relationship of indefinite and definite integrals are found in the 
Fundamental Theorem of Integral Calculus. We now state the 
theorem without proof. The proof is outside the scope of the 


syllabus. 
Funda 


f(x) and 405) 
the interval a<x< 


then 


mental Theorem of Integral Calculus. If two functions 
be such that the function Дх) is integrable in 
b and Ф(х)-Л(х) everywhere in the interval, 


[ Ло) dx=4 -4a 
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SESS SHIGE качабы = 
(D By definition, f^» dx= -[ ft» 23 
(2) И Лх) dx- J fto dz. 
Proof: If (f(x) ах=9(х), then (/(2) drag (а. 


Now, [? Лх) 4х-4()-4 (a) and [ лд &=» 07-40) 


b b 
2 Ї Дх) dx= Ї Ла) dz. 
(3 Ifa<c<b 
Ji fen dx (* Ду) acl д») а. 
Proof: Let [f(x) dx =4(x), 
ve [Л а-а); 
|" Ax) dx-4()—4(a) and i Лх) 4х--40)--0). 
J, Лх) а) а) 
= {Ф(є)—Ф(а)}-Ь 106) — 0) 
-[ 59 dx [f а. 


Cor.: If 66$ X cc, <b, then 


" [21 ба 
| Дх) | лан f(x) dx ssa 


a 
сү 


on b $ 
| f(x) zd I(x) ас 


2 
-1 €. 


@ [A | Да—х) ax. 
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Proof; Let a—x=z 1, -—dx-dz. 


Again, when x=0, then z=a, when x=a, then z=0. 


[i fa а=) fa d 


=| fe) & [ву (=f fe) d [By @)] 
(5) If f(x) =fla+ x) then 

| fe) dx=n |" f(x) dx. 

о 0 


Proof: Let x=a+z 2, dx=dz. 
when x=a, then z=0, when x=2a then z=a, 
е ло deaf" лано) dec [^ atx) dx t By 3 
o 0 o 
=|" fia) dx [т Ла+ә) =f) ] 
Similarly, (^f) а=] fix) дх- fix) dx. 
3% a o 
44 Зе ^ 
Ї 7m 4х=| fe 4х=| Rx) 4х 
nu pi (3-Ху» 2h 23 4 ) 
[c o 709 &=|\ SO) e NIS 4 
Now, лэ) dx =(" Дх) ах-| лэ) dx+ 
o о а 
NES ах) 709 ® 
=|, Л» dee Лх) dx4- tf fe) dx. . 
=n| Дх) dx. 


8 4:6, Determination of Area. 
Inthe first article of this chapter it has been shown that 


the area of the space enclosed by the x-axis, the two ordinates 
х=а and x=b (a<b) and the curve y=f(x) is 


b b 
ib Хх) dx or 1 ydx. 
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Similarly, the area enclosed by the y-axis, the ordinates 
y=cand y=dand the curve 
ү 


а а 
x-fo) is [f dy or. "xay. 


Ex.1. Determine by inte- 
gration the measure of the 
area enclosed by the x-axis, 
the y-axis, the ordinate х=2 
and the straight line yzx. 


Here, f(x) 2x. The limits 
Hence the required area 


=|" y а=) ёх-|, x ё-1 | =2 sq. units. 


Ех, 2. Find the area enclosed by the straight line 
and the axes of co-ord 
area of a triangle=1 xb 

somes = es 

ау ог, yet = а-ә) 
The limits 
and the axes of 


of x are from 0 to 2. 


ХУ] 
ab 


inates „and justify the formula, “the 
ase x height sq. units? 


Of x in the area enclosed by the straight line 
Co-ordinates are from 0 toa 
Hence the required area 


^ a 
=| ydxz[* 5 b EIS 
| уах f, 2(4--3) dx=? ах-5-| 
сар а] b ад | 
Да. э = 5а Sq. units. 
Now, if the Straight line 


кеу А 
а j^ intersects the the axes of 
co-ordinates at the points А Ч 


and в, then the area is Aagc, Y 
Now from the formula, 
area of a triangle 

=1 x base x height, we obtain 

mA A8C —$0A.08 
Now the co-ordinates of 
A are (a, 0) and those of в are 
(0,5). So, oA=a, 08:48. i 
mA aec=4ab sq. units, Y 
Hence the formula is verified. 


B 
(0,b) 
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Ex. 3. Determine the area enclosed by a parabola апа 
its latus-rectum. 

Let the equation of the parabola 
be y? —4ax. 

The equation of the latus- 
rectum of the parabola is x=a 
and it intersects the parabola at 
the points (a, 2a) and (a, —2a) 
and the x-axis at the point (a, 0). 

Now we аге to determine the 
area LOL’sL. You know that a 
parabola is symmetrical about its 
axis (which is the x-axis in this case) Hence the required 
area —twice the area LOSL i.e.. 2m a.ea (LOSL). 


X: 


Now, the area Lost is the area enclosed by the x-axis, the 
parabola у? =4ax and the ordinates х=0 and х=а. 


Hence m area(Lost) =| y:dx, 


Now, for the portion of the parabola above the x-axis; 
y=2V ax. 
Required area = 2, ydx= 2|, 2 /ах dx 


3 
=4 УГ, =4 gga? — 8a? 
o 
Ex. 4. Prove that the area enclosed by the ellipse 
XS AE ал 4 
zati E = 1 is zab sq. units. 


Ellipse is symmetrical about both its major and minor 
axes, Hence the area of an ellipse is four times the area of 


a quadrant of the ellipse. 
So, let us first determine the area of the first quadrant of 


the ellipse. 
Now уг 1-2 a=?) 
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For, the first quadrant y is positive. 


pus a2—x23. Again, for this quadrant the limits of 
a 
x are between 0 and a. 


Hence the area of the first quadrant of the ellipse is 


a 
а-| y dx= Ма? = x2 дх-2| [a3 —x? dx. 
0 oa alo 
Now, let x=asing, .. ; dx=a cos 0 40. 
ай=х%= //45:-28480-0 cos Ө 
and when x=0, then 0--0 ; when x —a, than 9-2) 
л л 
Aci а3сов20 49-42 со820 40, 
alo 0 
х 
шам21 
=a] 4(1+cos 20) do 
0 
5 с 
_ ab sin 200. ab л ха ; 
=Sle+ 2 b F =a" sq. units, 


The measure of the whole area enclosed by the 


ellipse-4A «4, 795 zab Sq. units, 
B 4 


Ex. 5, The radius of a circle is r. 
enclosed by the circle is ar2, 


Let the centre of the circle 
be x3 y3 — 2, 


Show that the area 
be the origin and its equation 


Now, for the first quadrant of the circle, у Va2— x2 -and 
the limits of x are between 0 and г. 


Required area=4("" y dx=4 ЇГ. vasca ах 
0 0 
4a oap, 


Note. If we put b—a in the integral 4 b SES dx 
od 
for determination of the 


area of an ellipse, we get the a 
the circle of radius а. 


теа оЁ 
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Ex. 6, Find the area enclased between the hyperbola 
xy=k®, the x-axis and the ordinates x=a and x=), 
= b b k2 
Here the required агеа = [ D dx-| аах 
a a X 


b 
= ков x| =k? (log b—log a) =k? log 2. 
LI 

Ex. 7. Find the area enclosed by the x-axis and an wave 
of the curve y=sin x. 

The curve y=sin x intersects the x-axis at the points 
(nz, 0)(n=0, +1, +2, ---], (0, 0) and (0, л) are two conse- 
outive points of intersection. Hence it is convenient to find 
the area of the portion between these points. 


Here the required area- |” y dx- [^ sin x dx 
о 0 


-|- cos |» —cos x+cos 0= —(—1)+1=2 sq. units. 
0 
Ex, 8, Find the measure of the area enclosed by the 


curves y =f} (х), y =/(х) and the two ordinates x=a and х=}. 


Let A and B be the two points (a, 0) and (5, 0) and the 


ordinates at these points intersect the curve y= f, (x) at the 
points E and F and the curve y=f(x) at the points C and D. 


Now, measure of the area CCFE 
=m(Area АВЕЕ) —т(Агеа АВОС) 


-[ Ae ах-| fal) dx 
- | ло) Љо а. 
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Ex. 9. Find the area enclosed by the parabola y? —4ax 
and the straight line у=х 


Putting y—x in the equation of the parabola we get, 
х3-4ах, .. x=0 or 4a. 


So, y=0 or 4a. 


So, the straight line y— x intersects the parabola y? =4ax 
at the points (0, 0) and (4a, 4a). 


Hence the required area 


4a 
=f (V4ax—x)dx [ '. from the equation of the 


parabola y= ,/Зах-1 


1 


ЇГ: УУ ДЕ dx-[^ x dx 
0 0 


a Г-ун а-ы 


ns — 8a? = $a? square units, 


Ex. 10. Find the area enclosed above the x-axis between 
the circle х2 +2 —2ax and the parabola y? =ах. 


The parabola y?—ax and the circle x24 y? =2ах touch 
each other at the origin and intersect at the point ( 
the x-axis. 


а, а) above 
Hence the required area= [ 1V2ax-xà— Мах! dx, 

[See Ех, 8 above ; Here f, (х) = У?2ах--хз 

and /,(х)= Vax] 


=[ Bax x? dx—| Улу dx- 


в 
0 
Now, to determine f V2ax—x2 dx put х=а (1— cog 0) 
0 
dx=a sin 0 40. 


A2ax—x? = J2a*(1—cos 6)—a*(1— cos 6)? 


"е 


Эр 
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=aV2—2 cos Ө—1-Е2 cos 0—cos?0 
=aV1—cos20=a sin Ө. Y 
when x=0, then 6—0 


and when x—a, then =y 


| 2ах--х2 dx О 


val. х= Ja, aad o dat. 
Hence required ara c "4" Rt = an (1 — -3) 
Ex. 11., Find the measure of the area enclosed by the 
curve y? —x? and the straight line y— x. 
Putting y = х in the equation y? = x?, we get 
x2=x3 or, x?—x?—0 or, x?(x—1)-0. 
S. x=0,0,1. The corresponding values of y are 0,0 
and +1. ө, 
But, x=1, у= —1 does not 
satisfy the equation у=х. 
Hence the straight line y=x 
touches the curve у®=х% at 
the point (0, 0) and intersects 
at the point (1, 1). 
Let P be the point (1, 1) 


and рм 86 perpendicular on 


the axis of x. 
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Hence required area 
=(Area of A OPM) — (the area enclosed by the curve уд-ах3, 
the x-axis and the ordinates x=0 and x=1)= A—A (say). 


Now A-=30M.PM sq. units=}.1.1=1 sq. units 


1 3 
and amf x? dx | for the portion of the curve above the 


x-axis у= xt] 


57 
223 2 : : 
ша 5-1 sq. units =? sq. units. 
0 


required area —5—2.— 1. sq. units. 

Ex. 12. Show that the area enclosed between the curves 
y? —4ax and x? —4ay is 1692 [С. U. 1928] 

The curve y2=4ax and x?=4ay intersect each other at 
the points (0, 0) and (4a, 4a). 

Hence the required area=(Area enclose 
у? --4ах, the x-axis and the ordinates х= 
enclosed Бу the curve 
х? =4ау, the x-axis and the 
ordinates x=0, x —4a) 


=|" (2 Уах—+|ах 


d by the curve 
0, x=4a)— (Area 


savaj] -ЦЕГ 


o 4al 2381, 
$ 1 64a3 
=2 Ja.2892— 9а 
үте 3 
232,5. 16a? 1642 


2 == ж 
13:29. ae = —;— square units, 


$ 47. Sign of an area, 


As the areas are 
situated in th 
5 Ї Ї 3 БО 
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As the ellipse or circle are symmetrical about both the axes of 
Co-ordinates, the areas enclosed by the ellipse or circle are 
obtained by multiplying the corresponding areas in the first 
quadrant by 4. If an area is completely below the x-axis, then 
as y=f(x) is negative, the area will be negative, But áctually 
area has no regard to sign. So, though from the algebraic 
point of view one can obtain negative area, actually we do not 
attach any sign to areas. Follow the following examples. 


Example 1. Find the area enclosed by the parabola 

y=x2—5x-+6 and the x-axis. 

The parabola у=х2—5х4-6 intersects the x-axis at points 
(2, 0) and (3, 0). Inthe figure the shaded region is the area 
between the parabola and the x-axis. 

The region is situated wholly below the x-axis. 


Now the required area 
= (x2—5x+6) dx 
2 
х3 ENR ? 
=|——5,-+6х 
[5 5 2 + Ї 


- (55-18) - (571012) 


Here the area is found to 
be negative and this is correct 
according to the algebraic point 
of view. But actually the area 
is without sign and it is $ square units. 


Ex. 2, Determine the area enclosed between the curve 

у= х(х—1)(х—2) and the x-axis. 
x—2) intersects the x-axis at the 
points (0, 0), (1, 0) and (2, 0). The total area enclosed between 
the x-axis and the curve has two portions (i) the portion OAB 
situated wholly above the x-axis and (ii) the portion BCD 
situated wholly below the x-axis. 


The curve y=x(x—1)( 
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Now the area of the regiori Y 
OAB 


-| x(x—1)(x—2) dx 
о 


=|" (x8—3x342x) dx 
o 

AaS заар 
[6+ 1 
=}—1+41=] square units 
The area of the region BCD 


-| x(x—1)(x — 2) dx=[** —x8 ын! =—! square units, 
1 4 1 4 


If we .now neglect the sign of this portion BCD below the 
X-axis then its actual area is à Square units and the total re- 
quired area is (12-1) =] square unit. 

Now integrating from x=0 to x—2 we get the required 
area as 


ig x(x—1)(x—2) == |, 


=4-8+4=0=(3)+(—}). 


So, though the actual area of the region is 4 square units it 
is zero form the algebraic point of view. 


Exercise IV D 


1, Determine the area enclosed between the Straight line 
y=3x, the x-axis and the ordinates х=1 and x=2, 
2. Determine the area enclosed bet 


Ween the straight line 
y=—x, the x-axis and the ordinates х= 


1 and x=2, 
Determine the area enclosed by the following 


3. The curve у=2х-+3х%, y=0, x=0 and х=4, 


4. y=cos х, у=0, x=0 and х=й, 


1 Н 
5. The curve y= ET the x-axis and the ordinates x=1 


and х=2. 
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6. The curve y=sin 2x, y=0, 4 —0 and х= 


7. The curve y —sin x4-cos x, the x-axis and the ordinates 


х=0 and хэ 


8. The x-axis and the curve y=(x—1)(x—2). 

9. The area enclosed by the parabola y2=4ax and the 
double ordinate x=h. 

10. The portions of the curve y=(x—2)(x—3) intercepted 
by the x-axis, 

11. Prove that the area enclosed by „/х+ Jy=a and the 
x-axis is 148. 

12. Find the area enclosed between the parabola 
y2+x—1=0 and the circle x?--y2—1 

13. Find the area common to the two ellipses ax?--5y? — 1 
and bx? -- ay? — 1. 

14. Find the area enclosed by the parabolas y? —4x and 


` y2—x and the ordinates х= 1 and x=2. [Burdwan 1970] 
15. (a) Find the measure of the area enclosed by the 
· parabolas y3 —6x and x? —6y. (C. U. 1972) 


0) Prove that the curves у?=4х and х?=4у divide the 
square formed by y 20, y=4, x=0 and x=4 into three equal 
parts, 

16. Find the area enclosed by the curve y—x? and the 
straight line y —2x. 

17. Find the areas enclosed between the curve Уу--С05Х, 
the x-axis (i) between the ordinates х=0 and хэс (i) bet- 


ween the ordinates х=5 and х=л and (iii) between ће ordi- 


nates x=0 and Х-л, 

18. Find the areas enclosed between the curve y=sin x, 
the x-axis (i) between the ordinates x=0 and х=л (ii) between 
the ordinates х=х and x=2n and (iii) between the ordinates 
х=0 and x=2z. 
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Examples 4 


. 11-х 
Example 1. Evalute ; Ї Dp 
° х 


fee estf res 
-2108(1--х)-х 


1 1+-x x 1 
f. pae log а-а] =2 log 2—1 


п 


Ех. 2. Evaluate : if 51п00 соѕ30 do, 
Let, sin 0=x. 2, соз ө d8—dx. 
22 0-0, then x «0 ; . when 0-4 then x=sin 8=1- 
sin°@=x® , cos?9—1—sin?6—1—x2, 
x л 


(i sin®9 cos?6 а= | 8190 с0850 cos 0 do 
0 0 


1 1 
=| 12-23 (x8—x8) dx. 
0 0 


4-5 pe 


Ex. 3. Evaluate from the first principle 
1 2x43 
| 4 ах 


гэ 


[C. U. 1964] 


f mper ae ae 


2 (7 D on C3 ag c 
i-L--n— Dh] 
+ Lt Mg++] 
п->со 


(Taking пһ=1—(—1)= 2] 


= PH iL—-nh4- hh 4- 254... +(@—1)]+ Li $nh 


n-oo 
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= li [нали |з. [." лй=2] 
поо 


= Lt [—#+ып(1—1)]+3 
п->со Р 


= Lt (—1)+ Lt 12201-3)-4 
n> n>% | Ё 


--141-4-4. 
Ex. 4, Evaluate from the definition : É x? dx м 
| хзах= Li җаз-+-(а++һуз+-(а--25) 
= h>0 
+=+(а+п—1)9] 
= Lt h{na®+2ah{1+2+---+(n—1)} 
h>0 
+h3{12 4224.4 (n—1)2]] 
NA. плаз 252077 D. n DOn- D] 
в--0 6 


= Lt {nha®+anh(nh—h) 
h>0 


nh(nh—1)(2n—1)h 

hat 

= Lr {(o-a)a? +a(b—a)(b—a—h) 
h>0 


ee [^ m-5-d) 


= (b—a)a?-+a(b—a)? t 
=(b—a)a?+a(b—a)?+4(b—a)§ 
=a(b—a)(a+b—a)+3(b—a)® 
=4[(b—a)3+3ab(b—a)] 
=4(b3—a%). 
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X 
9 sin?x dx 


Ex, 5. Evaluate : СЭН бин oim 
о Sin x+cos x 


Tete l= a sin2x dx 
o Sin x+cos x 
142 ло 2 л 
we an G x}dx _ |B _ cos?x dx 
8, [ж .(x_,\ | cosx+sinx 
% sin (5-5 +008 G х) 5 
21-21--1 


л х 
- (8 sin?x dx 9 соз?хах 
o sinx-+cosx Jo cos x-Fsin x 


л 
(2 sin?x-+cos?x 4, 
o sin x+cos x 
л л 
а dx 3 nt 


атрута 
зїп x+cos x 


= . Ж 
sin x C057 --cos x 
Ч o qt S X sin т 


vd to 2 


log tan? 3 5-108 їап Ч 
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x g 2-0? 
Ego le = ages = Sp 2 log (V3+1) 


I= 22 log (V3+1). 


x 
Ех, 6. Prove that f log (14-tan 0) 49-4 105 2 
° 


л 
Let, :-| log (14-1ад 6) do 
о 


-f log { 1+tan DI 
Now, 1+tan (2—0) 14үүүн0- rias 


2 л 
кар log ass 7 [A log 2—log (1+tan да) 


л x 
=f log 2-Ї log (1--tan ө) do=7 log 2—I 
0 о 
21-3 log 2 (on transposition) 
л 
І= 9108 2. 


х 
Ex 7. Prove that : Ї (a cos2x-- b sin?x) dx — (a5); 


л 


Let 1=(? (a cos?x +b sin?) dx 


104 INTEGRAL CALCULUS AND DIFFERENTIAL EQUATIONS 


л 
=f? {а cos* (52) +b sin2 (52) х 
л 
-Ї (а sin?x+b cos?x)dx 
z 


2-141-Г (а сог х--9 зїп? хуйх 


л 
тү (a 8ш2х-4-5 соз2х)ах 
х 


=|" {а сов2х--5 8ш2х)--(а sin?x+b сов2х)/дх 


=f {а(соз2 x--sinx)-- 2 (sin2x --cos2x)|dx 
x л 

2313 э; Bai. л 

=f (a+b) dx [a+ dE 


л 
1- (44-08 


Ex, 8. Determine the measure of the area enclosed by 

the straight line y=2x—7, x-axis and the ordinates x=4 and 
' x=6. Also verify the formula: the area of a trapezium 

—j(sum of the lengths of the parallel sides) x (distance 
between the parallel sides). 

The two sides x=4 and x=6 of the quadrilateral enclosed 
by the four given straight 
lines are parallel and the y 
sides y22x—7 and y=0 
are intersecting. Hence 
the quadrilateral is а 
trapezium. 

Now, the area of the 
trapezium 


-[» x 


=(36—42) —(16—28) =6 sq. units. 
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Now the side x=4 intersects the sides y=2x—7 and y=0 
at the points A (4, 1) and в (4; 0). Hence the length of the 
Side дв of the trapezium is 1 unit. 

Again, the side x—6 intersects the two Sides y 2 2x —7 
and y=0 at the points 0(6, 5) and C (6, 0) respectively. Hence 
the length of the side ср of the trapezium is 5 units. 

Now, from the given formula, the area of the trapezium 

=%(sum of the lengths of the parallel sides) x (distance 
between the parallel sides) 

=}(1+5).2 sq. units 5 sq. units. 

Hence from both considerations we get the same measure 
ofthe area of the trapezium. Hence the given formula is 
verified. 

Ex. 9. The slope of a curve at the point (x, y) is 4x—3 
and the curve passes through the point (2,2). Find the 
area enclosed by the curve, the x-axis and the ordinates x—0 
and x=2 

Since the slope of the curve at the point (x, y) is 4x—3, 


dY — 4x—3 or, dy=(4x—3) dx 
dx 


ог, y- 47 —3х+‹ [By integration] 


Or y=2x2—3x+c, 
Now since the curve passes through the point (2, 2), 
2, 2=8—6-+¢ Or с-0. 
Hence the equation of the curve is у=2х®—3х. 
2 2 
Now, required агеа = | уйх=| (2x2 —3x) dx 
о 0 
3 3x?]? 16 2 
iE SO eue єл 
| 3 201097003 3 
Hence the required area =? sq. units. 


Exercise 4 


Integrate : 
BF jo Аа роња C. U. 1933 
1 ЇЕ (1-2252) Vixi [ 1 


2. | V(x—2)8 —3j dx (C. U, 1965] 
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л 
B ( sin*x cos?x dx. [С. U. 1965] 
о 
з ах 
COCA Ориг C. U. 1966 
|, Y (x—1)(5—x) ( 1 
л ах К 
5, irem poU (0<a<1) [C. U. 47] 
л 
2 sinodo 
Її sin 0+cos 0 tesu 
л 
2 sin?x 
[; cose xp siia 
л xsinx я 
|, Rum [North Bengal *69] 
^ xe? * 
p Ira" LC. U. 66] 
Urs dichte cn [C. U. *64) 
п->со п 
1 1 
11, Lt — Te 
n>% vasa УЗЕ! УЗ 32 EE al 
[C. О. 266] 
Т2 3 
12:14 ыла ыа en ce ses n» 
zu rre (11) 
[С. U. °67] 


13. Find the measure of the area enclosed by the curve 
y x? and the straight line y -3x. 

14, Find the area enclosed by the curve y=8+12x—x3, 
the axes of co-ordinates and the ordinates of the point-of 
maxima of the curve. 


CHAPTER FIVE 


Differential Equations 


§ 5°1- Equations involving derivatives or differentials of 
functions are called Differential equations. 


Hence d +y—1=0 is a differential equation due to the 


presence of the derivative 2 . 
х 

у dx—xdy=xy dx is a differential equation; since the 
differentials dx, dy are present in the equation. 

Let us now consider the three equations, 

2-0, dy —sin х dx and y dy - dx. 

In the first equation; x and y are both absent; though 
E is present; y and x are respectively absent in the second and 
third equations. But all the three equations, due to the presence 
of derivatives or differentials are differential equations. So; in 
a differential equation both or any ofthe dependent and in- 
dependent variables may not be directly present. 

The differential equation, in which the derivatives present 
are obtained by differentiating the dependent variable with 
respect to a single independent variable only, is called an 
ordinary differential equations. In this book we shall discuss 
ordinary differential equations and by differential equations 
shall mean ordinary differential equations. So, the epithet 
ordinary will not be used any farther. 

5 5'2. Order and degree of а differential equation. 


The order of a differential equation is the order of the 
highest order derivative or differential present in the equation. 


d 

Hence; x 52=2а -40) 
x dy+y 4х--0 (2) 
dy ga 2 2 aes 
(2) 2x» 8) 


are equations of the first order. The two equations, 
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oy 5 Y4 6=0 NT 
« (3) -Gal-= -® 


are examples of second order differential equations. 


Similarly examples of third, fourth or nth-order differen- 
tial equations can be obtained. 


By the degree of a differential equation is meant the highest 
power of the highest order derivative present in the equation. 


In the equation 2 =, the highest order derivative present 


is ын and its degree is 1 and hence the degree of the equation 


is 1 and the equation is of the first order and degrec, 


2 
In the equation Хэр -% = х2; the highest order deri- 


vative present is 53 and its degree is 1. Hence the equation 
is of degree 1, 


The equation ан -5% бус 0 is an equation of the 
second order but of the "i degree. In this equation the 
highest order derivative present is EA whose dergee is 1. 
Similarly one can find examples of differential equations of the 


n-th order and m-th degree. Now; let 


us consider the 
equation 


This equation вап be written as 
+ Ын: 
Каха 


aeft =} 
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оу 2(422)?_13(@)?_3(4)*_(®)° о...) 


ах? dx. dx dx 


The equation (ii) is obtained from the equation (i) by 
making the latter free of fractions and radicals or fractional 
indices. The equation (ii) is evidently an equation of the 
second order and second degree and so the equatiou (i) is also 
called an equation of the second order and second degree. 


dy 
Similarly the equation x+ — =а can be written 

dy 

М + (2) 
e» 
as 2 =а—х. 
@ | 
ах 


Еу 


So, the equation is of the first order and second degree. 
Hence the degree of a differential equation free from fraction 
and radicals or fractional indices is the highest degree of the 

"highest order derivative present in the equation. For deter- 
mination of the degree of an equation, the equation should be 
first made free from fractions and radicals. 


8 53. Formation of Differential Equations. 


You know that the equation x?-+-y2—2ax=0---(i) is the 
equation ofa circle passing through the origin and thc centre 
of the circle lies on the x-axis. Now for different values of a, 
the equation will represent different circles passing through the 
origin and having centres on the X-axis, 1 Hence the equation 
x4 у2--2ах--0 represents а family of circles. ДҮР constant 
ais called the parameter of the equation. Now, differentiating 


both sides of the equation (1) we get; 


d 
2x427 91—220 


dy 
апае ТО e vetas (2) 
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Putting this value of a in equation-(1) we get, 


хэв 2(х+у0) 0 


dy 
2— M — x2 = 
ог, у 2ху dx 0 (3) 
Now the equation-(3) is free from a. The equation-(3) is 
said to be the differential equation of the family of circles 
represented by the equation (1). Note that in the equation-(1) 
there is only one arbitrary constant or parameter and equation 
(2) has been obtained by single differentiation of both sides of 
equation (1), The differential equation (3) has been obtained 
after eliminating a from the equations (1) and (2) 
Let us now discuss equations with two parameters. 


In the equation y=mx-+c---(4); m and c. are parameters. 
For different values of m and c equation-(5) represents 
different straight lines. Now; differentiating both sides of 
equation-(4) we obtain 

dy _ 
e (5) 
and the parameter с in equation-(4) is eliminated, To elimi- 
nate the parameter т, another differentiation is required ; 
differentiating both sides of equation-(5) we obtain 


ах? (6) 


In equation-(6) both the parameters m and c аге absent, 
Equation-(6) is the differential equation of the 


family of 
straight lines in a plane. 


In general ifn independent parameters be present in an 
equations; then the m parameters are eliminated from the 
total ‘number of (1--1) equations Obtained after successive 
ntimes differentiation of both sides of the given equation, 
The differential equation obtained after elimination of the 


n parameters is the differential equation originated from the 
given equation. 
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$ 5'4. Solution of a differential equation. 


If a relation between the dependent and independent 
variables of a differential equation not containing any 
derivative or differential satisfy the differential equation, then 
the relation is said to be a solution of the differential equation. 
So the solution of a differential equation is the equation, free 
from differentials ог derivatives, from which the differential 
equation can be obtained after one or more successive 
differentiations. 

Let us now consider the equation diy E +6y=0. 

ах? dx 

Let у=е2°, 


dy эс dY дөш 
a^ and 22:45:46 1 


Hence the left hand side of the given differential equation 
becomes 4e22 — 5,2:2* -- 6 е2“ —0. 


Hence the relation y=e2* is a solution of the equation. 


i dy dy _ 
Now, if у = Ае2°, then as and de =4де3*. 


Now putting these values of 2 апа їп the left hand 


side of the given differential equation, we find that the 
equation is satisfied. Again y—Ac3^ and y=Be?" both satisfy 
the differential equation and both of them are solutions of 
the equation. 

Now, as y=se2* and y-8Be?* both satisfy the given diffe- 
rential equation, so y —Ac2* 4-ge?* [where A and B are arbitrary 
constants] will also satisfy the equation. 

y=ae2*+pe%* is the general solution of the given 
differential equation 

dy 50у 4 бу 
Ft = 0- 

We state below what is meant by the general solution of a 
differential equation. | 

If the number of independent arbitrary constants in 8 
solution of differential equation be equal to the order of the 
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equation, then that solution of the equation is called the 
general solution of the equation. 


Note 1. In the relation y=log *+6, the two quantities 


а and c are constants. But log x +c сап be written as 
a 


log x—log a+c=log x+k (taking с-108 a=k). So the two 
constants can be absorbed in a single constant, Here the 
two constants a and с are not independent, 

Similarly, the relation у= Ає%+= can be expressed as 
Y —A.e*.e* —Be* which contains only one arbitrary constant. 

If a relation containing n arbitrary constants cannot be 
expressed as a relation containing less than n arbitrary cons- 
tants, then the п arbitrary constants аге mutually independent 
in the relation. 

2. In $ 553 it has been found that to eliminate а relation 
containing only one parameter one has to differentiate both 
Sides of the equation only once and the eliminant becomes a 
differential equation of the first order, To eliminate two 
independent arbitrary constants one has to differentiate twice 
and the eliminant is a differential equation of the second 
order, Hence it is quite natural to presume that the general 
solution of a differential equation of the n-th order, 
contain п mutually independent arbitrary constants, 

3. Determination of the solution of a differential equation 
means determination of the general solution, 

4. A particular solution of a differential 
obtained by assigning particular values to the аг 
tants in the general solution of the equation, 


will 


equation is 
bitrary cons- 


Exercise V (A) 


1. Determine the order and degree of the following 
equations, 


dy\2 
2/2)" _ ay dy 
x (22) 2хул--Е2у%—х8 0, 


“шү, 42у dy\? . , дз d 
(iii) jx -4(8) -0 (у) der Т 412y=0. 


4х 
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17 ›-®= шоо (2) (х®+уз). 


2. Form differential equations from the following 
relations, 


(i) xy-c?. (ii) у= АЕТ + Ве". 
(ii) ах2--5у2-41. (С. U. 1945] 
(iv) y-ax-bx?. (v) r=a+b cos ө. 


3. Eliminate c from the equation ay?— (х--0)3./ 
4. Prove that the differential equation of the family of 


straight lines passing through the origin is Z=. 
Хэ 


§ 5:5, Solution of differential equations of the first order 
and of the first degree by the method of separation of variables. 


You know that all equations are not solvable. So also 
all differential equations are not solvable. At the primary 
stage conditions of existence of solution of differential equa- 
tions are not necessary, The methods of solution of solvable 
equations ere also different. In this book we shall discuss 
only one type of solvable equations. They are Equations 
of the first order and first degree which can be solved by the 
method of separation of variables. If a differential equation 
of the first order and degree can be expressed in the form 
Sy (x)dx +fo(y)dy=0, where Ff, (x) and f,(y) are functions of 
only x and only y respectively, then we can say that in the 
equation variables have been separated. In a differential 
equation variables are generally separated (i) by inspection 
and (ii) by substitution. 


4 5:6. The method of separation of variables. 


Example 1, Solve: xdx-+ydy=0, 
In this equation the variables are already separated. So 
integrati ng we get, [xdx4- [ydy 20 


2 y? 
or, +а+у+а=0 
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ог, о Куе Getz 
2 уз 
or; $5 =a [ —бу—са=с] 


ог, х2--уд-2с 

Or, х2 +у2 =а2 [a2 22c] 

Ех. 2. (1—)dy— (1--y)dx 0. 
or, (l—x)dy— (14- y)dx. 


dy _ dx 
BUE ET fa 


Integrating both sides, 

log (1-- y) = —log (1—x)+log c, 
or, log (1+y)+log (1—x)=log c 
or, log {(1+y)(1—x)}=log с. 

ог, (1+y)\(l—x)=c, 


dy 1—у2 
Ex. 3, 4 (ШУ EN 
дээд Ном 1--х3 


Сул MANT 0 
"oy Tey? t J1—x8 
Integrating we get, 


OT, 


81071 y+sin-! x—sin-! c. 

ог, sin-1(x4/1—y2--y V 1—x3) —sin-1c, 
or x уа +y Vox c. 

Ех, 4. Find the general solution of 
sec?x tan y dx-+sec?y tan х dy=0. 
Sec?x dx , sec?y dy 


! =0. 

us tan x tan y 

ar [Ecos dx , (sec?2y dy. 2 
^ tan x | tan y А 


Let, tan х=2 /, sec?x dx=dz 


2 (вес2х ах аг 
НЫ | їап х = [2 =10в z=log (tan x) 
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Similarly f= Pato (tan y) 

Hence the required general solution is 

log tan x+log tan y=loge [c'=log c] 

or; log (tan x tan y)=log c. 

or, tanx tan y=c. 

Ex. 5, Find the general solution of 
e77 dx-pev^* dy=0 


or Fate dy=0 ог, 685 dx+e2% dy=0. 
a” 8” 


or, fe?* ах+ fe?" dyac’, 
az „а 
or, PLI Or, erpe? —24 — c, 


Ex. 6, Find the general solution of 


dy, Yatytl_o 
dx eel М 


From the given equation. 

Er EN Lp 

Еч а" тех 
[с 25-98 20 
y?--y-cl 1х2--х--1 


UTE TN 


243 un 2222 tan 209 


NE 43 B 43 
20 Enel (2-1 
JB 3 


de do -1 2x1 
Similarly, [1975 t С 
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Hence the required general solution 


2222 -12y+1, 2 -2x-l 2... , 
18 Ч 8 PEL tan "3/357 573 tan^! c, 


| “= Ж талт! e (say) | 


or, tan`! a tant 37 
2у+1 ү2х-1 
Or; tan-1 "зу wj 3 
12У+1. 2х--1 
J3 J3 
2x+2y+2 
or, 3 
3—4xy—2x —2y—1 
So 


—tan-!c, 


ший 


or; 2(x+y+1) с 


2(1-2ху--х--у) уз А 
ог; А(х+у-Е1)=1—2ху—х—у. 
ог, 2xy-X-Ey-FA(x4-y4-1)—1 
Ех, 7. If f(x) «log x and f/(1) = —5 then find Дх). 

[C. U, 1964) 
Lety-fix) 1 ух) = х 


or; dy=log x dx, or, [dy — flog x dx 

ог, y=Jl. log x—log *.X— Јах = x(log 32-41 

Now, when х=1, then f(x) —f(1)2—5 
—5=1.(1ор 1--1)-с--1--с 


у=Дх)=х(1ор x— I)—4, 


5 ds 52 
Ex. 8. dt 3p 2nd when t=0, then s= 


)+e, 


c=>—4 


15. Find ; when 
$=з 10, 
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Now, when 1--0, then s=15 


ó 5 1 
ys—gy046 20 с= 15 ss lahit 
1-1 1 

Now, when 5--10, then 10:30 tt 

Jis „Ж UMP ГҮ Л 
eu cr rene АИ 
Ex. 9. die —69 and c=0:006, R=75; 

da 

If a=10 when 18 then find ¢ in terms of a 

dt _ св 

da a 

da 

Or; Gia URS ог, fdt= J—cre 
or, t=—crR log a+A=cr log 2 
Now; when t=0; then @=10, .. O=cR log wt 
S. A=—CR log i ;. t-cR log l-cn = 


=CR log 10= 06х75 Іов 10.045 log 9 E 


[Putting the values of c and к] 


Ex. 10. Prove that if the normal to a curve at every 
point passes through a fixed point, then the curve is a 


circle, 

Let the fixed point be the origin and the equation of 
the curve with respect to a set of rectangular axes be 
y=f(x). Now the gradient of the normal at every point 
(x,y) of the curve is -7 Also as the normal passes 
through the fixed point i.e.; the origin; so the gradient of the 


normal is 2. : 
х ) 


Int. Cal.— 22, 
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or, —xdx=ydy or, x dx+y dy=0 
х? у? 
о; yc -6 or, x84+y2=a2 [Let 2c=a?] 
which is the equation of a circle, Hence the curve is 


a circle. 


Exercise V B 


Determine the general solution of the following 
equations :— 


1. Чу х+1 2. 4у_х%+х+1 
dx `у+1 dx y?+y+1 
3. x dx—y dy=0 4. y dy—x dy=xy dx 


dy _x(1+y?) = 
5. Z= d 63x Jim BRANES = 
(1 aj 1—у?ах+у JI х3ду--0 

7. dx ydy -0 8. dr+rtan@ 40--0 


9. A curve y — f(x) is such that Pos and when x=0; 
then y=6. Find Дх). 

10. Prove that a particular solution of the equation 
decis y?—4x. Find the general solution of the equation, 

11. The differential equation of a Curve is 
(1+y?)dx—xy dy=0 and it Passes through the point (2, У 3), 


Prove that the co-ordinates of the foci of the 
(+ v2, 0). 


Curve are 


. 12. If y-7; when x=0, then find the Particular solution 
of the equation cos y dx-F (14-2e77) sin y dy=0, 


$ 57, Solution of differential equations by substitution. 


When the variables cannot be Separated by inspection, 
then in certain’ cases the dependent variables are substituted 
by a new variable so that ‘the new variable and the in- 


dependent variables can be seperated, The solution in 
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terms of the new variable is then expressed in terms of the 
old variable. 

Example 1. Solve: log (2) -ахч-э 
ах. 

Let, ax+by=z 

Differentiating both sides with respect to x, 


dy dz . dy цаг 
a+b Rm EE 


Now, from the given equation; 


dy _pautby or, 18-ар-с 


dx b\dx 
ог, а= ог, БЕН ог, aiat 
ог, [= е -401) 


Let, ae-:--Fb—u 


—ae*dz-du, or e*dz= —1 


5, | иг = hu} log u 
a+ be* aju a 


1 -5 
= — 2 log (ae~* +b). 
Hence from (1) we get, 
- log (ae7* 4-b)— x--log c' 
or, log (= +2) -+log с= —ax. [с=а log с) 


ог, 108 (gue. —ax 


be* " a > Ч 
Or, UM came ог, та БВА ac [eat 


or, aa d [as z=ax+by] 


or, de 9*-"v-Eb —Ae ** ог, qe-*v-Lbe^* — A, 
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Ex. 2. Solve: (+y) 

E 3 dy dz . dy dz | 
Let; х+у=2 2. IE 98912832 
: fne dz 

Th t а ЇЕ —1)= ° 
е given equation is 2 ae a 
or, 2342 угсаа, ог, 22% ав раа 
ах 4х 


8 ° 
ot z?dz BE oni & 


Э авес Prose К 
22 4-а? —а? аз 
ог, rude fax, 
dz 
ог, [аа i 


"12 
Or, z—a tan “шел 


от, (х+у)—а п-1(#+>) =х—с 


Or yc-atan^! gu- 


Or, Ee Аит ран ог; “ТЭ tm (25. 
a a a a 


Exercise V C 


Determine the general 


Solution of the following 
equations :— 
d d 
1. (x- y) = a3. 2- z= y-x 
dy d 
СУ p oen, * cos“ ‚= 
3, zt e 4. cos (2 x+y 


dy _ 
5. 3; Лах+бу+с) 


$58. Solution of homogeneous equations of the first order 
and first degree. 


In the previous article we have solved Certain differential 
equations by substitution. But we have rt indicated any 
rule for substitution. In the present article and the next 
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we shall discuss the method of substitution in certain special 
cases. In the present article we shall discuss solution of 
homogeneous differential equations of the first order and first 
degree. 1 

Homogeneous equations. If in an equation of the form 
Л (x, y)dx--fo(x, y)dy 20; the power of each term of fy (x; y) 
and /Ь(х, у) be the same; then the equation is said to be a 
homogeneous equation of the first order and first degree. 

In the equation (x?--y2)dy—xy dx=0, the powers of 
each of x?, y? and xy is 2 and so the equation is 
homogeneous. 


7 2 5 
The equation Sl can be expressed in the form 
x 


x?dy-(y?—xy)dx and the powers of each of x3, y2; ху 
is 2 and so the equation is homogeneous. The equation 
(x3 -- y3)dy 2 x?y dx is also a homogeneous equation, 

To solve homogeneous equations, put y—vx. In the new : 
equation in v and x after substitution, the variables will be 
easily separated and the solution obtained in terms of v and x 
should be expressed in terms of y and x. 


. 9dy_y, y?- 
Example 1. Solve: аа 


Тһе equation is homogeneous. Hence for the determina- 
tion of solution; 


- тау уу Чаў uS B s 
Let у=ух, 1. dc wae and Pagel ber 4: 


Hence the given equation reduces to 


2( vx) - bI 2 t У+Р 
ог; 2x ety 

2dv ах 2dv _ (dx 1 
ог, yep es x э ог, [ж х ( ) 


Now, [52 - к= -4|,Ц -e 


122 INTEGRAL CALCULUS AND DIFFERENTIAL EQUATIONS 


=2 log (0—1) —2 log v2 log E 
From (1) the required solution is 


2 log 2-3 ов x+log с 


ог, log (= 


2 
| =log сх ог, =сх 


ог; (yz s ог, (у—х)? =сху?. 
y? 


Ex. 2. Solve: (х24-у2)4х—2ху dy 20 [C. U.] 


dy Ly x d". 
gom xe 


From the given equation we get; 


Let, y=vx; 


(x2--y2x2) —2x.vx (2) =0 
or, х2(14-у2)—2х2у (x2) -0 
ог; 14r —2[v+x 2) =0. 

Ч ах 
ог, 1--92-292--2ух 20 


а 
о, 1-98-2эх 8-0 or 1-38-2эх dv 


dx 2v dv dx (у, 
x 1—v2 9E, S-S 


or, log x=—log(1—v2)-+ log c 
ог, logx--log(l—»?,—log с ог; log {x(1—v2)}=log с 


Ex, 3. Solve: x?y dx—(x?+y3) dy=0 


Гез з dy _ x?y 
Of, х%у dx=(x +y )dy ог, dx хЗ+уЗ 
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4 d 
Now let, у-эх ;, Qa ap 
y=» .. dx yx dx 


Hence the equation becomes 


nh Са =f a 
On x 25 Ix3-'- m 
Or; шон dy Do ог, [Кюн = 
ог; fave Гао с 


о, - ps log у +108 х=1ор c 


3 
Or; m + log ?-x=10g c 


xs x3 
or, log усов 555558 ог, 108 ys 
x? 
ог, y 23» 
c 
x? 


Required general solution is y=ce 3y* 


‘Exercise VD 
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Find the general solution of the following differential 


equations :— 
1. Da 2. (x2+y2) dy=xy dx 
dx x? 
Gy are dy 2у-х 
Se rdc Des 4 dx 2х-у 


5. xy*dy-(x*--y?) dx 
J| dx= 7 dy. 
6. (x+y cos ? dx=x cos > dy 


[C. U. 1964] 
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$ 5:9. Solution of equations of the form 
dy _ayx+biy+e,/a, ba) 
decor hiya ei 
Equations of the above form can be solved by reducing 
them to homogeneous equations. To reduce the equation in 
the homogeneous form, 


put х=х'-Еһ and y=y'+-k; where h and К are to be 80 
selected that the new equation after substitution does not 
contain any term independent of х' and у". 

If x=x'+h and y=y'+k, then 
@x+b y+c, and адх--0,у- са 
reduce respectively to the forms 


a,x'+byy'+a,h+b,k+c, and 4,X'+boy'+dgh+-bok-+cy 


As in the new form there will be no term independent of 
x’ and y’; 


so a,h+b,k+c,=0 07) 

and agh-F bsk-- c, —0 (2) 

as @ Ps: ог, djb5—a,b, <0, 
ag” be 


So the equations (1) and (2) can be sol 
‚ and solving we get, 
Se PNY) OE 1 
bica — boty — 


= —————— 
0105—32]  dibg—asb, 


ved simultaneously 


ог, һ=?1©@—з©з ang к =©1йа—соау 
405—430} а10—а,}у 

For these values of h and К, @X+b,y+c, and 
45X--b,y--eg will reduce to the forms a,x/+.5 y' and 
азх' +b)". : 


Again as x=x'+h and y=y'+k 


1, dx=dx' and dy=dy’, 


Hence the equation reduces to the form 
dy ayx'+ Ву 
dx’ agx + by! 
This equation is homogeneous i 


n x’ and у and can be 
solved by the method of & 5:8 by 7 


the substitution узэх, 
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but the solution will be in terms of x^ and у. Hence putting 
x'=x—h and y'=y—k, the general solution should be ех- 
pressed in terms of х and y. 

Example 1. Soive: 


Qx--3y—5)9 + (3x42y—5)=0. [C. U. 1962] 


dy _3х-„2у—5 
dx 2x+3y—5 
Now let, x=x'+-h and y=y' +k. 
dx — dx' and dy — dy' So, the equation reduces to 
dy! 3x'--2y'c3h--2k—5 
ах 2x'+3y'+2h+3k—5 
Now select h and k so that 
3h+-2k—5=0---(1) 
and 2h+3k—5=0-:.(2) 
Solving equations (1) and (2) 
h k 


NT 


-10-:15 =i ЫН 9—4 
ог, Ї-2-1а04К-3- 
Let x=x'+1 and y=y’+1 and the equation reduces to 


ог, 


dy' _ L IKEE. 
dx — 2x-3y 

Now this is a homogeneous equation. To solve it 
акау; dy 

eny M Жез аш ры 


dy __3x'+2vx'_ 3--2у 
Їл 227 ҮРЕП ЗЗэх! 243» 
а 132Е29 РЕ 34v 3y? 
Оозу ау 2+3» 
3+2 фус ах! 
9n 3y2 + 4y+3 F 
Now integrating both sides we get; 


аи um [ Taking и--Зу2--4у--3, | 
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or, log цас —log x'--log с 


or, log (393-4-494-3/ 4106 х'=1ор с. 
ог, log (3v2 +4-Е3)®х' =1ов с 
ог, (3/2 4-4у+-3)х 2 =с2 =А 
з 2 i 
ог; к | uS yes Vx v=}] 


ог, Зуд--4ху!--3х3- 


ог, 3(y—1)?--4( el EXAM сие 
ЇГ. xzex-rl 12) x'»x—l; 
andy=y'+1, 2. У-у-1| 


and this is the required solution. 
Ex. 2. Solve: 2 nid 
Let x 2x'--h and y zy --k, 
dx — ах and dy = dy' 

5x—Ty = 5(x' --h) —7T(y' +k) = 5x —Ty'+5h—T7k. 
and x—3y+4=(x' +h)—3(y' +k) +4=x'—3y' +h—3k +4 
Now select Л and К so that 

Sh—Tk=0-+.(1) and h—3k-+4 =0--.(2) 
From (1) k=$h. From (2) h—15h+4=0 

8h 


or, "insi or һ={ 


Now, for these values of h and К 


ца 5х”--7ух! я A 
БЕ pe may ОУ= say] 


or, X dy 5-1» —у=3”*—8›+5 


ке верер 


dx 1—3» 1—3y 
or, E (1-3) dv _ dx or [229 dy -»[4 
3y9—8yp5 x ” 1332—8045 J x! 
Now, (1—30 dv. .(( 1. 6 
2 sers" fr 5у:5/9 


=log Ез? log (3›—5)=1ор Gp а 
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Required general solution is 


y— 


1 
log су 5)а Io X —log e 
D 
or, log х ДЕ ЕУ ee (57e 
| C MESS 
2 


or, = шекке 1 б жаш | 


872 эхэ e ly =x 


ОЕ 
(y—5x+10)2 = 


or, (3y—5x4-10)3 2c(y—x4- 1) 


or, 


1—3v 1—3v A 
Note $ - ——— = — 
| 016 вурс (39::549::1) 3»25*y9— =) 
A+3B8=—3 and —A—58-1; 2) B=1;A=—6 
1=3v i. ..6 1 
3y2—By+5 Rotel 


$ 5-10. Solution of equations of the form 


dy a xX+b +6, when 1201 
ах agX-Fbgy-6g ONES 


di b : dy аух-Еуул сү toabe 
RAE , the equation zx аху са саппо 


by the method of the preceding article. For, as 
ау Эл ог; ауа —agb, —0; so the values of Л and k cannot 
аз Ug 

be determined. 
below. 


In this case follow the method as shown 


Method: Let 2 = 4 =—. 
a 


The equation reduces to 


Now, let eth 


dz 
05 Boats» 
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Hence the equation-(2) will reduce to the form. 


x) t 


ог, Zag, +50261) 2(91т-+,) суа, +01 
ах mz-r6s т2- Са 


5 (mz+¢g)dz 
І, ——— -nF 

z(aym 4-54) -F 68a, 4-540, 

Now the variables are separated and the equation can be 
solved by integrating both sides. 

Example 1. Find the general solution : 


(х-44у--3) 2 =2у+х+1 


Given equation is Qty ed ey ent 
ог, 9. x*2ytl 


dx 2х+4у+3 
р z= A .4.0) 
Now let; x+2y=v ~. 142020 
or, 2-(2-1 

from (1); (a -1- Zo 
JEn apa es 
гэсэн 
°% fats pnt 95 (Үгүй ара. 


Nr 1 
or; Ба. pon. 
ог, pH log (4v4-5) 3 x--c' 


1 1 
ог, a 29 tg log (4x4-8y-- 5) 2 x--c 
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1 хүс х-2у-с 
ог, р log (4х-Ь8у-Е5)= —у+5+5= TU 
ог; log (4x+8y+5)=4x—8y+4c=4x—B8y-+a, 
Ex. 2. Find the general solution of : 


dy x+y+1 

dx 2х-+2у+1 
йы сыны! 
dx 2(x-+-y)+1 


Їе! х+у= 0141-1235, 24 
+y=z + x Or, dx 1 


dz_ 


do 241 
ах “12:01 “/22--1 
(2z--1)dz . 

3242 E 


. ((224-1)4: A 
e [T e o 0 


jeD az _ 1 #3- 1 le 
E [бз 33z42 


log (324-2). 


ог, 


ог, 


Now, 


-$'-9 
МӨС jeg (1) 
E log (322-2) 9 x--c 
ог, з 2 (3)-3 log (3x+3y+2)=x+c: 
18231 
or, $579 log (3x--3y-4-2) 4-c. 


or, 6y—3x=log (3x-+3y+2)+9¢ 
Hence required solution is 
бу — 3х =log(3x+3y +2) +A. 


Exercise V E 


Find the general solution of the following equations : 
dy _ 2х—у+1 2 dy. 4х--5у--3 


dx х—2у+1' ~“ dx 5х—бу+2 
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3. (6x—Sy+4)dy+ (y—2x—1) dx=0 


4. dy 6х-2у-1 
dx 3x—y+4 
5, Qx-r4y--3) dye (2у--х-ы1) dx (c. U. 1963] 
Examples 5 
МО ду УУ) 
1. Solve: (i) dx x1) 0 
(ii) Wed ы 
a dy,X0-D.- С тийуу маме ыу | 
Шыу о Ур) җх—1) 
=loge «+ c 
ans 5-5 ны a) 
1 1 х-1 | 
Now, к= ler at log 2002 | 
=i 
Similarly, | =log 2—- 
1: апу, 252 8 y 


So from ae we TUM 
log?— =! лов log с 
cae = 
от, 1ор тта log c 
or, (х—1)(у—1)=сху and this is the required solution, 
(i) (12-2) 4+ (1--x?) dy=0 
de (20А 
[eat гуу? 
ог, tan-ix--tan-!y—tan'! 


or, tan^! XV Stanie 
11—xy 


x+ 
95 Тху Х+У 2, or, x+-y=c(i—xy) and this is the required" 
general solution, 


2. Find the general solution of : xa +у=1 


ady у= ИРТ) 
х ty 1 or, х2—=1—у 
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dy dx со, 12:-(8 


от; see (х 
> 1-у x? i—y 158 
ог, —log (I—y) = —1—log с 
or, log (1—у)= log c or, log Ел); 
х с x 
1 1 
or, 1—у=сеє ог; y=l— cez, 
3. Solve: D 
dx 
a-v rz . 
d ae =% ог, e*dx=evdy 


S fetdx=fevdy or, е = +. 
4. Determine the general solution of the differential 
equation : 
ydx+(1+x?) tan-1x dy=0. 
y 4х--(1--х2) tan-!x dy=0 


dx dy _ 
оъ mpeni y 0 
; dx ду. 2 
ог, [тт кост Гу ОЁ c (1) 


To determine EX ue put tan! x—z 


dx : dx dz 

Or, 5252 АЛ, freee dn ad 

=log (tan-! х). 

So, from (1) we get, 

log (tan-? x)+log y —1og c. 

or, log (y tan"! x)=loge or, y ќап-1 х=с 

which is the required general solution. 

S Save: log (sec x-+tan х) gy = 108 (sec y+tan y) dy 
cos x cos y 


From the given equation we get, 
[e (sec x--tan x) ара (sec y--tan y) dy (1) 


cos x cos y 
Now, to determine [beue creo 
E cos x 


132 


INTEGRAL CALCULUS AND DIFFERENTIAL EQUATIONS 


put log (sec x+tan x) =2 


1 


——— ———— (sec x tan sec? x) ах= dz 
sec x--tan x ( Ws ) 


ог, 


ог; sec x (tan х--86с x) dx dz 


Sec x-+-tan x 


secxdx=dz of; ——=dz. 


or, 
cos x 


So. рев (sec x--tan худ, 
2 соз х 


=| zdz -2 = ов (sec x--tan 21 


log (sec y-4-tan y) dy 


Similarly; | M. 


21 t 
= (sec y-rtan »] 
So, from (1) we obtain; 
S(log(sec x+tan x)]? —3[log(sec y--tan y)]?-- 3c. 
or, [log(sec x-+-tan x)]? —[log(sec y+tan y)]? -- c. 
6, Find the general solutions of the equations 
0) (x-+y)(de—dy)=dx-+ dy 

xdy—ydx _ 

x2 yh 
0) (¥+y)(dx—dy) =dx+dy=d(x+y) 


or, dx—dy = +0), 
x+y 


Integrating we get 
x—y=log (x+y)—log с. 


Gi) xdx--ydy4- 


Or, x—yclog t ог, XY ву, 
i с 


ог, х+уз сех ч 


х dy—y dx y 
(ii) X dy—y dx x2 a) 
x24 y? ШЕТЕЛ A3 
A Um Саа 1+ 87 
x? i 


=... 


DIFFERENTIAL EQUATIONS 


So, from the given equation we get 


y 
x ах+у dy+ 40, 
ШЕ 
у 
ог, [хах+|у dy+ “te og 
1+(2) 
or, Ж напе 


ог, x?+y°+2 tan"? 5=с 


and this is the required solution. 
7. Find the general solution of the equation 


Messin (x+y) +cos (x+y). 


x = p ——— — eua et 
Let x+y=v 1, 1+ x 0b qx 
Hence from the given equation we get, 


дутсан 
dx 1-sin v+cos v. 


or, wat +sin y-4-cos v 
ОК. ШЫРП. ул, 
? 1+sin y+cos v 
ог, eL си нийн 
h ї 
2 соз 5t? sin 5 cos; 
sec? (у 
ог ЖАДОО... =dx 
3 y 
2 ( +tan j 
Or, ids [Putting tan 5=2 
ог, seo? ЖА 


Int. Cal.—23 
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or, log (1+z)=x-+log c (Integrating) 


or, log шин ог, 1+z=ce* 


or, 1+tan 5= се“ ог, 1+tan 3(x+y)=ce* 
and this is the required solution. 
8. Solve: 
ne i ipa 2 
O 2 -0499:0) бхр), 
dy d dy dv 
(i) Letx+y=v ~. 195 y 07 ог 


4х ах > ах dx 
Hence from the given equation we get, 


ay zy? m ? ог йу =dx. 
ron ed or, zx У кет. 


Integrating we get, (4071 y=x+c 
or, tan^! (x4-y)—x-rc ог, x-yztan (x+c) 
which is the required solution. 
(ii) Let 4x--y--1-u 
dy du ду. du 
ог, 4- mg. 95 


dx dx 
So, from the given equation we get, 
du ag du | 2 du _ 
d; 47" Or, qu Tu, or, [= 
ог, 1 апте ог, tan`! у) artze 
ог, 4x+y+1=2 tan (2х--о) [taking e=2c"] 
and this is the required solution. 


9. Solve; 
1 2 2 ЁС 


dx 
(i) The equation is homogeneous and so put у=ух 


ау. dr апа ty? _ж?+-›%х9__1-у% 
ч ЖАРУУ Охта ee 
So, from the given equation we get 


dv _1+y? dy 14»? | 1-4y?—2y 
V S 2 91, wares у т 2 


Zu)? 
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24, ах 24, dx 
Or ,———-—— L—-—|— 
50-15 x l= 1)? i 
2 2 x 
or, ———=logx—loge or, ——~ =log 2 
v—1 1 с 
х 
2x — x 22-35: 
ог, mp 2 ог, PCS 
22 ` 
Or, x=c¢ e ж-з and this is the required solution. 


(0) Putting y=vx, we get from the given equation, 
E ФМТ... 
х+уҗ(у+х@®) =32›х. 


or 1+0 +ух 9—3) 


ог, 93--294-14-эх ©'—0 
ах 

vy dy _ = 
(е1)? 
Г vdx ах 

ЗАС vi 


-0 


( 1 dy dx _ 
or, Je- яд Dix =0 


ог, log(v—1)— a +log x=log ¢ 


2 
Or, У--Хтшс es-v ; which is the required solution. 


10. Prove that in equations of the form 
yf(xy)dx+xg(xy)dy=0, the variables can be separated by putting 
хугшу. 


у 


—y d: 
Let xy=v 02. y=; or, dyes d rax 


х dy=dy—dx, 
x dy y x 
So, from the given equation we shall obtain, 


EJO) +80) (à H тах)=0 
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ог, g0) dv ах) — (v) 20 


8(У) dv dx 
' We- Ab х 
11. Solve: 


У(2ху--1)42х--х(1--2ху +х2у2)4у=0 


П 
and the variables x and у are now separated. 


C ау х dv—v dx 
Let ry=v 2, yc So, CT ETT 


12 
20 4уг-ду-4х. 
Now, from the given equation, we obtain 
T» dz (1 4248) a— E -0 


ог, 9(294-1)0х--(1--9) (х dy—y dx)=0 
or, dzi2v-- 1) —v(1 4-?1--(14-)2x dv=0 


or, --984х--(1--9)2х dv=0 
ог, dx U+)? _dy He d 
x ys vu 
or, ЇюЕХ-ш---- 2 нов v+log c 
or, log x—log v—loge=—_! _2 
2-5 у 
or, log Ž=— | 2. 144ху 
су 2x*y3 ху 2x2 у? 
ог, lg 7 = 1+4xy 1_ 1-4» 
8 суу 233 уг Oh 4,108 cy — 2xiy? 


or, —log (cy)z — pcd or, log =a? 


and this is the required solution. 
12. Solve: 9» =2%+9y— 20 

dx ^ 6x42y- 2y—10 
Let x—x' +h, yap! +k B 


dxzdx, dyzdy. 
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ay! UL +h) -907--5)-20 _ 2x’ 4+ 9y' +(2h+9k — 20) 
dx? бх") F20 +k)—10 6x" +29" +(6h+2k— 10) 
Now if 2h+9k—20=0 and 6h+2k— 10=0, then 2-1 and k=2 
and for these values of ^ and К, the equation takes the form, 
dy' 2x'4-9y' 
ах бх +2у` 


Now, let )’=px’ 
‘dy _2+9v ‚ dy 249». 
dx’ 6+2y dx’ 642» 


dy _2+3y—2y? as _(2v+6)dv dx 
ах! 6+2 > 2р9 =8р—2 х" 


v+’ 


or, x’ 


(2у--6) ах. 
ог, Qv 6-2) dy yc 


2 2 ах | , 
Sni, = 
dem бут Те 0 [See Appendix] 


or, integrating both sides 
2 log (v—2)—1og (29 4- 1) 4-log x’ =log с 


or, x'(y-2)?—c(2v4-1) 

LP DELE TPAE 
2 
ог, Q'—2x) =c(x! + 2y’) 
ог, [(У—2)—2(х—1)]#%=с[(х—1)-+2(>—2)] 
ог, (y—2x)*=c(x+2y—5). 


. dy. xy 
13. Solve: Rap 


Let x+y=u 


л dx dx 


Hence from the given equation we get 
du 1224 du_ и 4122472 


Gx R 2 


dz: u—2 


(u—2) 4и_ ili- 2 
ог, A-3745 or i(1-- e duzdx 
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or, u—log (u—1)=2x+log c 
or, X+y—log (x+y— 1)=2x+log с 
ог, p—x=log (x+y—1)+log c=log c(x+y—1) 


а 14-10 (u> Djs, 08 6 [Integrating both sides] 


tc(x4- y — 1)—e"-7 and this is the required solution, 


TTE J y2. ET Pm 
Ex. 14. Solve: (i) tan x D iy ; when х=5 then y=1 


(ii). === when x=], then y=1 


ly ax 
=1 санал 
ee 7 чо: 1--95 tanx 
ду. 
ог, ioe [сог хах 
or, ќап-1у=1ор sin x+c 


[[cot хйх= [ped ЕЭ” a+c] 


sm 
Now when х= then y=1 
tan"! 1—]og sin zte 


or, q=log Ite orc Го log 1-0] 


The required solution is tan-!y=Iog sin х+2. 


у ду 3х2 +1 
O 28 ур 

ог, vs, 1)4х= (4у--2)4у 
ог, ((3x?--1)dx— 1(4у--2)ду 
Or, x8 +x=2y2 + 2y 46, 
Now when x=1, then y=1 


14+1=242+¢ or сш-2, 


Hence the required solution is x3 +x=2y? +2y—2. 


Ex. 15. Solve : (i) (1—x2) 4 =, 


ГН. 8. 1980] 
[Н. 8. 19801 


when x—2, then y—1 


[H. S. 1981] 


DIFFERENTIAL EQUATIONS 
12 dy . КЕЈ LE 
(i) tanx qum y, When x—z, then у=з. 


` dy 
—x?) Z= 
б) (1—22) 42 
ау ах ах 


2) 1- тз i=l 
dy, ах 
25 х8-17 EU 


or, fca =$ 


о, 5 1 үрд 228 log 2—7 1 tog c 


or, tog (92 na =5 loge or, Xzz)-« 
Now, when x=2, then у=1 


ог, l2— 26 2. Sg 
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Hence the required solution is X) or, 3y(x — 1)=1+х. 


` 


(ij) tan x 9 =ап У 


aay dx or, cot у dy=cot w dx 
tany tanx 

(со! y dy={cot x dx 

log sin y=log sin x-rlog c 

or, log sin y=log (c sin x) 


or, siny=c sin x. Now, when хэр then 7-3 


ог, 


or, "ore 5 
Hence the required solution is y= ,/3 sin x. 


Ex. 16. Solve: d -0 when x«1 
=1 when x>ł 
sl 
2)=3 and у is continuous at t= 
pn y when x2] 


[»(2) means value of 
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0950 whenz«l о, dy=0 when x<1 

Or, y=c, (Integrating) when 2-1. 
2-1 when x>1 or, dy=dx or y-x-rc, (Integrating) 
when x=2, then y=3 


3=2+с, So Сас} 
y=x+1 when x21. 
Now y is continuous at x— 1. 
Lt y= Lt y 
x>1+ x1 


or, Lt (+1) = Lt (c1) 
к--1- x—>1+ 


or, 2=c, 

The required solution is 
y=2k when x<1 
y=x+1 when x>1 


Ex. 17. Solve: 9 =2х when x>0 


=1 when x<0 
y=2 when x=1 ; y(0) is continuous. 
4| 
En whenx>0 ог dy=2x dx 
ог, y=x? +c, (Integrating). 
y=2whenx=1 ., 2=1++с, 1. с=1 


dy 
whe 1, “шы = ai 
п х< dz 1 ог 4у--ах 


ог, fdycdx or, у=х+с„ 
Now у(0) is continuous. 
"un. bt R=" y 
х--0-- х-»0- 

or, Lt (3-1) = Lt (х+с,) 
x>0+ х--0- 4 
or, l=e, 
So, required solution is 

у=х? +1 when x>0 

=x+1 when х<0. 


Find the general solution of the following equations. 


hon 


20. 


21. 


DIFFBRENTIAL EQUATIONS 


Exercise 5 


x3(y— 1) dx 4- y3(x— 1) dy 0. 

x cos?y dx— y cos?x dy=0. 

(x3 — yx?) dy (y? xy?) dx=0. 
x?(x dx-- y dy) +2а (х dy—y dx)=0. 


d ЕЕЕ 
(+): aas, 6 D ЈФУ. 
dYa; dy 3x4-2y!' 
Be UH Sa RIS 
DEIET) 10. 9-09) 
dx x(x—3yy dx x(y—xy 


y? dx+(x* +xy)dy=0. 

d? stan 2 

dx х х 

(x—3y+4) dy+(7y—5Sx) ах--0. 
(x+y+1) dx—(3x+3y4+1) dy =0. 
RI+LG =0 and when г=0, I=1, 


ГЕ and L are constants]. 


dp 
~+2p=2A, 
Tur : 


dy xl ; when x=1, then y— 1. 
dx y+1 


dy х +241 when x=0, then у=0. 
dx yy 


gec?x tan y dx+sec?y tan x dy=0. 
when к=з then увс 


dy у? Уе ыд when x=1 and y=1. 
dx х? +Хх+1 


х3(у-1) 45+) 


1) дуг-0 when x=2, then yz2. 
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22. 49.3х-2у 
4х 2х-3у 
23. y?dx--(x?--xy) dy=0, when x—2 and y=1. 
24. y=2 when x>1 
=1 when x<1 
when x=2, then У--5: J(1) is continuous at x. 


when x=1, then y— 1. 


25. 28 —2 when х<% 

—2 when x71. 
p (—1)23 ; yQ) is continuous. 
26. res when x72 

=7 when x<2 
¥(3)=29 ; (2) is continuous. 


APPENDIX 
Integration of Algebraic Rational Functions 


$ А`1. Algebraic Rational Functions 
JO) _ ах" ra x" 1+... Fas ух+а 
t ысы 1 n 
Functions of the form gl) box" 4B, ETT EE, 
(where do, d, ,***, An, бо, дууг, Dm are real numbers and m and n are 


positive integers) are called Algebraic Rational Functions. So 


i 1 1 1 ax?+bx+e 
So functions of the form аро 38:09 ЭЛЕЕ eee 
x?-x—i x x2 cm UNE D 
Erer (Х-1(88-4) Erer etc, are algebraic rational 


functions, 

We have already indicated diferent methods of integration of 
algebraic rational functions. Presently we propose to make a more 
detailed discussion of these methods. But before such discussion it 
ís necessary to discuss diferent methods of breaking a rational 
algebraic function into partial fractions. 

$ A'2. Partial Fractions. In the present section we are discus- 
sing different methods of breaking a rational algebraic function into 
partial fractions when the degree of the numerater of the function is 
less than that of the denominator of the function. 

1. When the denominator can be resolved into product of two 
or more linear factors. 


. To сек сша : 
Example 1 express ~y HRS as the sum of partial 


fractions. 
Let x CR. ose. MR ХЭ Rue и 
xi—5x46 (Х- = 3) x52  xz8 
numer 
(1-24х-3)  (8-2ХХ-3) 
хэаА(Х-3)68В(Х-2) + rege BOUL) 
=x(A+8)—- (3A +28). 

w the coefficients of x and the constant terms on both sides of 


(1) are equal. 
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A+B=1 and 3A-- 28-0. 
Solving we get A— —2 and в=3. 


х E 2 
Бо —5x+6 x—3 x—2' 


‘From the above example we get the following rule :— 


If xis Xo, нэ, Xn be different from one another and the degree of 


x) be less than n, then FO can be expressed аз 
49 а ауа) RE: 
the sum of п partial fractions of the form —A1_, A2, .., Ав. 


Х-хү, x—«,” "x—«3 
The values of Ау, Ag, ++, Ад can be determined by equating the 
coefficients of x^-1, x»-2, ... and x? (ie. the constant term) on both 
‘sides, 
2 
Ех 200 Express: e з С^. -П. 
х р G-—DG-206— -3) into sum of partial fractions 


and hence determine lene yea 


2 


t En == А B On 
TII) -17Х-2 5-3 


Now, tz. 


х-1 х-2 x— = 
=АФ@®—2)(Х—3)-„в(х— ЗУ(х—1)+с(х—1)(х—2) 
(®—1)(х—2у(х—3у_ 


z A (Ar 8-F c) — x(5A --48 --3c)-- 6A +38 +2с 
(x —1)x— 2)(x—3) 
x? 
(8-18-248--3) 
x(a t B-FC)—x(5A--48 -3C)-F6A --38-E2c 
G—126-2—3) 

%7=23(A+8+0)— —X(SA-- 48-- 3c)-- 6A --38--2c 
Now, the coefficients of x, 
Sides are equal, 5 
6A-+3B +2c=0...(3). 


x and the constant terms on both 
m SA+4B+3c=0-..(2) and 
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Solving the three equations we get a=}, B= —4, c—3. 


i x? OG, ун! 9 
" @—Ne—2D@—3) 2(х-1) 38-02) %e—3) 
х?ах 29 1 4 9 
BS la-06-26-5-]23-2 z-2'28—9) 75 
dx dx Reg fade 
ea ee ES 


=} log(x— 1) —4 log(x—2)+$ log(x —3) 4-c. 

2. Rule of expressing a rational algebraic function when the: 
denominator of the function can be expressed as the product of linear 
factors, some of which are repeated. 

Rule. When the denominator is of the form (x—a)(x—b)" 
(х— с)", then the function can be expressed as the sum of (1--77--0) 


хан СЕСЕ 
partial fractions іп the form zu x Tet 587 „+ GEF 


Cn 
IM ee tU "taceo The constants A, B, Bo,*«B,, Cy, 
Co,"*+C,, can be determined from the equality of the coefficients of the: 


different powers of x on both sides. 


Example3. Integrate GTUiN by expressing it as the sum 
of partial fractions. 
х? А в С 
22104 Sipi x x2 (9.2) 
B c 
zm 1 +342" (x2) 
—А@+2)° -rB(x4- D)(z 4-2) 4- c(x 4- 1) 
(x4 1)(x 4-2)? 
II (A+B)+x(4Aa+3B + с) +4А+28 +С 
(х+1)(Х-+-2)5 
x? __22(А +В) -x(4^ 38r C) -4A 4-28 C 
(DT 2) Gr Do--2) 
s. хїшх АЖВ)-Х(4А--38--0) -4А-4-28--С 
Now the coefficients of x?, x and the constant terms on both the 


Now 


sides are equal. 
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So A+B=1+--(1), 44--38-Ес-:0--(2) and 4А4-28--0-20-4(3) 
Solving equations (1), (2) and (3) we get A=1, B=0 and c— —4. 
х? dh t. 
(5--1їх--2)) x+1 (x+2)? 


ag 1 4 
н Тао eri aem 


Биг! dx 1 
=|- 48у —log (x4-1)— 4- БЭ 
4 
=log GH ate 
dx 
x(x + 1)? 
1 МД в с 
Let, Sati! x rtl (RI 
ALB. € _А(Х+1)? +ах(х +1) +сх 
Now, 2 zri (тыу x(x+1)? 
“Ад (A+B)+I(2A+5+C)+A 
x(x +1)? 
1 X? (A+B)+x(2A+B+0)+A 
x(x+1)* x@+1)? 


Now, the coefficients of x2, x and the constant terms on both the 
sides are equal. 


Ex. 4. Integrate : | 


A+8=0-.(1), 2A+B+c=0...(2), А<1...(3). 
Solving equations (1), (2) and (3) we obtain, 
А=1,в=—1,с=—1. 
g 1 Шы]... 1 1 Ё 
x(x+1)? x xti (xily 
| dx -|Ё- pz ч dx 
Җ(х+1)# х+1 (+1) 
=log x—log (x+1 1 
g (x4- Miete 


= Pep i rf 


z3 x+1 
Ex. 5. Integrate ; Medal wire dr 
gate: gat [P. P. 1931] 


X? px? — 6x=x(x2 +x—6)= x(x + 3)(x—2) 
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х2-Х-1 А, B с 


Met х%+єхї—бх х х43 kT 
A, 8 C “А(5-3)Х-2)-8Х(х-02)--сх(х--3) 
мөн zt x43 x—2— x(x4-3)(x —2) 
хЗ-вх-1 2 А(х-+3)(2—2)-„вх(х—2)-„сд(х-ҥ3) 
x(x4-3)(x—2) х(х+3)(х— 2) 


y? ЖХх-1Ї:шА(Х--3ДХ-2)--вх(х-2)--сх(х--3) 
Now this equality is true for all values of x, So putting x=0, 
—3 and 2 successively on both sides we get A—1, B=4, c=}. 
Жакын ai (dx ip dx гүү dx 
Ls +x? Zan] х а 2, 
=} log x+} log (x--3) +1 log (x—2) +e. 

Note. Inthe first four examples, the values of A, B, C etc. were 
determined by equating coefficients of different powers of x on both 
sides. In example 5 above we have used an alternative method. In 
example 6 below, we shall use both the methods, But the method 
used in the first four examples (i.e., the method of equating совћ- 
eients) in the general method. But solving the corresponding equations 
frequently becomes trouble some. 


Bes аеро: анаар 
1 А = a 


Le 


(3-0) (5-5) (х- a)? етер]; 
—AGc— b) - B(x— a)(x — b) - c(x — a) 
m (х— а)#(х—В) 


2 


1—A(x— b) --B(x— a)(x— b) -- c(x— a)? 


Putting х=а on both sides we get 1=a(a— b) 


М УЛЛУ 
015 0375 чр. 


Again putting х= on both sides we get 12 c(b—a)? 
1 


ege 
Also coefficients of x? on both sides are equal 
в+с=0 2. в=—с=— i 


(b—a)?" 
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5 1 at аа пе ИГ. 
“5 Q-a ab) а-5 (x—a) (Б-а) z-a 
EC 1 
ахь 
ах Ї 1 1.4 
[Е —ay? (x — b) ma gm (Б-а) х- 
A: 1 [dx 
eam eb 
1 1 Ў 
=. a) G-— rap ӨВ Е- О тэй х bn 
1 1 log 0а 


= аук a) ГЕ —a)? x—a 

3. Ifthe denominator contains one or more different quadratic | 

factors, the algebraic rational function will have corresponding to 
every quadratic factor x? -- bx 4- c (¢0), 


а partial fraction of the боло ЕВ, 
х? bx-rc 
Ex.7. Integrate : Ё x чех 
Let © = x tA TA вх--С 


хэ] (х-1/(Х5-4Хх41) х-1 х“-х-1 
x=A(x? +X-+ 1) (Bx-rc)(x-— 1). 
Putting x—1 on both sides we gett 1—3A 2. A=}. 
Again coefficients of x? on both sides are equal. 
А+В=0. 2.2 B=—A>=—4}. 
Again constant terms on both sides are equal. 
А-0-0 2. C=A= 
эж ~ 1: х-1 
Essex i Х5:5 4-1 


dx х-1 
mee 1 
if = Mt 
dx 2х+1—3 4: 
Li A —1[ %® 2x41 
| = LA [sre 
dx 
Tx 
vx 


3 log (x— 1) — 1 log (x2 цалданг tani atle 
[See Ex. 2. $ 28] 
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Ex. 8. Integrate: |-545 006 
Š 2 | (EX +32) 
x WU EFR 


t (1-Ех)1--х5) lx Fx? 
хэшА(1--32) -(вх--с)(1--3). 
Putting х= — 1 on both sides we get —1—24, 2. A=— 4}. 
Equating coefficients of x? on both sides we get, 
0-5А-ЕВ 7. =—А= 
Again the constant terms on both sides are equal. 
0=a+0 2.2 C=—A=}. 
x rci 1 
(1+x)(1-+x?) 1+2x? гээ 
х ах х 1 
Jas +?) ti Тээл гуз ® 
Р NEL dx i dx эмэ 
14x? 1+x? 1+x 
=} log (14-x2)--3 tan-!x —3 log (1+х)+с. 


1 
we 
para 


$A'3. Integration of rational algebraic function when the 

degree of the numerator is greater than or equal to the degree 
of the denominator. 
Лх) yi 
217 with 
^" Ке) 
respect to x divide f(x) by g(x) untill the degree of the remainder is 
less than the degree of the denominator. Let in such a division g(x) 
and r(x) be respectively the quotient and the remainder where q(x) 
and r(x) are polynomials. 

Kaay CO an а [/ C95 

PRAG x 
aX) 40) 805) BUE 


-| | g(x) + Го Цан [аб)ах + | Ёо 


Now, as q(x) is a polynomial, so (4(х) dx can be easily determined. 


Let S be an algebraic rational function. To integrate 


Also [9 dx can be determined following the rules discussed 
in 8 A2. 
Int. €al,—24 
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7 хїах 
Example 1. Integrate : [52-5 
x? +7х+12 ) x ( х-7 
x? 7x? +12% 
— 7x? —12x 
— 7х2 —49x —84 
37х--84 
х5 шир 37х--84 tbe. ә] 37х--84 
х%+7х-+12_ x? +7x+12 (x4-3)(x 4-4) 


37x+84 _ А pB 
(х+3)(х+4) х-3 х-4 

37x --B4— A(x 4-4) --B(x 4-3) 5 x(A 4-B) J- 4A --38 
‚`. A+B=37 and 44 4-38—84 
Solving we get A— —27, в=64 

37x-- 84 44:25:27 4 64 

(x-3)(x-4)  х43 х-4 


[жгететтә=(®-7—„,+ E 


Now, let 


dx dx 
=| gx - Ed = 
fx х-7|4х--27 Se E 

2 
=% -1x27 log (x+3)+64 log (x+4) 4-c. 
Ex. 2. Integrate; ( **-t3*-1 gy, 

К мин 
(52--14х--1)-гх8 +х?-„х+ 1. 
X3-EX3x-L1 ) хі 4x24] х-1 

x4+x8 4x2 ax 
—x?—x +1 
—x9—x9. x] 
— Hài 

Зи Gat нш ӨРӨӨ E ЭЙР 
U @ +1641) (x4 +1)(x+1) 

3-2 AX+B, C 
N зад == 
Guka (х2 + DG 1) m1! xxl 
x? 2 (ax -B)(x --1)4- c(x2 +1) 
Putting x2 — 1 on both sides we get, 
Jos mb c=. 
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Again as the constant terms on both sides are equal, 2—84-c. 
are B=2—c=2—$=], 
Also the coefficients of x? on both sides are equal. 
І=АЖС >. А-41-051-8ь--1, 
Sa) - PS = 2-1 
(85--0(Х--1) 291) 2021) 


So, f nente [frit RT 2 


@+Ne+1 @+1) 2a? +1) 
[ dx 2x dx dx 

ЭН - 3 -4 сэ ҮД 1 23-11. 

=|х ах Ге | рн; 


=% -x+ log (x+1)—4 log (x? +1)+3 tan-! x+c. 


$ А-4. A special technique in a special case. 


If both the numerator and denominator contain only even powers 
of x, then it is convenient to express the function as the sum of partial 
fractions by putting x?—/. Note that here the variable / does not 
replace the variable x. Before integration, replace z by x?. 

Example. 1. Integrate : 15255255 

x? 22 t 
Q3 ray? Eb?) (1--49)1--55) 


[Putting x? — 7] 


"nep cca ре) н (а аги) 
С ai—b? Vra? Ix) аз уяаг хай 


В f х?ах xj 1 { das 293 Јах 
UU Ј@ наук? +62) 108-55|х5-р43 x3 pp3 
220405 dx 2 dx 
5521-5355 къ 28-55 гаа 
голч lies хор? І гац-15 
=a gn a а8сЫ8 p Bre 

1. vd -13 
Зар (a tan 2-8 tan) +e, 

. [Qe Dax 

Ex. 2. Integrate : mE 
Let, x?—t. 

oder NEN ЛЭГ ^ 


. - = = + B 
Uo x-3xSx42 D 3062 ((-10—2) :£—1^ 1:32 
t+1=a(t—2)+8(t—1) 
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Putting ;=1 and 2 successively on both sides we get A— —2, 
B3. 


x?-1 3 2 £j 3 


xí—3x3 2 1—2 7-1 хї—2 g3—] 
2 
“* [ж=зи-зФ=з|®„—2| ® 


х*—3х%-+2 212—2 х? 1 
3 х— ›/2 х—1 
=; — S |—log -—. 4 
2728 bee pal 08 БЭ 


$ А'5. A special substitution. 

If in an algebraic rational fraction the numerator and denominator 
contain respectively only odd Powers of x and only even powers of 
X, then the substitution x?—:; is frequently found convenient. In 
this case the integrand is expressed in terms of . This new integrand 
is then broken up as sums of partial fractions. 

хах 

Ехашрїе 1. Integrate : Ins 

Lexi; 20 2xdyn апд x8dx—z? Xdx idt 

Also x* +02 +112 +t-+1. 


x?dx 207 tdt Эн 2t+1 1 dt 
ЧЭ att aif 


=H log(t?+72+ 1)—4. Í tan-1 +1 +e 


J3 
=} log(x4 ++), tan-1 ээн. 


x5dx 
lxt 


Ex. 2. Integrate : | 


х5 pes 
Ixi " [px 


Femina pn. 


2 
Now [ect +0; 


For determination of f 54 P 


Putx?-t 2. 2xdæ=dt or, х=, 
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Also 14-x*—14-72, 


m [egi “ажаад tan-! x? c, 
инь Z +c,- 3 tan-1 Pomme tan-! x2 +0, 
Miscellaneous Examples 
Example 1. Integrate: Гаара 
[C. U. 1954] 
Let =й aca tet sey 


x?z(z—a)yx— b)(x—e)-- A(x —by(x— e) 
TB(x— o)(x—a) 4-c(x—a)(x —b). 
irs х=а, х=, х=с p zit in both sides we get 


b3 c3 
“Ча- а= су” (б—су(б—а) * Я є4(6::5) —ay(e—b) 
x3 
lez ayx—b)x— 1 ake Ex S)” 


= [аса 2 +|- үес кз 
—X-FA log (x—a) +B log (x—b)--c log (x—e)4-k 

b? 
log (x— a)4- ITUR log (x — b) 


log (x —c)--k. 


аз 
* (a bae) 


c3 
сас) 
[ Putting the values of a, B and c 1 
Note. Notice that here the numerator and denominator are 
both of degree 3. So, the numerator is divided by the denominator. 
The quotient q(x) is 1 and the remainder is written in the form 
A B С 


XXE EC: 


-1)4 
Ех. 2. Integrate : [6225 [С. U; 1924] 
х-1 в 


Let X233) ce 3 
x—1-A(x—3)--B(x4-2) 
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Putting x == —2 on both sides we get —3— —54 or, A=$. 
Putting x—3 on both sides we get 2—5B ., в-ш. 
x—i 3 2 
9) GXQ—3)7 5x2) 5(x—3) 
" lames 7i [e] 5 
=}? log (x--2)--2 log (х—3)--с. 


Ех. 3. Integrate : ccc sy 


x A "c 
GFT) Gras xa rry 
XSA(X b)-F B(X4- a)(x-- b)-- c(x 4-a)?. 

Putting х= —a on both sides we get, 
—aca(b—a) ; A-.4 


Az——-. 


a—b 
Putting x— р on both sides we get. 


-b- —b)2 = зов 
j c(a—b)? ог, с (1-5) 
Аваш {һе coefficients of x? on both sides we get 

0=в+с ats =— mae Date 

B с az » 

Now | хах =|{ А 

Geor a)? (х--5) Gta eue um 
By dx dx dx 
Ne Fel at cls 


о ја. 


пав log (x--a)4-c log Qr b) +. 


х а b b 
(80а) (a= 198 +4) – c gs log (2-0) +k. 


ME а b х+а 
(аха) (a—by 198 уь 


. x s > E 
Ex.4. Integrate : Jare [C. U. 228, 331, 371 


1 Ur sd 1 1 
(0° +а?)(ха +52) qa — ps Р +22 x2 = è 
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B | dx E АЛ le 
(53-Ба8)(х2--59) !а%—Ь? Le? +b? х? +a? 
meal 0 Cie dx 
58 161 а? 62 х2 ға? 


=p per? jap tan-1 te. 
тй Ї tan`? 2-1 {ап-1 3 +c 
Ес: 
х3-1 
LoS 1 = А. BYEC 
х85-1 (х+1)(х°—х+1) x+1-x?—x+1 
1=А(х?— x -F1)-- (Bx - c)(x4 1). 
Putting x= ——1 on both sides we get 1—3A or, A= 
Coefficients of x? and x on both sides are equal. 
0=A+B and O=—A+B+C. 
2.2 в=—А=—{1 and c=A—B=2A=3. 
1 1 —х+2 
suni lata 


Штат: 


Ех. 5. Integrate : 


[say]. 


1 
2: «€ TM Dod 
3 log (х--1)-1 log (x?— x 4-1)1. з tan- = 


=} log (х--1)-1 log (x2 —x-- 1)+ e. tani 23—1 ,,, 


/ 3 
5 ах 
Ex. 6. Integrate : I 
1 1 a АХ-В CX+D 


Let ope +l арра) азі P aT 


12—(Ax-4-B)(x? — x - 1) - (cx 4- D)(x? --x 4-1). 
As the corresponding coefficients of x?, x?, x and the constant 
terms on both sides are equal, so we get А+с=0 3 B—A+c+p=0 
—в+А+С+р=0 and в+р=1. 
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SOR we un B=D=} and с= — 1, 
= —x+1 ja 
p inn TX =e) 
NT ECL y 
= agri ae xu. 
33 2x+1 1 dx — 4 25-41 11 ах оо! 
"Ине Waa} 


= log (x? +х--1)1. 1. tan-1 эл 


2 
-4 log (x =х+)+1 a tan-1 Ed Tc 


3 J3 
2237 
X ха +х-+-1, 1 -12Х-1 1 2x—1 1 
3108 =: ox tw tan 73 Ttan- J3 a) te 
: ((Е-2ДХ-4) 
Ех.7. Integrate : | (Т5) 5) ах 
(x— -21Х-4) x?—6x..8 
(x—1)x—5)- “бү; зі А re 19». 
Р E pray 
Putting x—5 on both sides we get, 324A г. o 
Putting х--1 on both Sides we get, 3— — 48 SD вж=—3, 
(x—2)(x— 4) 4 ae 3 
[=з у= [t А5) is^ 
dx © af dx 
mjaa eo cn 


=x+3 log (x—5)—3 log (х-1)--с, 
—X-F$ log I 


: x? 
Ex.8. Integrate : f Ta. 
е FEN ERR ДЕЙ 
= т==г бё). 
FSA(1—1)+5(1 +49. 


Putting = —1 on both sides we get —1—24 a= ar 
Putting /—1 on both sides we get 1=2в 2.0 p=), 
t 1 1 
1-8—-32035* 20-01) 


APPENDIX 
| 881 1 1 
| -Or, x4 = ia) X135) 
LEES. ye 1 dx dx 
1 TOT RISE renti; 


=} log IS ue | +e. 


x8 dx 
| (x? +4?)(x? +5?) 
| Lets St 211 2xax=at 


i "Now, x?dx—x?.xdx-t. d lat. 


| Ex.9. Integrate : | 


(х? +а?)(х° -- b?) — (t c a? (t b?) 


| x?dx = Таа 
(x? на?)(х3 +62) 21(1-га )(--58) 
"Now let i AS MB 


(Cralyrxkb2) fpa 1--53 

—1= (2452) +B(t+a?). 

"Putting {== —a? and — 62 successively on both sides we get 
— a? zA(b? —a?) and —b? —g(a? —b?) 

a? b? 


dg? ACGRLBUP(T-GRIAL 


d x8dx A B 
pe le з Базу? шинээ а+ rs а, 


=} A log (t+a%)+5 B log OUR 


=p (x? +a?)— log (x? --22)) 4- c. 


а 58) 
fa? log (x2--a3)— 5? log (x? --52))--c. 


ДОТ 


E =") 
Ех. 10. Integrate : 15-02. 
xa _ А в пс 
E (x—ayx-b)x—e) x—a 12-57 Roe 
x2 —A(z—b)(x— e)-4- B(x—o)(x—a)-- c(x — a)(x — b). 
"Putting x=a, b and c successively on both sides we obtain 
а? b? c 
= = уң (Өч лххээха 
i: (a—by(a — c) p (b—ey(b —a) (с—а)(с —b) 


157 


158 INTEGRAL CALCULUS 


Now, le-as- pec" 47: 55:246 


ах dx dx | 
xil ates rro. | 
=A log алм log (x—b) +c Es (х—с)+К 


Ta- 8-50- ас) 98 6-9 ор = a ee) | 


- k. 
(cae P679 


[Putting the values of A, В and c]. 


Exercise 
Integrate : 
| 4х 2 | dx 
x?—3x42 ` 268х+2)4х+3) 
(х—1)ах с 3xdx — LU. 2387 
3. lene [C. U.'37] 4. [2 [C. U. '38]; 
хах 5 xdx = 
5. leaner: [C.U.23] 6. 15555552 
X?dx 
2 ету 3, lexis: =3) = 
(х--2)4х : 
js la 1--5)(4--х9) un ji. 
хах х35-2 
п. Ie 12. [Cu CES) at 
х3ах E 
13. асчу а= 
(52-43) х 6. x2dx 
27 Їл 1 рга 
4х 
1 
"i уат + гацаа 
аса 20, [2033 g 
харх 412° 5а 602 
х3ах xdx 
21. ЇЕ, 22. [ze 
t?dt xdx 
2 [күз 24. laa 


ANSWERS 


(In the first three chapters add an arbitary constant of intc 
gration with every integral ] 


Exercise ІА 


х101 x8 1 1 
16 101 2. = 3. -3 41822: 
5. TI 6. 3x? Jz 
Exercise IB 
ere elm oot ЖА 
29: D djs Ju Lo Bed 
1. 5 2. “р : а ы 
$ Le Oz x 5 xi 
57725 6. 70 7. Ue 8. к 
Exercise IC 
ee ус дилар 
log * 1087, loge 
4. 1 62% 105 : 20:08 
' ?[og,5 ' 108,19 10 log,5 
Exercise ID 
cos 7x cos 2x sin 6x 
Lo 2. 2 3. 6 
sin 4x 5 —cot(3x) g. cases 2x 
4 ў 3 2 
Exercise IE 
rema 2. 8х--18х2-4-18х3--3235 
1. 3 tiog, 5 1 
x х? бк 5. x8 5 а“ 
3. S OTROS UM: 4. xt 7 pes tog? 
TE 1 d 73 
6 3д3-2Х5-ү Пе со x 


g. 2sinx-tanx—x* 


Exercise IF 


1. 3(sin g— Hin 5) 


3, sinlOx sin 2x 
UT SUPR RS 


1/4 sin 4x 
s aine) 
7. qs sin 3х +3 sin x 


+ 


2 


6. i(x-sinx) 


COS 3x , cos 9x 
ане 


1 sin 2х sin 4x , sin 6x 
9. к 7 tS) 


2 


10. (соз х — 90832 (cos 7x cos =) 


7 


5 


Exercise 1 


LO 24; G) -l 
2. (i) 3х3 5х9 2х 
3. (i) -—S 

40 х-268-53 


z 


ett e?z 


5 E e 6. 

8. pecias 9. 
u. == 12. 
14. 5 Sin x 


285 zoe 3x 
16. $ cos 5 tg cos 5; 


18. sec х--созес х 
(й) 2x—2 cot x--3 tan X 


(1) тух 

29 
G) а 
Gi) Z+ _ 6x 
Gi) ertet LU 


[ Read ед 5 in the denominator ] 
180 


7 sin 2ax 
зү Зах 7: Bo 
125 cot 2x 
4x— 2 sin з 10. mi 
—cosec Ө 13. sin x— Sin 7х 


cos(m +n)x | cos(m—n) 
5. = m+n) ^ Xm—r) j 


| if mzn; Z cos 2mx if m=n ] 
4m 
17. tanx—x 


19. (i) їапх-х 


20. sin x—cos x. 


[ di J 
а аг" 
iog,* ов," 


21.) 22 -рох = GE ii 
nO 
22.() itanx (ii) —cot5 (1) tan x—sec x. 


23. 2(tan x-+sec x 4-cos x—$x) 


24.() —cos x-rsinx (1) „Z sin x 
25. 2 sin х+2х cos Ө. 26. шг 
27. (i) poi Ee Gi) gy sin 4x—1 sin 2x - 3x, 
2 sin(a—b—c)x sin (a+b+c)x 
25, H а-5-с a+b+c 
sin (4-5--с)х sin (а+Ь—с)х 
a—b-rc а--5-с 


Exercise ПА. 
1. @ perto (ii) 6—5) Gi) 21. 
Gv) 1 log —r 
2. @ 1 sin (ax-+b) (ii) 3 tan (2x+3) 
(iii) yin +9 (iv) 4сог(2-30-1 


a»tat 
q log," 


4. @ } log 2—3 (i) 306252 (Шш) 3,1823 


2х--5 


5. (eo? —(« +b)? 5 


36-5 b) 
1 
6. Б^— ps 108 (44-53) 
У зэ? 
7.0) 31:26 E G) 10255 


Exercise II B 


3 2 2 D 
1.() log (ax? +bx+e) (ii) See 
2. log (e +67”) 3. log (1+2°) 


4. (i) 1(sin7 1x)? (ii) log (tan-!x) 


[i] 


5. (i) lx5-af)? 


6. 3 log (1+sin? x) ҮЙ 
В 1 
gor- 1+tan x 


9.() (x2-a2)2 (ii) log (1+ 


(i) 
Gi) 


10. (i) log (1+log x) 
11. (i) log {log (sin x) 


Gi) 3./2х5--3 


(tan х-Езїп x)? 
== 


тойу 09 24аах-1 


Gi) [ОЕ atx 


x^) (ii) 5 log (x" +b) 


log {log (log х)} 
log {log (sec x)} 


12. log (x sin х) 13. log (log tan х) 
Exercise II C 
I 
1. tan (e*) 2, qm ^X 
1085, 
3. log sin (e?) . 2sin /x | 
in- sin x 
5, Aim 6. sin (log x) 76 
8. i Sin x? 9, L sin х" 
1 pEr 1 "n 
10. (i) А (a+bx*)2 (ii) EL cos (a 4-bx") 
(tan х—х)? [1 озн Пулот 
Maori 12. som! 
Exercise П D 
l tani 2 1 -1 0х 3. 1 tan-2 © 
1. 3 (авт 5 2: 25 tan-! — i 2 
4. tani nr 5 2 tan-! en? 
6. } (ап-13Ш х 7. tan-! (tan-! x) 
1 21 log x Ee 
& ЖЕЛЕ ДЕДЕ: 9. tan-! (ez) 
Exercise II E 
E 52 1108 1+2 
1. 2.73 98 x2 2. 3 log == 
1 х-2а 1 x 
3, Za log 4. » log x 


[vs] 
ees 


5. i log торх if log x«1 

ilo pun хн if log x»1 6. ilglttz 
7. ilog s s-i when tan 01 

3 log ae Ө when tan 0-1 8. log tan 3 


‘Exercise П F 


1. log (хн М9) 2. j low (bx-+ /йх Fa?) 
a 23 Е ру 
3. log (x?+ Ji+zx*) 4. P sin"! 7 
5. sin-! (tan! x) 6. sin-! (tan x) 
Exercise II G 
x—3 2+х 
. ilogi— 2. Jy log 2=* 
b ов EA тз log 3x47 
b 1 2x+r/5+1 
3, tan`! (x2 4 = log ———— 
(rae) J5 98 4751—25 
5. ltan-! sin х+1 6. 2. tan-12log Х+1 
Ч 2 43 J3 
1 х3-1 1--26 
7 3108 2-3 8. Plog = 
à 2—sin x 
3 alog [=з sin x 


Exercise II H 
1. 4log (х? +4х+5) — tan! (x4-2) 


2% x+log 2-2 
a 25251 1 Xl 
3. log (x? +2x+3) 5 tan“ 72 
4. - oe ee -log (1-x—53) 


bs 


5, =} log (4x? —4х—3)+ +5 10 22 лэ 


[vi] 
Exercise II I 
1. 2 log ( Jx+2+./x—1) 


2: 1 33720053) 3. 2sin-? J/x—2 
3x—4 
4 2 JZ 
V. sin- 5 
Exercise II J 


1. log{(x+1)+ Vx? +-2х+6| 
2. (i) ЗЭН -5) 


: 25--1 
G) 27, 6(8:4344,| 43842) (бшу soci 2971 
1772, 22:36:41 Ix? —£—1) 
СТ 1 - МХ —3 
суз sin 5 4. -5 log (x— ¿+ 


5. Үд (+1)+ JxYx2x +5} 

6. 25 log( „Лап х--3-- Jian x—2) 

7. log (log *+1)+\/(log x)? 4-2 log x4-5! 
Exercise II K 

1. утв Qx-142 5x4 

2. 34235:8х:55 

3. 2 Јетра +3x+ 1+2 log (2х--3--2,/х2--3х--1) 

4. х/хбүх-1-1 log (x41)4-2//533- px 1l 

5 Ухї+2х+2+2 log (х+1+ JX 2x32) 

6. 2 „/3 віп-1 NEXT J1-c2x—3x8 


7. —2J3x—-x3—2--16 sin-i мМх-1. 
Exercise II L 
1. 21411 /т+х 


x--3—1 

D jog Y2Gxt4)— V5 (ну log Wxt3-1 

225) 10 Ё J2Gx-+4)+ J5 892208 /х+2+1 
NM el x 7 1 2—x4 J5(i4-x23) 

3. (i) sin-1 5 +5) (ii) = log (Ван pr (13:25) | 


[ vii ] 


2x 
4. log >r 
08 эх: Ja FATF] 
a} jes 6: xe Ex 7. log V2x+1— J3 
1+x J2x+1+ J3 
Exercise IIM 
57 
3-41ап 
IM х 2 2061 js 
T 3 log s 2. 3 tan 3(5 аа 2584) 
3—tan 5 
X 5 x 
tan 5—2 1+2 tan 
9. am ан 4. 1 log — 2 
|2 tan 5-1 tan 5—1 
5. „Z tan“? (J2—1) tan (2-8) 
Exercise 2 
6 4 
1. саар 2. om 8: 1 log (3+4 sin 2x) 
2 з 
х х 
а є 
54 2 log?e EDT 
6. (i) 4 log (3 +4e"). ü) 3445 56219 
7. ee 8. ть (log x)? 9. lsec-! (x)? 
g (0+2)? tan?x | 
10. XT 11. 3 tan х--х 
3—2« 2x—3 
2. 41 2 —3x4- 4) +22 tan-1 
12. jlog(x T4) J7 ап” T 
13. () x+} log (x?+x+1)+/3 tan-! ээр 


(ii) 24) log {(х-++2)(х— 1)2] 
МҮ-х3-1. RON ШАД АЫ С?!" 
i lo Nee * 15, lop (х= 7) „| йрт 
14. og Tees | g (x—3)4- V х+12| 
16. 2log( Jx—1+ Jx—2) 
Int. Cal —25 


\ 


[ viii 1 
Y. (i) — Jax—x3 we. x 
) Jax—x? +a sin 2 
^(i) азїп-! {+ JEE 18, () 4033 
(i) A 
ax—b T 
25 ax+b (ii) {[ tog (ах + Jax +52 aa? 355) 


20. log [e*—1+ Ja 25 +2] 
21. (i) Simx sin*x 


19. (i) log 


9 
i) л _ Sin 2х sin 4x ,sin 6x 
4 ) 35 [2х 7) 7 + 6 | 
(ш) их tan x -3x—1 sin 2x 


22. (x-a)cosa—sina log {sin (x 4-a)| 
23. sin-1 [x Mire * 
5— ---1-3) 


24. Nx? +2х+2 Ч) (Ух+ /х-2) 


1 х pes 
EN = Eis 26 br(ek2 Ма +4х\—2 
27. | (tan 2x—sec 2x) 
1 : 
28. улды 1ор {ап Gu tan-1 8) 
29. 0) 5, їааг1 (312n 7.2 | 
б ТУРАД | 
(ii) 48 tan (ә {ап 2) 
1 2+tan x 2tan x —1 
30. (i) 4log pe (1) log оңай БЇ 
М 1 J3 tanx „ 1 
3 шаг 1 ied IR DEL 
Као в (D Tun 3): 
32. (i) i(x--log (sin x--cos x) 
(1) 3i1x—4,log (3 cos x+4 sin x) Ї 


33. 2x-rlog (3+4 sin x4-5 cos х) Йй 


[ ix ] 


34. (1) 4 log (sec 3x+tan 3x) 
(ii) 4 [cosec x—log (sec x +tan x)] 


R : " i 1 1+ J3 tan x 

35. (i) sin 2x—x (ii) 2 J8 log fst = 
: : T 1 J3-rtan x 
ve @ zuo 90е авы 


38. (i) —cos (log x) (ii) —cos (е) (iii) ^ cos(xe") 


(iv) —cos(tanx) 39. () 2805 
. sinô x oe 1 
рс sins 
(iv) tan-!(sin x) (у) —cos (sin x) 


1 1 [ 3—sinx ‚ w2xsin x-rsin? x 
40. ——> | log {2-7 р Nits х +517 х 
O =F ЁС (asia 3 - JXixsnx) jl 
ну) 1 25--2-/3 
(il) —— log меоем: 
v6 м +24 VE 
Exercise III A 
1. —x? cos х +3х° sin x+6x cos x —6 sin x 


cos 2x 
4 


2. -— cos 2x5 sin 2x + 


3. (x+5) tan x Flog cos x 
2х. 5 x2 2 
4. | cos 3x (5 +3) +sin HE кк-2) 
+cos x (6x 4-9) --sin x (3x? --9x—6)] 


5. e"(x—1) 6. = (x2 x—g) 


Exercise III В 
1. x log ax—x 
2. 3x(log x)? —3x(log x)? +6x log x — 6x 
х? х? 4, —(Ltlog x 
X ET 
xs x» 
5. log x(x+5)—(x+5 ) 
6. 3x? log x— 3x —$x? log x-- 3x? +2(x log x—x) 
7. sin x(log sin x— 1) 


Exercise III C 


ouo одны 


10. 


x тап-1(ах)— 2. log (1+а?х?) 


2(х sin-1x+-Y{—x3) 3. 2fx tan~1x—2 log (1--x?)] 


2x tan^! x —log (14-x?) 


(1-1) sin /x4- 5 Jx(1—2) 


X(sin713)3 +3 /1—33(sin-12)? — 6(x sin-!x-- /T—x?). 


xcos!x— Jj—x3 (8. х соі-1х+1 108 (1+2°) 


X cosec^!x-rlog (x+ /x3— 1) 


х cos-! 1—log Gr 33-1) 


Exercise III D 


1. 
3: 


4. 


S; 


6. 


i *(si in ax). 
le*(sin x 4-cos x) 2. ¢ (sin ax ra sin ax) 


1+a? 


(1-3 (cos 2x +2 sin 2x)}Je* 


а 
5 [yy (sin 4х—4 cos 4x) +} (sin 2x—2 cos 2х)]! 


E cos 3x+3 sin 3x |6 cos д--3 sin а 
DES TESEN 5 


13 


Ехегсіѕе Ш Е 


1. 
5. 


4 5 13 
e? cos х 2. е tanx 3. 
e” tan-! x 6. е“ log sin x T 


Exercise III F 


1. 


2. 


3. 


x29 
шавь log (x+ /х®+9) 
x J16—9x2 
2 
x Јах? ‚1 3, 
mires ee (ax) 


Sealy log (x4- Jx?—1)- 


А 3х 
8 gin- 
+8 5071 27 


iin !x—x J1—x?) 


= sin x—3 cos х 2 sin 3x—3 cos 25 


[ х ] 
6. -1о8Х5- Jx341)—X x34 lj 
7. MAx3) /4:23Х::255--41 J2sini 3533 


ЈАТ 
8. 1(х-1)/5-2х-х85--2108(х-1--,/5-2х-рх2) 


Exercise 3 
1. (i) log (x+cos x) (ii) x(sec x+-tan x) 
2. (i) log (x—sin х) (ii) —x cot 2 


З. (i) xtan 3+2 log cos 5 
di) x(tan x—sec x)+log (1+sin x) 
(Ш) —x cot $x+2 log sin 1x 
(iv) x(sec x+tan x)—log(sec x+tan x)—log sec x 
(v) same as (iv) 
4. (i) (2e* —3) /635:336 +1 
: 4 
(d) 3[e?7((7—1) J2e?* = 207 +1 
—log (1--65--4/2645--26--514-001 
о хашин еч 
4 


оде $+ 0858-3641) 


4-3 log (2-2 автах | 


A х* ү b?x? 
xiv) “араг ахь КОСЫ х 


vV = б 


Tx x? +3 log (еже к) 


55. (i) {log 3 cos 4х--4 sin 4x} 


(log 3 +16 


(ii) еЗ (sin a cos 2x) (ii) = Sum 
iv) an amy” sin x— cos x) 


3 
E +m)” sin 3x—3 cos 3x) 


49) = cos 1Х-41 sin 3x) 


[ хі | 
6. (1) (an хал рух їап”1х--1108 (1+2х°) 


(1) 4x8 tan-!x4-1 [log (x? -- 1)— x3] 
т tan-1x 
7. (i) ara 8 (tan-1x—cot-1m) 


(ii) 3 ,20[2 cos 30 +3 sin 36 
13 


+$ (2 cos ө +sin e 
where, іап-1х=0 
T. OMNE ANE | 

(iii) 2 sin (0-1) where sin^! xz 

Ө 
(iv) га [3(sin ө cos 6)— 1(sin 39 —3 cos 36)] 


where sin 1x=0 


8-0) JA sin~!x+log J/1—xi 
6-3 (2-4 sina Л) 
CHG)» и. ч; ы. 
© (log x)2 Gi) (log y (iii) x{log (log *)— jog г) 
10. (i) 


3(x sin-1x + JI-x3) 
(ii) 3{x tan-1x—1 4 log (1 Tx2) 
(iii) х tan`! +} tan- х 
ет +1 Ыы 
—1log УЇ+х+ vx 


! Уг+х+ ух 
Gv) —{[—х cos 1x J/(1— x?)] 


1. @ Ух(х-ра)-4 log ( /х+/х-+Еа) 
G) x Xax-kalog ( Jx4- /x-ra) 


(Ш) (а шалны Јах х?) 
Gv) (— Jax—x3-a sin}, [* 
( Jax—x3 +a sin «zl 


12 () —Ltan-1x-log 


x 
Nxt +1 


Г xii J 
Gi) X sinx +} /Т=х#—(1—х°)° 
+ 91-9)? 1035] 


13. uA sin x cos?x4- (x-rsin x cos x) 
15. e7” log sec х 16. 1{(10р /x)?}= (log x)? 
17. xe*[log(xe?)—1] 18. e* tan x 


19. xlog (х+ Jx?-pa3)— Vx? +a? 
20. ix? log [x+ Ja24-x3 
—1[хх/х?°-+„а%—° log (x+ Jx xa) 
2 


Baa g plet- (+8)? 


22. (i) (x+1) log (x4-1)—x ; (ii) = log х5 
23. (х+1) ап"! Jx— Jx 
Exercise IV A 


1.() 1 (10% — 1)=111111111 2 Moa ЗЕ 

40 516 1-3Юю82 7. 4 8. 36 

ete 10. 1 115) 2— ито 50 

13 =) 2 | 

à "b m+n m—n m? —n? 

л 1 mb ma 

14. 0 15:02 16. Br =“) 

17. 8 log2—3 18. 573-1 19. л 20. (2+4) 
| 21. 3102 4+3 3 log 4 22. iiti log 2 

23. & 24. 812—1 


Ехегсіѕе ІУ В 


L 2. 2 3. z 4 1. 5 F 6 08-82 


7, 6ё(Ус-1) 8 * 9 я 


10. & 1b 1108(24-/3) 12. logs 


[ xiv ] 
2 
13. 13408 $ 14 2122-2 15 1—1 16. + 


2 4 з 20. i 
17. log 2 18. a-p e, 19. Ts 


Exercise IV C 


L@ 4 @ 4 +5 Gü) 2 (v) 4 (v) X 

2. (i) 5 (й) 3 (iii) qth log 2 (i) = 
Exercise IV D 

1. 3 square units 2. $ square units 3. 80 square units 

4. 1 square unit 5.(0) 1 square unit 

6. 1 square unit 7. 1 square unit 8. 2 square unit. 

2,8 : 
9.(4) 8./213 square units 10. 1 square unit 
12, 


Gx+4) Square units 
2 2 
13. Z an-ı 2 Nab 
Jap (an^! b—a Square units 
14. $(J8— 1) square units 


15. (a) 12 square units 16. 2 square units 


17.() 1 square unit (1) 1square unit (ii) 2 square units 
18. (i) 2 square-units (ii) 2 square units (iii) 4 square units 


Exercise 4 


1. z log (2+ J3) 2 7 3 2 A TCU 16 1 
IB cl rdum боол a ат 
a 2 4 
727 31 8 PC АП е, с t 


13. 2 sq. units 14. 36 sq. units 
Exercise VA 


1. (i) first degree and first order (1) second degree and ae 
order (iii) second order and first degree (iv) first degree an 
second order (v) first order and second degree 


; САДЕ ip $»X |, 
2. (i) Xx 5-0 ! (ii) dam y=0 


Минь y 


[xv ] 


в 000) 


dx 
2 айу 222 @r dr 
iv) x?7——2 +2. =0 шке Ын» АЫ; = 
бу) хад уе0 (0) 2-96 cot o=0 
dy? _ 
з. ва (Z)? =27у 
Ехегсіѕе У В 
І. 30° -x°)+(y—x)=c 
3 3 2 
ПУД жыр 7 
pty tasty +х+с 
3. x?—y2=a? 4. ye*—cx 
5. 1+x°=e(1+y2) 6. УГ-х --/Г-у!--с 
7. xce/iry? 8. г=ссоѕ ө 9. y=5" +1 
10. у?=4х+с 12. (2-2) sec у=3 J2 
Ехегсіѕе У С 
ЧЕ) 
У 2 РЕ x—y+a 
Z. Vy—x+ 108(,/у-х х—1)= Ixte 
3. -2-3--0-шхс 4. tn 2) =x +e 
[us where z=ax+by+c 
Exercise V D 
1. у=х+сху 2. log у= +6 
3. exei 4. (х--у)!--с(У-х) 
5, y?zx?logcx? 6. logx=sin (2) +e 


Exercise V E 
1. xi+y?—xy+x—y=e 
2. 5xy—3y? —2x3 —2y—3x=c 
3. (5y-2x-3)2e4y—4x—3). 
4. 2x—y—15 log (3x—y+19)=c 
5. log (4х+8у+5)=4х—8$у+с. 


» 
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Exercise 5 
(x 1)? +(+ 1)2 +2 log (x—-1)(y—1)2c€ 
x tan x—log sec х= y tan y—log sec y4-c 
ER YT 4. (x4xyMay)-kx 

EN 
y=a tan“! UD 
2i /x4-y- log (1+ /х-+уў}=х+с 
tan (x-- y) — sec (x - y) 2e +x 
EJ 

3 log (x?-- y3)—4 {ап-1 itc 9. ySev=cx? 


xy=cez 11. xy?=c(x+27) 
rcc sin? 13. (3у-5х--10) с-(Уу-Х + 1) 
x 
log (4x -4y--2)-6y — 2x c 
АЭ 2 
914 16. р=Ал+с 
о 


у? UE а), 

Эрэ um + 2 Tx. 

tan x tan y 1 5 20. xy=1 

(¥+1)? +(+ 1)? 42 log (х—1)(›—1)=18- 

3log 82335) 4 tan-! 7 
2, х 


—л 


2ху =х+2у. 

У=2х+1 when x1 
= x+2 when x«l 
у= —2х+1 when х<2 
= 2x—1 when x>} 

у= 3х? +2 when x>2 


=7х when х<2. 
APPENDIX 
x—2 3х+2 


scel AE dr 


log (2—2) (x+ 1} 5. Md log (x—a)—b log (x— D) 


3. 2log (x —3)—log (х—2): 


24, 
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1 


х-1 х+2 


1 11 х-3 
T=) eae 


x 
2,108 (x? + 4)—2 log (1—х)}—$ tanti 


212x4l 1+x 
— tan"! 77 -—} log ———_. 
EU Sx ex? 


xia =; 2x—1 
log x p2x41_ 3 tan ZB 


Ru du 10 log (x —2) —3 log (x— 1) 


1 
6 
х 


x—$ log (x-+a)—$ log (x? +a)—$ tanm? * 


Dort log (х— 1) — log (x? +1)—} tan"! x 


1108 (x—1)-+} log (х—2) + log (+3) 


43 х= uu цаг 
dd 08 ха end n 5 


x 
tan! x— 4. {ап-1——, 


2 „2 
ач н Д 
H log 2. 85 tan~? ES 
2+1, tan-! Ов 73 tan~? 3 


—}х%—4 log (1739) 


log 251 23, 3 10р (02 +3) —1ор (12-82) 
х +1 x 


1 flog (х? —2) log (x? + Dt. 


9 
-l log 234 7. 4log (x+2)—3 log (x+ 1) — 
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Objective and Short Answer Type Questions 


1. Which ofthe following is true ? 
(8) There is only one real number between 1 and 3. 
(б) There are finite number of real numbers between 1 and 3. 
(с) There are an infinite number of real numbers between 
1 and 3, (Ans. (с)] 
2. Between 3 and 1. 
(i) How many real numbers are there ? 
Gi) Is there a rational number which is not a whole number ? 
Gii) 15 there a rational number which is not a real number ME 
[Ans. (i) Infinite (ii) Yes (iii) No] 
3. Fillup the gaps with appropriate words from the brackets. 
0) The sum of two......is always а...... 
[rational numbers ; irrational numbers.] 
Gi) The decimal expression of an irrational number iss 
decimal. [terminating ; Non-terminating recurring; non-terminating 
Non-recurring.] 
(iii) The decimal expression of a number is terminating, the 
number js...... [rational ; irrational.] | 
..LAns. (i) rational numbers (ii) non-terminating non-recurring 
(iii) rational.] 

4. The sum of two surds is (i) a surd ; (ii) not a surd ; (iii) not 
necessarily a surd. Which of the above is true р (Ans. (iii)] 
5. Express the inequation —13<x<3 in the modulus—from. 

[An. |x+5] <8] 
6. For which values of x the following functions are undefined ? 
х2-4. 
х-27 


ys 2 - 
@ sine; (й) sinx; (ii) t: (iv) 
х2-4-1. 4 хатаре 
(0 xP 2x41? (vi) 5х-6-х8 
[Ans. (i) ай real numbers other than those in o<x<1. (ii) ын 
no values of х. (iii) х=0 (v) x=2 (v) x=1 (vi) all rea 
numbers other than 24х«31 


хІх T] 
7. Show that 


a+b 
(a) If f(z) =з 122 ‚ їһеп Да) +Д®у=/( : T 2 
(b If ¢)=log 2 B f(x) сеп fiela) =i f(x. 
8. a,b, c, d are four real numbers no two of which are equal ; 
If Қа) —f(b) and f.c)=f(d). Which of the following is true ? 
(i) Дх) 15 a constant (ii) /(x) is not a constant. [Ans. (ii)] 


9. (a) State the domain of definition of the following functions. 
O =V (0) f= Qi) Prax? 
(iv) yslog (zx4- 1). 
[Ans. (i) —1<х<1 (ii) all real numbers other than a. 
(iii) 0<x<00 (у) Ер al 


(b) Are the two functions /®=*- З апа g(x)=x identical ? 


[Ans. No] 
10. Which of the following are true > 


(i) The sum of two even functions is an even function. 
(1) The sum of two odd functions is an odd function. 
(ii) The product and quotient of two odd functions are odd 
functions, 
(iv) The product and quotient of two even functions is an even 
function. [Ans. (i)and (iv)] 
11. (a) For any function /(x) show that , 
() Лх) +/(—х) is an even function. 
(1) f(x)—f(— x) is an odd function. 
(b) Which is true ? 


If Lt — f(x) ZL, then 
xoa 
(i) L=f(a) (1) Lz&f(a) (ii) L is not necessarily f(a). 
[Ans. (101 
12. Are the following statements always true > 
(i) Lt “ХА: Bra a? Lt x? а? 


xod Хх-а хэд Х-а X24 x—a` 


Г xx | 
di) Lt (2-4, Lt 1 01200384 
х-2 x22 x—2 x2 3-4" 
[ Both are incorrect] 
13. Are the following statements correct ? 
(i) Lt sin x? р (i) Lt 


х--0 mcm x 05 - 1 үррүс(1--5)-21 
iii) L er 
Үр e М?—х=0. [Ans. All are wrong] 
14. Lt Дх)= Lt g(x) say f(x)—g(x). [Ans. wrong; 
xa х-ал 


Hints. Lt x?=4= Lt 2x. 
x22 x22 


But f(x) 2 x? and g(x)=2x are different functions.) 
15. Жок H the following statements correct. 
() Дх)= к=, is not continuous everywhere. 


(ш) 23-15, where [x] is the greatest irteger less than oF 
equal to x. 


Eoi (deus [Ans. (i) correct (ii) incorrect] 
16. Which of the following statements correct ? 


le 
G) Ifa function f(x) is continuous at x=a, then it is differentia 
at xa. 

(1) Ifa function f(x) is differentiable at x=a, then it is on al 
at x—a. [Ans. (1) is not always correct (ii) correct 


17. Are the following statements correct ? 
O 1t Ufo) 2 (ex), then Л) (э). 


(i) 1f /(x)—0 for all values of x, then /(x) is a constant. 
[Ans. (i) Incorrect (ii) Correct] 
[Hints for (i). Let f(x) = х° and g(x) =x? +3] 
18. Are the fo lowing statement correct, 
G) /'Q)20 everywhere and ab. .", fia) Дь). 
Gi) /02:5)-00 ; so f(2:6) — (2-5). 
[Ans. (i) correct (ii) not always correct] 
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19. Jf ( f(x) 4хг:(-40) dx, then /(x)=¢(x) always. 
Is the statement true ? [Ans. No] 
20. Which of the following are correct ? 


Д Сартай 27 2 ТОН 
@ fz Ch НС (ii) [а qute 
о; ° 
(ii) [2% * dx=% +e ] 
Г Ans. (i) & (ii) Correct ; (iii) Incorrect | 


21. |-0080:48 log (їп Ө+ Jsin?0—4)-Fc is the statement 


^ Sin? -@— 
«correct. [Ans. No; for \/sin® ө —4 is imaginarly | 
dx dx 
2 E =й 5а Гаа 
Is the statement correct з [Ans No.] 


23. If C2 е" cos x dx and S=‘e* sin x dx. 
Show that C+ S—e* sin x. 
24. Are the following statements correct ? 


бу IE (^ fia) dx [^ еб) ae, then f(x) =e) 


b b 
(i) А f(a) 4-1, f(z) az. 
| Ans. (i) in correct ; (ii) correct. 1 
25: f x(x — 1)(x —2)dx—0 


So, the area enclosed by the curve 

суксо Сус 2), the x—axis and the ordinates х=0 and х=2 
480. 

Is the statement correct ! [Ans. No.] 

26. Comment on the validity of the following statements. 

() In утшйг 4--Х there are two arbitrary constants of integration. 


So, it is the general solution of a second order differential equation. 
(ii) Every differential equation possesses a finite number of 


solutions. 5 
(iii) The equation 43-48) =0 isa differential equation of 


the second order and second degree. [Ans. All are incorrect.] 


E жй J 


27. If | fe) dxz [^ Да—х) ; then f(x) zf(a— x) always. 


[ Ans. Хо.1 
л ы 7 
Solu. ih sin x dx= |-сов хет 
0 0 
л л a 
Ѓ sin (0-4) 4-1” cos x dz | sin x [а 
| sin x а=? sin (1-3) 4« 


0 0 
But sin xsin (5-3) always. 


1 


28. | [хаф G) —1 89 1 090 
=! 
Which is correct ? 
1 o 1 
Ans, = я ах 
[s | таа] рх ава 


ele i x270 fx? еи мү 
=| &+| xem [- | , 1+} 
So, the answer (i) is correct. 
2: Г | x—1 | dx=(i) 5 (ii) 7 (iii) 12 (iv) 20. 

0 


1 
which is correct 7 [Ans. 0] 


DYNAMICS 


СНАРТЕК 1 
INTRODUCTION 


§ 141. Space, Time, Matter—Ideas and definitions: 

In mechanics one deals with three fundamental concepts 
namely, space, time and matter. We think we know about these 
things but they are extremely difficult to define. Our knowledge 
about them is mostly intuitive. 

In Dynamics, space generally refers only to length or distance 
from point to point. 

In everyday use a watch or clock provides the means of 
measuring time. Matter is considered to be anything that 
occupies space and is perceptible to our senses. Quantity of 
matter is called mass. Any limited quantity of matter having a 
finite shape and size and occupying some definite space is called 
a body. 

A particle is a portion of matter whose size is so small that 
it may be ragarded as a mass occupying a single point in space. 
‘A body is said to be rigid when the distance between any two 
"of the particles of which the body is composed of remains 
unchanged under the action of external forces. 

Definition of force comes from Newton’s laws of motion. It 
is defined to be something which changes or tends to change the 
state of rest or of uniform motion of a body. 

М. В, The theory of relativity, discovered by Einstein (1879- 
1955) led to the disappearance of a clear cut distinction 
between a three dimensional space and independent time. Space 
and time arenow considered together to form a four dimensional 
space time continuum. 

§1°2. Mechanics is the study of the motion of particles and 
masses and the effects of forces on them. Itis generally divided 
into two parts namely Dynamics and Statics. Dynamics, which 
treats of moving bodies is again divided into two subgroups. 

(i) Kinematics, which deals with the properties of motion 
itself. It does not enquire into the causes, i. е, the forces behind 
these motions, 
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(ii) Kinetics; which investigates the properties of the forces, 
the laws of motions and the relations existing between the 
forces. 


Statics, is the subject which deals with the bodies at rest 
under the action of forces. 


51:3. History of Mechanics : 


Mechanics is one of the oldest branehes of science. of 
the great mathematicians of antiquity who enquired into the 
nature of the forces of the universe, Archimedes ( 987-212 B. С.) 
of Syracuse; Sicily, stands out as first among his peers. He 
ennunciated the principles of lever, discovered the first law 
of hydrostatics [It is said that when he diseovered it, he rans 
naked from his bath, through the streets of Syracuse shouting 
“Bureka, Eureka” (“I have found it, I have found it?) J and . 
launched, single handed, with levers and other devices, а fully 
laden ship against the Romans. It is to Archimedes that 
Galileo and Stevinus owe their techniques and their methods of 
reasonings. In fact Galileo did for dynamics what Archimedes had 
done for statics, 


The laws of motion were first discovered , bY Galileo (1564- 


1642) His experiments on falling bodies dropped from the 
leaning tower of Pisa, in Italy; are well known. 


The laws of motion, in a form which are now universally- 
accepted, were formulated by Sir Issac Newton ( 1642—1127 ) in 
his famous book ‘Principia Mathematica. These three laws, 
known as Newton's laws of motion, form the basis of classical 
mechanics, (in the first half of this century ‘Quantum Mechanics 
was developed to deal with motions of sub atomic particles such 88 
electron and proton.) 


51:4. Units—Unit is a quantity or dimension adopted as 2 
standard of measurement. For example, when we speak of ЗИ 
meters of rope, the unit of length is a metre and the number 0 
units of such units in the rope we are speaking of is six- 

Generally two kinds of units are in vogue in everyday ы 
namely, the F. P. S and the C. G. S. units. 
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The F. P. S. or the Foot-Pound-Second system :—'This system 
of units was in common use in England until recently. 

A foot is one third of a yard. The yard being defined as the 
distance between two marks on a certain bar of bronze kept at 
the standard office of the Board of Trade in London, at a temper- 
ature of 62° Fahrenheit. Other popular units related to a foot 
are a mile and an inch. A mile is equal to 1760 yards and an inch 
is equal to т; of a foot, 

The unit of mass in the Е. P. S. system is the pound and is 
the mass of a piece of platinum preserved in the same office in 
London. Unit of time is the mean solar second which is defined 
in terms of a mean solar day. А mean solar day is equal to 
86400 seconds. 

The C. G. S. or the Centimetre-Gramme-Second system. 


The metre isthe metric unit of length. The whole circum- 
ference of the Earth measures, 4,00,00,000 metres. The centimetre 
18 defined to be hundredth of а metre. 

The unit of mass in this system is the gramme ( or gram, 
written as gm. ) and was originally defined to be the mass of a 
cubic centimetre ( 1 с.с.) of pure water at 4° centigrade. Some- 
times larger unitslike kilogramme or kilometre are used both in 
Mechanics and in everyday business. One kiiogramme (1 kg.) is 
equal to 1000 grammes and one kilometre (1 km.) is equal to 
1000 metres. 

Relation between the F. P. S. and the C. G.S. units ( the 
figures give approximate values. ) 

1 foot =30°4 cms. 
1 inch= 2°64 cms. 
11b 2453'6 gms. 

N. B. The C. G. S. system isnow accepted in almost. every 
country in the world including United Kingdom. 

Before 1960, a certain piece of platinum-iridium bar (called 
the metre bar) was considered to be the standard of length. 
But the modern standard of length is defined in terms of the wave 
lengths of an isotope of Kromium. Also the standard second 
is defined in terms of certnin properties of Caesium—i83 atom. 


CHAPTER II 
Velocities and Acceleration 


е *1. Displacement, Speed'and Velocity : 


Displacement of a moving particle is its change of position. 
Let a particle move from a point A to a points; then A is called 
в its initial position and в its final position and AB 
is called it? displacement. Displacement is a vector 
quantity, ie., it has magnitude. direction and sense. 
The sense of direction of a vector quantity is nor- 
mally shown by the order ofthe letters used in 
naming the line segment representing the vector. 

A Thus ag represents a vector whose magnitude 

Fig, 1 is the length of AB and whose direction is along 
AB, the sense being from A to B, whereas ga represents a vector 
having the same magnitude and direction as that of ap but 
having the opposlte sense i. e., from B to A. 

Speed is the rate at which a moving body or point traces out 
its path. It js determined by the ratio of the distance covered by 
4 moving body to the time taken. 

Speed in a specified direction is velocitity, i.e, velocity is a 
Vector quantity in the sense that it has both magnitude and 
a definite direction and sense whereas speed is a scalar quantity 
which has only magnitude. 

A body is said to have a uniform speed if it describes equal 
lengths in equal intervals of time, 

Definition: Velocity of a body is its rate of change s 
displacement. The velocity ofa body is said to be uniform if it 
does not change its direction (i. e., moves in a straight line) and 
ħas uniform speed, i. e., describes equal distances in equal inter yas 
of time. That a body may possess uniform speed but not uniform 

Velocity may be seen from tho following example. 


- 
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Let a moving body describe a circular path with a uniform 
speed, i. e., it takes equal times їп describing arcs of equal lengths. 
But note that its direction is B 
continuously changing (see fig 3). ^ 
Hence its velocity їз not uniform. 

So to have uniform velocity it 


must move in astraight line with No 
uniform speed. 
If the velocity of a particle Fig. 2 


is not uniform itis said to have. 

a variable velocity, To find its velocity at any instant 7, suppose 
that its arcual distance measured from a fixed point in its path 
be s at the instant г. Let 55 be a small distance subsequently 
described by the particle in an infinitesimal {interval of time ôf, 
which is taken to be so small that the velocity of the particle 


during this short interval can be taken to be uniform. Then 
ate ai 57743 lim 6s 
the limit, if it exists, of the ratio ЗҮ as 010, ог, 090 и ог 


s In the notation of calculus, is the measure of the velocity of the 
particle at the instant t. 


522. Average speed and velocity : 


The average speed of a moving body for any finite interval 
of time during its motion is that uniform speed with which it 
would describe the same length in the same 
interval of time. The average velocity of a 
moving body during a finite Interval of time 
is that uniform velocity with which a particle 
would undergo the same displacement in the 
same interval of time as that of the given 
body. Leta moving body describe a length 
AB (=s) inan interval of timez. Then the 
average speed s/t. Now if the path is not 
Fig. 8 a straight line (as in fig. 8.), then jofn 


AB. Let d be the length of the line segment ag. Then the 


average velocity=¢ in the direction of АВ, 
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N. В. In case of curved trajectory the magnitude of the 
average velocity is different from the average speed during any 
Interval. This can be seen from a simple example. Let a particle 

C describe a semicircle ACB of dia- 
meter 42 cms. in 11 seconds. Then 
the total length described by the 
particle would be 4 x 32 х 42 (taking 

A B п=5Ё#)= 66 cms. and the average 
speed will be 66/11 cms./sec. .or, 
Fig. 4 6 cms./sec wheres its average 

Velocity would be $2 cms,/sec. in the direction of АВ. 


123. Representation of uniform|ivelocities by straight lines : 

у А directed line segment has both definite magnitude and 
direction and sense and hence can represent a vector quantity, ын 
length of the Segment representing the magnitude and its direction 
and sense representing tho direction and sense of the vector quantity 
3o uniform velocities, being vector quantities, can be represented by 
a directed line Segment Ag whose sense is from A to B and is also 
Senerally written as Ав, (Actually any velocity, is a vector quantity 


and can be represented by aline segment but then we would not 
know about its path). 


324. Composition and Resultant of velocities : 

À moving body may,at a particular instant; possess several 
velocities of different magnitudes and directions. For example, 4 
Шап walking inside the compartment of a moving train shares чя 
motlon ín common with the train; a swimmer crossing a үер 
flowing along its course possesses, at any instant, the velocity of tbe 
current as well as his own velocity. 

In all these case if the final result will be the same as if the 
Moving body moves with a single velocity in a definite director 
then that velocity is called the resultant of the given simultaneous 
velocities, The simultaneous velocities are called the component 
velocities of the resultant velocity. 

М. В. Generally ай motions considered on the Earth are 
referred to a system in which the Earth istaken to be station аг м 
Actually, all the earthly objects including us share a velocity 


х 


ж —= 
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(non uniform) їп common with the Earth while the Earth moves 
round the Sun, 

£2:5. Parallelogram of velocities 2 

If a body possess simultaneously two uniform velocities represented 
by the directed line segments АВ and Ар respectively; then the resultant 
velocity of the body will be represented by the diagonal (drawn from 
A) of the parallelogram of which АВ and Ap are adjacent sides. Also, 
the resultant velocity will be uniform. 

Let the body at the beginning оѓ. (ће time under consideration 
be at the point A. Also let the component velocities be u and v 


represented by the vectors Ag and 
Ap respectively. At the end ofa 


unit time the body reaches B with 
velocity и along AB. While, owing 


to the velocity у along др, each. 


d Fig. 5 


point of the segment Ag will move 
with a velocity v along Ap and as a result ^B will take up the 


parallel position pc. Hence the final position of the body will 


be at с. 

So far the arguments hold even for non-uniform component 
velocities, but for non-uniform veloclties we would not know 
anything about the path of the body. 

Now let the line Ag take up the parallel position ак 1n any part 
of the unit of time under consideration. 


If during the same interval the body reaches a point P owing to 
the velocity и along ag, then the actual position of the body will be 


at F where rp is equal and parallel to Aa. 
Now for uniform velocities. 
AP АВ 
AB AD 
Hence if the parallelogram АРҒа be completed, the ДАРЕ will 
be similar to the ЛАВС and hence F will be on AC. 
Also AF АР „А8, 
AC AB AD 
Therefore the body moves ali along Ac and describes distances 


proportional to those described by P or е. Thus the resultant 
velocity will be uniform and represented by the diagonal Ac 
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‹ N.B. In vector notation AB + AD AC. 


$2.6. Acceleration : 

Definition : Acceleration is the rate of change of velocity. Here 
‘change’ may imply either an alteration in direction or in magnitude 
ог both.. A particle describing an arcual path with uniform speed 
possesses an acceleration because it is continuously changing its 
direction of motion. A parallelogram law similiar to that of 
velocity also holds for accelerations. 


The parallelogram of accelerations ; К 

If two component accelerations be represented by two adjacent 
sides of a parallelogram drawn from an angular point, then their 
resultant will be represented by the diagonal of the parallelogram 
drawn from the same point. nt 

E 5 Let АВ, AD represent {һе compone 
accelerations. Complete the parallelo- 
gram ABCD. Since Ag, Ap represent the 
component accelerations, they represent 
the component velocities acquired by the 

в moving body рег unit tlme. Hence R 
Fig 6 diagonal of {һе parallelogram, ЪУ nts 
parallelogram of velocities, хэжэ 
Y acquired рег unit time. So the diagonal ac 
tant acceleration of the body. 
7. Triangle of velocities : 

If a body possesses three component velocities which can be 
represented by the sides of а triangle taken in order, then the ү 
Vill remain at rest. 

Let the three velocities be represented 
by AB, BC, СА, the sides of a triangle 
ABC. The resultant of Ав and Bc is АС 
and this is equal in magnitude and 
Opposite in sense to СА» 


the resultant veloeit 
Tepresents the resu] 


§2. 


Hence the body will remain at rest 
Under The three velocities, In vector Fig. T 
language, Ав-Н80-4-6А-4. The above proposition can. also 
stated in the following way. 
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If a body possesses simultaneously two velocities represented in 
magnitude, directlon and sense successively by the two sides a 
triangle taken in order then their resultant will be represented by 
the third side in opposite sense. 

Stated in this form, the law holds also for accelerations. For 
accelerations, the law can also be stated in the following form. 


Traingle of accelerations : 


If a body simultaneously possesses three accelerations which can 
be represented by the sides of triangle taken in order, then the body 
will either remain at rest or move uniformly in a straight line. 

$28. Polygon of velocities : D 

If a body has simultaneously a 

d : Е с 
number of component velocities which 
can be represented by the sides of a 
closed polygon taken in order, it will Ап У 
remain at rest. 

Let АВ» BO CD; DE EA be the 
sides of the polygon representing the component velocities of 
the body. ? 

Now, АВ+ВС=АС, again Ас+со=Ар 
‘| AB-BC-- CD AG CD AD 

again, AD-- DEAE 

2. АВЖВОРООЖОЕЗАВ 

Hence four of the component velocities namely АВ, BC» CD, DA 

have a resultant equal to AE which is opposite in sense but equal 


ín magnitude to EA -representing the fifth velocity. Hencc the 
и 


resultant of Ав; BC, CD, DE and EA 18 zero. 

So the body will be at rest. The theorem holds for a polygon 
with any number of sides. 

Cor. l. Ifa moving body has several compo 
represented in magnitude, direction and Sense, successively by a 
series of lines joined end to end, in the same order, then the 
resultant velocity is represented by the line closing UP the polygon 
so formed taken in reverse order, 

The polygon law stated in this way holds also for ас 


Fig. 8 


nent velocities 


celerations. 
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Ex.2. A man walks towards the East a distance of 6 kilo- 
metres at the rate of 8 kilometres an hour and then walks to- 
wards the North a distance of 5 kilometres at the rate of 10 


i N kilometres an hour. Find the 
À average speed and the the average 
B velocity of the man for his total 
са journey. 
Э 


| Let the man start from а 


ү ” Р СА Е position О as shown іп fig. His 
pathis од+АВ. The time taken 
to describe the distance ОА(=6 

Y kms.) is $ hr.=ł hr. The time 
5 taken to describe the distance АВ 


Fig, 18 (75 kms.) along the North at the 
rate of 10 kms./hr. is у=} hr. 
Here the total distance traversed by the man is 11 kms. 


Hence his average speed 185 = 2, —8'8 kms./hr. 
1 2+4 


Now АВ = JOA? Agi = 4 634-53 = VÖI 


also tan poA «B ALB 
OA 


hence the average velocity for the total journey was 


E EET ss, [hr- at an angle tan~1§ North of East. 


Ex. 3. Find the resultant of two velocities of 5 cms. per 


Second and 4 cms. Per second whose directions include an angle 
of 60°. 


The magnitude of the resultant velocity is given by 
ve J 43--03-E2X 1 X 6 cos 60° 
= 416-F26--40.1— J] сшз./зес. 
its direction is given by 


4, aw 
4 sin 60° 


tan g= 
ne 5+4 cos 60° faa a -5J3 
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hence the resultant velocity is ./61 cms./sec- making an angle 
tan"! 2,/8 with the direction of the component velocity of 
magnitude 5 cms./sece 

Ex. 4. A man can swim a distance of 200 metres down 
stream in 4 minutes and takes 6 minutes to cover the same distance 
up stream of a river flowing with a certain velocity. Find the 
velocity of the current. 

Let the velocities of the current and the swimmer be u and 
у respectively, then the resultant velocity down stream is u--v 
and up stream is у-и. 

By the problem (u+ y).4— 200 metres. 

(v—u).6=200 metres. 
Hence u+v=292=50 metres/minute 
and v—u-299-1$? metres/minute 
solving we get и 2 2f- metres per minute. 
Ex. 5. Resolve the following velocities along the directions 


-> -» 
ox and OY at right angles to each other. Their directions make 
— 


the angles with Ox given below. 
(i) 10 cms /sec., 30° (i) 20 kms./hr., 45° 
(iii) 50 mts /minute, 60° 
T 
(i) Component along Ox is 10 cos 30° 
-10x 43.5 „/8 cms. /sec. 
-» 
component along OY is 10 sin 30°=5 cms./sec. 
-» 
(ii) ^ Component along OX is 20 cos 4b" 


20 x 1000 100 


20 
= — kms./hr.e-"7 — —— 
J2 / 60 х 60 cms./sec. 


= жы /вес. 
> 
component along OY is 
: „_ 20 
20 4b =—— 
sin Ja 


»--8800 ,/2 cms./sec, 


kms.;hr. 
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When he swims down strcam the resultant velocity is uty. 


WES (8) 
.. м=р РЕВ 
i d . d и+у 
From (1) and (3) ^ Мий су“ uty „Ми? — у? 
= Ми+у 
Миу 


"p hat Їйл Ми+у: Ju v. 

Ех, 9. A body has а velocity of 7 kilometres an hour to the 
South and also a velocity of 3,/2 kilometres an hour to I 
North-East. Itis brought down to rest by a third velocity. Fin 
the magnitude and direction of this velocity. 

The angle between the two given velocities is 90° +45°= 135 - 


8 " e. 
Let the resultant of these velocities be v, making an angl 
6 with the South. 


Then v?=724(3 ,/9)2 9 x 7x 3/8 x cos 135° 
49-18-42 Jax( -1 


=49+18—42=25 
s'a v=5 kms./hr, moving at an angl 
which is given by, 


e g with the South 


1 
mage 2 8 800 185 8485 ug 
1--8 /2cos 136° 22021. 
7-342*-75 
ef or, б=ќап- $. 


The required velocity will be equal in magnitude but opposite 
in direction to v, ie, itis 5kms./hr. atan angle (аа7" $. Westo 
North. 


Ex. 10. A body possesses two velocities in two given directions, 
having the same magnitude. If one of these velocities be halved, 
the angle which the resultant makes with the other is halved also- 
Find the angle between the given directions. 

Let 29 be the angle between the given directions. .» Initially 
the resultant makes an angle 9 with each of the directions. 


————— шиг 6 
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Now if initially, magnitude of each of the velocities be и, then 

by the problem, when one of the velocities become 5 then 
Ч sin 90 

ut+u/2cos 28 


. sin 90  .2singcos 6_ 2 tan 0 
24-cos20 14-2 cos?0 sec? 0-2 


( dividing numerator and denominator by cos? 6) 


tan 6/2= 


2 tan 8 
- were d 
3-rtan? 0 0) 


Ри tan 0/2=% 


2tan 0/2 _ 22 
1-tan? 9/3 1—@° 


then tan = 


We have from (1) 


ог, 4(1—53)-3(1723)?— 4:2 50 
or, 32-4-9222 —1-0 or, (8z3—1)(z3--1)-0. 
Taking the positive value of z?, we have 


8279 =1 or, 22={ 
z=- (assuming 0/2 to be acute) 


К кын 
S. tan 8/225 73 {ап 30 
' [29 30°, giving 28:190". 


Hence the angle between the given directions 1s 120°. 


11, А swimmer can swim in still water at the rate of 
In, what direction he must attempt to 
directly across a stream, flowing 2 Ко» 


Ex. 
4 kilometres an hour. 
swim in order to swim 
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metres an «hour, to reaeh the directly opposite point on the 
other bank. 


De C. Let AB, or pc represent the 


\ velocity of the current and AD 
that of the man. Let т/ ОАВ = &. 


Now Ac represents the resul- 
tant velocity. 


A B CCP By the problem, Ac 18 perpendi- 
Fig. 16 cular to AB, 
cos свд- ^B „АВ 21 = cos 60° 


вс AD 4 2 
2. mZCBAeB0 ог, 180—«-60  («—mZDAB) 
4, «10. 
Hence the swimmer should attempt to swim at am angle of 


120° with the direction of the current in order to swim directly 
across the river. 


shortest route 


М. В. In the above problem the man takes the 
If he wants 


to cross the river but not the shortest possible time. 
to cross the river in shortest time then р С 
d note that after an unit of time the actual 
width of the river crossed by him is CN. 

Then CN BC sin ««4 sin <. 

Hence if tbe the total time taken 
by him to cross the river then 4 sinat= 
width of the river =b say. A B 

"a b Fig. 17. 

4 sin < 

Since b is fixed the time wili be least when 4sin« will be 
greatest, 1. e., when < will be 90°. 

Hence if the man wants to cross the river in $ 


he must attempt to swim in a direction perpendic 
stream. 


ze 


hortest time 
шаг to е 


of 30 kilo- 


Ex.12. A battle ship sailing North at a speed 
of itself at 


metres an hour observes a sea-plane carrier due East 
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a distance of 20 kilometres; the latter steaming due West at a speed 
of 40 kilometres an hour. After what time are they at the least 
distance from each other? Also find the least distance. 
Let A and в be respectively N 
the initial positions of the battle 
ship and the sea-plane carrier. D 
Let after a time ¢ hr. the 
battle ship describe a distance 
ADalong the North and the sea- 
plane carrier a distance BC along A C B 
the West, Fig. 16 
,, By the problem, AD=30f and 
Bc=40t 1, ACSAB—BC=20 – 407 
Now CD; the distance between the two ships, is given by 
cD? = др? + AC? = (3012 + (20 — 404)® 
= 90' 12 -- 400 + 16007? — 16007 
= 9500/2 — 160074- 400 
= (50£ — 16)? 2-(400 — 162) 
= (B01 — 16 9 4-144. 


E 


Since CD? is always given by a perfect square plus a positive 
number it can never vanish. The least value of CD is obtained 

when(50t—16,3—0 ог, г={$г.=19р minutes and 

then cD? = 144 = 192 7. 00-19 kilometres. 

1, Least distance = 19 kms. atter 10$ minutes. 


з Ex. 13. А man can swim directly across a stream of width 
s metres in f, minutes when there is no current and іп fg minutes 
when there is current, 

Prove that the velocity of the current is 

- "AS — 3 mts/min. 
t? ta? 

Let u and v be the magnitudes of {һе velocities of the man and 
the current respeetively. When there is no current the resultant 
velocity is his own velocity, ie; u. Hence uty=s +e (1) 
and when there is current the resultant velocity (see Ex. 8) is 


Juey oh uB-y»tgs 5 (8) 
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From (1) and (2) we get 


(1-4) metn 


SQ 2 = 52 E -1) 
t? ta? 

2. ves,/ L _ + mts./min. 
115 48 


Ex. 14. A particle has three simultaneous velocities и, v, W 
inclined at angles ч, В, 7 with one another ; Show that the resultant 
velocity 18 


{u2+v2+w3 --2uv cos < +2vw cos p+ Яви cos эй 
> > > 
цэ us take two mutually perpendicular direction OX and OY, OX 
being along the direction of the velocity u. 
Let us resolve the velocities 
along these directions. If the 
resultant velocity ato v making 


an angle 0 with OX then we 


агч у cos = иу cos 4 
= +o cos («4- f) (1) 
F " and v sin б=о+Уу Sin «4 
ig. 
28 o sin («-- f) 
we e's cos (< +В) = соѕ (360° – 7) 
=с05 У 
and віп («--pj— sin (360° — >) = —5п У 
“e | V cos g=u +y cos «о cos ? EET тр o 


Л, Vsin =v sin «—o siny 
Squaring and adding we get 
V3 = (u4-y cos «+o cos 7)? 4-(у sin « —o sin 7)? 
=u? -y3(cos?«-- sin?«)-- o2 (cos?« -- sin?y) 
-F2uv cos «--2uw cos y--2wv cos < cos У — 2vw sin « sin ?. 
=u? --y3 + w8--9uy cos <+-2uw cos y 
--2vw (cos < cos У —sin « sin 7) 


VBLOCITIES & ACCELBRATION 98 
Now, cos < cos y—sin « sin y=cos (4+7) 
= соз (360° — В) =соѕ Ё Б 
t0 V3 ц 402 6 02 ну cos <4- Зи cos » 
+ 2vw cos 8 
°. у= „аЗ y? +? иу cos <+2uw cos 7- Зуу cos В 


Exercise 1 


1, A body starts ‘from a point A and after describing a 
complete circle of radius 84 "metres in 19 minutes returns to the 
same point. Find its average speed and average velocity. 

9. A point moves in a straight line with a velocity of 3 metres 
per second. After 3 seconds, ít has an additional velocity of 4 
metres per second perpendicular to its original: direction of motion. 
Find its distance from the starting point 2-seconds after this. 

3. Resolve the following velocities into components along two 

- - 
mutually perpendicular directions OX and OY, the angles made by 
ә 
the respective velocities with Ox being given. 
(i) 94 metres per second, 90°. 
(ii) - 100 kilometres per hour, 1207. 
(iii) 10 cms./sec , 45°. 

4, Find the magnitude and directions of the resultant. 
velocities 5 metres/sec and 10 metres/sec. inclined at an angle 60* 
with each other. 

5. In the following examples и and v are component velocities 
« 18 the angle between their directions and w is the resultant. 


(i) Given и= 20 kms/hr., у  16kms./hr. 
4 90^, find w 
(i) u«94 cms./sec., we 25 cms/sec. 
< «x 90", find v. 
(1) и=8 mts./min., v=3 mts/min; «=30° 
find w. Я 
(iv) u=7 cms/sec., 7=8 cms./sec. 
w=13 cms /sec., find 4. 
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6. Is it possible for a body having simultaneously three 
velocities of 20, 10 and 7 units to remain at rest ? 


7. Three velocities whose ratios are (,/3--1) : J6 : 2 are 
simultaneously impressed to а particle and it is found that the 
particle is at rest. Find the angle at which the directions of the 
velocities are inclined to each other. 


8. The resultant of two velocities is 20 metres per second at 
right angles to the first component which is 15 metres per sec. Find 
the magnitude and direction of the other component. 


9. А swimer directly crosses and recrosses a river in time d 
He swims down the stream a distance equalto the breadth of the 
river and swims back in time fa 


If u and v be respectively the speed of the swimmer іп still water 
and the speed of the current then show that 
11:19= Ја уй :и 


10. Two men having velocities v and vg cross а river flowing 
with a velocity u <y,). The first person chooses a direction 12 
which the path is shortest while the second person chooses another 
direction so as to cross the river in shortest time. If they start and 
reach the opposite bank simultaneously, show that v,? —75?—u*. 


ll Ina cricket match, the opening bowler can bowl with a 
velocity of 90 kms/hr. With what velocity the batsman should strike 
the ball so that it should travel with the same speed making ап 
angle of 9u* with the line of the ball. ( Give the answer in meters/ 
sec. unit | 


12. A particle possesses simultaneously four velocities whose 
magnitudes аге 8, 5, 10 and 16 metres per second towards Noni 
South, East and West respectively. Find the magnitude ап 
direction of the resultant velocity. 


13. Two straight railway lines meet at right angles. Atr PE. 
starts from the junction along one line, and at the same ши 
another train starts towards the junction from а station оп ыг 
other line, and they move at the same uniform speed. Show tha 


B om 
they are nearest to each other when they are equally distant fr 
the station, 
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14. How far down the stream will a swimmer reach the opposite 
bank of a river of width 300 metres if he swims at right angles to 
the river with double the velocity of the current. 


15. Ап aviator flies round a triangular course each side of 
which is c kilometres long while the wind blows at и kilometres per 
hour parallel to a side ; show that he takes 


с(у+ Jay? = 3u3)/(v* — u?) 


hours to complete the circuit in either direction ; v kilometres per 
hour being his velocity in calm weather. 


16. A pointhas five simultaneous velocity, 5,10, 15, 90,96 
metres per second respectively. The first three are respectively 
towards E, М.Е. and S. W., the fourth is 150° West of North and 
the fifth 30° East of South. Find the position of the point 5 secs 
after start. 


17. Atrain is travelling at the rate of 20 metres per second, 
and a boy inside projects а ball with a velocity of 40 metres per 
second at an angle of 120° with the direction of motion of the train. 
Show that the resultant velocity of the ball will be perpendicular to 
the direction of motion of the train and determine its magnitude. 


18. A man crosses а river of width s metres in time ¢ minutes 
when there is no current and in time 7, minutes (»7) when there is 
current. Find the velocity of the current. 2 


19. A point has 3 simultaneous velocities of 2, 4, 4 kilometres/ 
hour parallel to the sides of an equilateral triangle taken in order. 
Find the resultant velocity. (Give the answers in metres/sec.) 


90. Ап aeroplane has a speed of 100 km./hr. in still air. If the 
air is flowing from the West at 40 km./hr,find the time taken by 
h a place 250 kms. off to the South West. 


the aeroplane to reac 
f the plane ? 


What is the direction of motion 0 
19 kilometers per hour along a straight 


91. A bus is moving at 
g at 5 kilometres per hour along a 


гоа4, and a man, runnin 
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perpendicular road, sees it when it is 9200 meters short of the 
junction and the man himself is 100 meters short. Show that he can 
never get nearer to the bus than 1545 meters. 


98. Ina cricket match the field is so arranged by the bowler 
that the batsman is obliged for slip-cuts to send the moving ball at 
an angle « to the direction of motion without changing its velocity. 
Determine how he strikes the ball. Find < so that the striking 
velocity may be equal to the velocity of the ball (in magnitudes). 


CHAPTER III 
RELATIVE VELOCITY 
531, Relativity of motion : 


When we talk of motion of a body we always mean its motion 
relative to some other body, referred to as the observer. In other 
words, in dynamics; the motion is always referred to a fixed 
frame of reference, ie, a set of reference axes for defining the 
position of a point or body inspace. In case of motions along a 
straight line it is a fixed point on thestraight line which serves 
the purpose; for motions on aplane, two fixed axes act as the 
frame of reference. 


In. daily life, you must have observed the relativity of motion, 
For example, asa passenger waiting to catch a train, you see 
the train approaching towards you with a certain velocity relative 
to you. But as soon as you board the train, it willbe as good 
as a stationary train to you though it might be moving at a 
considerable speed relative to an observer standing on the 
platform. If you observe the behaviour of bodies inside the 
carriage ofa train moving with a uniform velocity and compare 
it with that in a motionless train you will find no difference. 
Inside the carriage of a train moving with non-uniform velocity 
motion will be felt, even with your eyes shut; because of sudden 
jerks at the instant when the velocity changes, owing to law 
of inertia. But, sitting in the Carriage of a moving train, if 
you look out side, objects like trees; telegraph posts, nearby 
buildings etc. will seem to be moving backwards і.е, in а 
direction opposite to that of the velocity of the train. Also you 
have perhaps noticed that rain drops falling perpendicularly 
onthe ground, appearto be falling at an angle inclined to the 
vertical to you if you run or walk very fast. Inthelight of 
the above. discussions it is easier to apprecate the following 
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statement ; f'farmes of references in which по external forces act 
and which are moving with uniform velocities with respect to 
one another are equivalent to one another. Їп fact this is 
essentially one of the main axioms of Einstein's special theory of 
relativity. 


Generally, when we say that an object is at rest we imply 
that it does not change its position with respect to fixed objects, 
such as trees, mountains etc, on the surface of the Earth or in 
other words the Earth itself acts as the frame of referenc. But, 
as mentioned earlier, the Earth is not fixed relative to the stars 
in the sky. In fact it moves around the sun with a tremendous 
speed of nearly 30 kiiometres per second or 10,8000 kilometres 
per hour. In this book all motions, unless other wise stated, 
will be referred to fixed objects on the surface of the Earth, nee 
the Earth will be assumed to be at rest relative to the moviné 
bodies under discussions, 


532. Definitions: Relative velocity. 


The rate of change of position of a body or a point B as sce? 
dem. ^ (which may be in motion itself ) is defined to be the 
relative velocity of 8 with respect to A. 


n М. B. The position of Bin this case is indicated by the line 
Joining A to B. 


We shall now show that, 


The relative velocity of в with respect to A is obtained 0 
adding with the velocity of B, a velocity equal and opposite 10 
that of a. 


Let us first consider the simple case when A ands move with 


the same velocities u along parallel lines. 


After any time, say Тү, their respective displacements 883” 
^^i, will be equal and parallel. Similarly the distances traversed 
“by в, Viz ,B Bg, BaBa during the intervals of time say tz, ѓз wil 
be equal and parallel to the distances covered by A viz, АА» 
АзАз respectively during the same intervals of time. 9202 
(see Figure 20) AB, A,B,, AgBa, АВ; will be equal and 
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parallel to each other; і.е,, the position of B with respect to A 
as indicated by the line joining A to B will remain unaltered 
from A's point of view. Thus B will appear to be at rest toa 
and their relative velocity will be nil. 


Next consider A and B moving with в Bı B2 B, 
velocities V4 and V, along two different 
directions. Let Ac and ва represent the 
velocities of A and B respectively. Apply, 
to both A and B, equal and parallel i 
velocities represented by Ap and BE N га 
respectively each being equal and 


à = Fig. 20 
opposite to АС 


Now, as shown above, the two equal and parallel velocities 
applied to A and B will not produce any new relative motion 
between them, ie., the relative motion of B with respect to A 

F G will be unaltered by this appli- 
cation. But now А has two 
2 velocities represented by АС and 


V = A 
2 AD equal and opposite to each 
Ё B other and hence A is now at rest. 
Again B has now two simuitaneous 
P— н ре === 
р А С velocities represented by 5e and 
Fig. 21 BG and their résultant is given 


by the diagonal gF which thus represents the relative motion of 
B with respect to A 


In vector notation Vas ва t BE 
=V- Va 
Cor. 1, If А and B move along the same straight line with 


velocities u and v respectively then the relative velocity of B with 
respect to A is- 


(i) у-и when u and v have the same direction and sense. 


(ii) uty when и and y have opposite sense, i.e., when they 
approach each other 
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Cor. 2. From the relation 
Vsa— Vn — Vay we get 
Vn 7 Увл - Va; 

ie; when the relative velocity of B with respect to an 
observer A is given then the true velocity (i.e , the velocity with 
respect to a preassigned frame of reference) is obtained by 
compounding this velocity with the velocity of A. This is described 
in the adjoint diagram where gr represents y,,. Now if we draw 
ва equal and parallel to y, in the opposite sense, then in the 
parallelogram gera, BF is the diagonal and ва, gg are two 
adjacent sides. By the proposition, Voa is the resultant of ва 
and the velocity оЁв. Hence ge will represent the velocity 
of 8. Draw gu equal and parallel to 
ул in the same sense, then, as seen 
from the diagram gg is the diagonal 
ofthe parallelogram BHEF of which 
G 877 the adjacent sides are are gr and BH. 
A, H BF and вн represent respectively the 
Fig. 22 2 8 : t 
rs к | relative velocity of в with É 
„ЫЙ BA € velocity of А, ў,. Hence ү, із the resulta? 

of v,, and y,. 2 р 


E E 


$33. Analytical expression for relative velocity. Let 90 
bodies A and B be moving with uniform velocities и and " 
respectively (the directions of which make an angle « with eacb 
other) with respect to a frame of reference к. We consider 
another frame of reference R’ which is at rest with respect to А. 


As MN is the change of position of В relative to A in time fo, 0 
relative velocity of 8 with respect to A 


.,Ielative displacement of B with respect to A 
time . 


мм 


——= үй 


to 


the magnitude of Vas is w= Ju®4+y¥—Ouv cos a. 
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и BN sin(180'-6—«) sin (0+«) 
А Also, “= — = = =— 
у BM sin Ө sin @ 
= (Sin 0 cos «-Fcos 0 sin «) 
sin 0 
= COS 4+cot 0 sin « 


u 
7 —Ccos« ы 
. ysin < 
Г. cotgm XA. Тап йе зшен ч элп (8) 
sin < u—Y cos < 


From equations (1) and (2) we get the magnitude and direction 

of the relative velocity. 
> > > > 

Take rectangular axes OX, OY in R and АХ'АҮ' iñ R'. At any . 
instant г, let A and B be the positions of the bodies A and B 
respectively. In time 79, A with 
the frame of reference R' moves to 
Lands in the same interval of 
time moves to M. Complete the 
parallelogram ALNB. 
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Since LN is equal and parallel 
to АВ, the point B of R' when at A 
is the point N of R' when at L. 
Hence with respect to A or the 
frame of reference R', the change 
of position of B in time fo is Fig. 88 
indicated by NM 
Now mAZMBN-«. Let mZBNM=6. 
We have, AL —BN = ше, 
BM = уо 
'. from ABMN 
MN? BM? -+-вм2 — 2BM.BN cos < 
7 y?t9? + u?19? — Juv cos < 72 
= f93(u? +y? — 20у cos а) 
SS MN р 
where w= „уз уЗ  2uv cos <; а constant independent 


of бо» 
N 
Also BM „M 


* sing sin« 
3 
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С. sin é=sin «віп <. шан Эла, a constant indepen- 
dent of time то 
-5 

2. MN makes a constant angle with AL and therefore with Ax’. 

Therefore Relatlve to the frame R',B moves with a uniform 
velocity along a constant direction. Ву the triangle of velocities, 
MN represents the resultant of velocities represented by NB and 
“ВМ ; so the relative velocity of 8 with respect to R’ is the resultant 
of the velocity of 8 with respect to R and velocity of A reversed in 
direction also with respect to R. 


Cor. (i) wis maximum when «сал, its value being u +Y, 
then the directions of u and v will be opposite to each other. 


(ii) wis minimum when 4=0, i.e.; when u and v will have the 
same direction and sense. 
Then the value of w is given by 
w=u-v 
(it is y—u, if we want the relative velocity of в with respect to A 
and u — v, if we want the relative velocity of A with respect to B.) 


Worked out Examples 


1. Two stations A and B are 100 kilometeres apart. A train 
starts from A and moves towards B at the rate of 40 kms./hr. and at 
the same instant another train leaves B and moves towards A at 
the rate of 60 km./hr. When will they meet ? 

Since the trains approach each other, they are moving along 
parallel straight lines but in the opposite directions. Hence the 
relative velocity of any train with respect to the other is 

u--y240--60 100 km./hr. 


So the required time is 100/1001 hr. after they start. 


2. Two trains 200 metres and 250 metres respectively are 
moving on parallel lines in the same direction, Find how long it 
takes them to pass each other, ifthe velocities of the trains are 
45 kms/hr. and 30 kms./hr respectively. 
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Here the relative velocity is 
45 —30215 km./hr. 
In order to pass each other a train has to cover (800-250) 
— 450 mts. 
450 — 


ired time is ———— 
the required time is 1651000 hr. 


450 
=———_ x 60x60 = : Я 
15 х 1000 1) secs.=1 mt. 48 secs. 
8. A steamer is moving at {һе rate, of 12 kilometres per hour 
towards the West and another at the rate of 9 kilometers per hour 
towards the North, Find the magnitude and the direction of the 


relative velocity of the second steamer. 
The relative velocity of the N 
second steamer —the resultant of ! 
its own velocity and a velocity À 
equal and opposite to that of the 
first steamer. 
=the resultant of 9 kilometres w IZkn]hr 
per hour towards the North and 
19 kilometres per hour towards 


the East 
= J133 93-15 Кш./һг $ 


Let the relative velocity of the Fig. 94 , 
3 9nd steamer make an angle 8 

with the North. Then 

tan 9— 1$ = 4 3 
.. 0—tan^? 4/3 East of North. 
4. One boat is sailing due 
North at the rate of 12 kilometres 
per hour and another boat is 
sailing North-West at the rate of 
12 ,/2 kilometres per hour. Find 
the magnitude and direction of 
the second boat relative to 
Fig. 25 the first. 

The relative velocity ofthe second boat is the resultant of a 
velocity of 12 km. hr. towards the South and a velocity of 12 ,/2 
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km[hr. due North West. The angle between these two velocities ` 
being 90°+45°=185". 
Hence the relative velocity is given by 
w= е/188--(18,/9)3-53.19.19 „/9 cos (185°) 


| 1444+288-2x12X12 : | 
/ 12x12 /8х 2, | 


= ‚/144=19 km/hr. 
and the angle made by the relative velocity with the North-West 
direction is given by; 


13 sin 135° 
an на ee лан 
12 „/24-18 cos 135 
12 » 
ENTE oim 487 
12,/8--26 
6245". 


ie; the direction of the relative velocity is West wards. 


Hence the answer is 12 km/hr. West wards. 


5. Toa man walking at the rate of 3 km/hr. the rain appears 
to fall vertically. Find the actual direction of the rain if its relative 
velocity is 3 /3 km/hr. 
3km/hr , True velocity of the rain is the 
resultant of its relative velocity 3 J/3 
0 km/hr. with respect to the man and the 
velocity of the man. | 


Let the real direction make ап angle 
8 with the vertical towards the то! on 


of the man. 
3V3 km/hr E 


iln en tang= 8 "EU 25 .8 
7 6. е а man walking at the rate of 3 km./hr rain appears to 
all vertically ; if the man walks at the rate of 5 km/hr. it appears 


to fall at an angle of 30* with the vertical. Find the actual Шивэр 
and velocity of the rain, 
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Let the actual velocity of the rain be v making an angle 0 with 
the vertical towards the motion of the man. 


3km/hr 


7 


Rain 
Fig. 27 
In the first case, the relative velocity of the rain is 
Ay? = 33 = Jy3—9 and hence 

tange = E (i) 
In the 2nd case the relative velocity of the rain is 

му54-58- ду.5 cos (90 — 8), 

= Jy? 4-26 — 10» sin 0. 

Resolving vertically : 

у cos = „/у®#-Е25— 10v sin 0.©0$ 80° 

ог, v? cos? 8e (y? --26 — 10v sin 6) $ - (ii) 


From (i) we have 
` sec? ge 1--tan? 6-14 шиг. 
y2=9 у1—9 
У уЗ cos? 9 y? —9 
.. From (ii) 
y? — 9 — (у2 4- 25 — 10v sin 0) 3/4 
or, 4v?--36=3v2+75 — 30у sin Ө 
ог, v2+30v sin g— 111-0 


5 ee b b ESAE 
d ee 30» 
and cos 9s A PED 
y 


Now, sin?8--cos?0—1 
5 (111—»9)? ру -9 


Y 900»? y» } 
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or, (111—»2)?--900(v? — 9) 900»? 
ог, (111—»2)2—8100 


S. dil-y3?590 — S. у2=91 v= Ja, km/hr 


3 
"ese цан DE. 3 


The true velocity of the rain is „ZI km/hr. at an angle of 


tan! 28 with the vertical іп the forward sense. 


Alt. method 
From the diagrams we have. 


again, 


y 3 А " 
RE ENIM А =з 
“ОР ГИ ain 6 or, vsing (i) 
T M 222285 

sin 60° 51п(30°+0) 


ог, vsin (30°--0) —5 sin 60° 


ог, „(У Зып 04-1 cos в) = 


ог, + союө=ф,/8 


5 A? E: (ii) 


dividing (ii) by (i) 


sin өр cos 0 


m 
sin 0 6 


i совер J3- SBa 7906-3) J8_ 1 


or, 
XU TEE 3 
'. tan 2.3 
j 2 
Sm mi. le eee 243 
созес 0 - Jcot?9--1 Fi 47 
from (i) 
48 з J7 


wm? or vmm 
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7. Atrainis travelling North at 60 km/hr. and the wind is 
blowing from the South-West at 20 km/hr. Find the direction of 
the smoke of the steam engine of the train. 


Let the apparent direction of 
the smoke, assuming that it loses 
the velocity of the train after 
leaving the funnel and moves 
with the wind, make an angle 6 
with 5 East wards. 


90 sin 135° 

n 0 = 

then tan 0560: 4:00сов 580" 
90 sin 45° 

60—90 соз 40: 


1 
a M 90 1 


] 60,/8-40 8,/2—1 
60 — 30 x Ja 

2. 6=cot-2(8 ,/2— 1) East of South. 

8. Aship was 20 kilometres North of another ship at noon. 
The first ship was sailing due South at the rate of 12 kilometres 
an hour and the second ship due East at 16 kilometres an hour. 
At what time were they nearest to each other and how far 


N apart were they at that instant 1 
3 Let A and B be the positions of 
А the ships at noon. 
ДЕ; Куле The relative velocity of A with 
w~< B T -E respect toBis the resultant of its 


own velocity and the velocity- of 


N B in the opposite direction i.e., it 
5 is ће resultant of two velocities 
x 12 km/hr. due South and 16 km/ħr. 
P 5 towards west = „1234163 
Fig. 29 =90 km/hr. at an angle 6 with the 


direction of motion of A where @ is given by tan 6—1$-$ which 
gives sin 0= $, cos 0$; 
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- -» 
Now, if AM and BP are parallel, 
-» - 


B will see A moving along AM. 

The least distance between them is given by BM, the perpen- 
dicular drawn from B upon AM. 

Now, Вм=АВ sin 9 20x $—18 km. 

АМ —AB cos 6= 20 X $—12 km. 

If t be the time after noon when they meet, then A describes 
the distance AM in time г relative to B. 

Hence, 207= 19 

S 05-18-82 г. = 36 minutes. 

9. То a cyclist travelling at 10 miles per hour due East wind 
appears to come from North-East, but when he travels Noith-East 
at the same speed it appears to come from North. Find the true 
direction of the velocity of the wind. [C. U. 1948] 
' Let the true velocity of wind make an angle 6 with East of 
South. 

The true velocity of wind is the resultant of its apparent 
velocity with respect to the cyclist and the velocity of the 
cyclist. 

In both cases the angle between the cyclist and the relative 
velocity is 135°. 

In the first case 

PM S 10 0) 
sin 135° sin (45° 4-8) 


5 
Fig. 30 Fig. 91 
: In the 2nd case 


гаа 100 
sin 135° sing 


(ii) 
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2. From (i) and (ii) 
sin (180° — 0) = sin 6=sin (457--0) 
S. 180° —0= 45^ 4-0 i 
2808-1835, 2. 0=671° 
The true direction of wind makes an angle 674° East of 
South. , 

10. Two points move with velocities v and 8у respectively in 
opposite directions in the circumference of a circle. In what 
positions is their relative velocity greatest and least and what 
values has it then ? 

The greatest value is obtained when the angle between their 
directions of motion is 180°. 

ie. when the two points 
arrive at the same position 


from the opposite directions, А BA B 
then their relative velocity is 
v4-9y = Зу. 

The least value of the Fig. 32 


relative velocity is obtained when the angle between their direction 
is nil i.e. when they are parallel and of the same sense. Hence the 
least value of the relative velocity occurs when they are at the ends 
of a diameter and its value is given by 2y—v=v, 

11, Given the relative velocity of A with respect to В and also 
the relative velocity of B with respect toc. Show how you will 
determine the relative velocity of С with respect to А. 


In vector notations we can write; 


Улв= Уд – Vn ө @) 
also Vao= Va — Vo (ii) 

Adding (1) and (ii) 

Van Vso= VA— Vo 

Now, Voa™ Vo Va= —(Vast Увс! 

Hence the relative velocity of С with respect to A is obtained 
by compounding the two given relative velocities and then reversing 
the direction of the resultant. 
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19. A person travels due east at the rate of 4 miles per hour 
and observes that the wind seems to blow directly from the 
North; he then doubles his speed and the wind appears to come 
from the North-East. Determine the direction and velocity of 
wind. (C. U. 1943] 
N N 


Big 33 Fig. 34 


Let v be the true velocity of wind making an angle 0 with the 
East of South direction. 

In the first case, the angle between the relative velocity and the 
direction ofthe motion of the man was 90". 


Hence E ME ee Е 
sin90' sing ? 
Or, vsing=4 PA (i) 


In the 9nd case the angle between the relative velocity of the 
wind and the velocity of the man was 136° 


ы Е. МВА є 
sin 135° sin(+5°+@6) 
ог, vsin (45°+6)=8 sin 135° 8. 4 Ja 25 (8) 


„9 
from (i! and (ii) we get 
v sin(45° +0) 4 ын 


v sin Ө . 
| 
ог, sin(46° + 6) _ 20) 2 
sin ө | 
sin Ө +—- cos 9 | 
ог, piet po 


= JZ 


sin 0 
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T 
on -J (14 eot 8)= ,/8 
or. l-dcotó-2 S. в08 0-1. o's Om 45" 


and from (i) у sin 45°=4 ог, ane 


<. 0-4 42 miles per hour, hence thc true velocity of the wind 
is 4 ,/9 m/h. making an angle 45° East of South, ie, it was 
blowing from North West. 


13. A stone is projected horizontaly from the window ofa 
trian moving with a velocity of 90 k.m /hr. If the relative velocity 
of the stone is 5 metres/sec at right angles to the direction of the 
motion of the trian, find the actual velocity of the stone at the time 
of the projection. 

Let the actual velocity of the stone be u metres/sec. at an angle 
of 9 with the direction of the motion of the train. By the conditiom 
of the problem, actual velocity is inclined at an angle of 007-0 


with the relative velocity. 


actual velocity is the resultant of the relative velocity and 
f the train and since 80 kms/hr. = 25 m,sec., 


the velocity o 


wee by 18:10 
sin 90° 580 ERE 0) < y! ) 


25 _ sin (90 —) соз 8, or cot #=5. 
5 sin ө sin 0 
+, gstan ^! $ and 


u=6 cosec 0555 АЛ. + сої®д*=б 4/96. 


*. actual velocity is 5/96 m./sec making an angle ‘of 


pl (15) with the direction of the motion of the train. 
14. А steamer is travelling due East at the rate of u miles ar 
hour. A second streamer is travelling at 2ш miles an hour in 
direction 9 North of East and appears to be travelling North-East 


ger on the first steamer. 


to a passen 
Prove that 9=3 sin * $ [C. U. 1945, '49] 


tan 
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The angle between the velocity of the first steamer and the 
relative velocity of the second steamer with respect to the first , 
is 45°, Again, the angle between 
the true volocity and the relative 
velocity of the 9nd steamer is 
45°— 0 


2u и 
<. We have, ———_, = -——— r 
B sin 45° sin(46' — 0) 
sin (46°-6) ч 
5 sin 45° Е 
ог, sin 45° cos @—cos 45° sin 8 
S А е 1 
=} 45 «“---, 
Fig. 95 gn 2/2 
ог; cos @—sin 6=3 


Squaring both sides 
cos29-+sin2@—2 cos 0 sin 054 
ог, l-sin 20=% 
or, sin 20$ 
o=} sin! $ ? 
15. Two particles start simultaneously from the same P ыг 
and move along two straight lines at an angle «, опе with unifrom 
velocity u and the other from rest with uniform acceleration f. 
Show that their relative velocity is least after a time (u cos «)// 
and that the least relative velocity is u sia «. 
Since acceleration is rate of change 
of velocity, the velocity of the 2nd 
‚ Particle after a time 1 is given by у= ft. л 
`. their relative velocity is given by 
w= Jy2+y2— Quy cos « 
= du3-E-f313— au ft cos a = 
= A(ft—ucos«)* +u? — и® соз®« 
= J(ft—u cos «)8--и8 sin? . Tie. 95 
Since (ft-u cos «)2 is never negative for any value of f, the 
least value of w is obtained when 


ft—u cos « 20 or, ; mum 


and then w=usin <. 
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Alt method. 
We have, w?=u?+y2—9uy cos < 
—u?-- f? 19 — 9uft cos ч 


least value of w? is obtained, when Wao 
and. ао, but aut aw?) ofa, _ 9uf cos x 
ie; га. ) 9/259 always. 
ын б 0, gives t= 4 0081 and hence etc. 


16. A pistol shot is fired on a running train at an angle + 
with its direction of motion. The shot enters a carriage at a 
corner furthest from the engine and passes out at the diagonally 
opposite corner. If u be the velocity of the train in miles per 
hour and a and 5 are the length and breadth ofthe carriage 
in feet show that the time the shot takes to pass through the 
` carriage is 15(b cot < — a)/22u seconds. 

Let w be the relative velocity D c 
of the shot (in ft/sec) with respect 
to the train. 


Моне the angle between w A 
and uis 6, PA 


then we have, Pe tan 6: (i) 
Fig. 37 


and also Ac=the diagonal of the carriage 5 cosec 0 


i ux1760x3 22u 
Also u miles/hr ^ O69 ft./sec RU ft./sec. 


Now since the angle between the true velocity of the shot 
and the direction of motion of the train is « and the angle between 
the true velocity and the real velocity is 0-4. 

We have 


w 4384 
х лан 
sina 15 sin (9—4) 
289u sina ft seci) 
or, "—' 15 'sin (0-4) 
Now, the time / taken by the shot to pass through the 


carriage 
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= the time taken by the shot to cover the distance AC 
"AG =b cosce 0 
w w 
=b соѕес 0. 16 sin (0—4) ( from (ii) ) 
ztusin« 
_15b cosec 8. (sin 8 cos &— cos 8 sin <, 
22u sin 4 


155 cosecÓ (cot «—cot 6). sin Ө 
22u 


15b. (cot «—a[b) ( from (i) ) 
ди 


EM. (b cot «— a) seconds. 
22u à 
Exercises on CHAPTER 1881 

1. Find the relative velocity *of two trains travelling at the 
rate of 30 miles an hour and 66 ft. per sec. respectively when 
they are moving 

(i) in the same direction 
(ii) in opposite directions. 

9. Rain is falling vertically with a velocity of 10 mt/sec. But 
to a person in a train it appears to be inclined at an angle of 45° to 
the vertical. Find the velocity of the train in kilometres per hour. 

3. Two trains each 260 ms. long are moving towards each 
other on parallel lines with velocities 20 and 30 km/hr. 
respectively. Find the time that elapses from the instant when 
they first meet until they have cleared each other. 

4. Amanis walking at 8 km./hr. and the rain appears to 
him to fall with a speed of 16 km (їг. at 30° to the vertical 
Find the true velocity of the rain. 

5. A ship is sailing North-East with a velocity of 10 km /hr. 
and toa passenger OD board the wind appears to-come from 
the North with a velocity of 10 J2km./hr. Find the true velocity 
of the wind. 

6. Two men start to walk simultaneously one East wards 
at the rate of 4 km./hr. and the other North wards at 3 km /hr. 
Find the magnitude and direction of the relative velocity of the 
second man. How far wil they be from each other after 
5 minutes ? 
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7. To a man walking at the rate of 6 miles per hour rain 
appears to fall vertically ; but it appears to meet him at an angle 
of 45° when he increases his speed to 12 miles per hour. Find 
the true direction and speed of the rain. ( C. U. 1976 ) 

8. At a particular instant two aeroplanes are at а distance 
of 250 kilometres, one due East of the other. The first one is 
moving westwards at the rate of 100 km./hr. and the second 
with a velocity of 75 km./hr. towards the South. Find the time 
when they are nearestto each other. Also find the least distance 
between them. : 

9, A man travelling towards the North-East finds that the 
wind appears to blow from the North, but when he doubles his 
speed it seems to come from a direction cot~?2 East of North. 
Find the true direction of the wind. 

10. Arailway train is moving at the rate of 60 km lbr., 
when it is struck by a stone moving horizonally and at right 
angles to the train with the velocity of 10 mt./sec. Find the 
magnitude and direction of the velocity with which the stone 
appears to meet the train. 

11. Two motor cars are proceeding, one on each road, towards 
the point.of intersection of two roads which meet at an angle 
of 607. If their speeds are 12} and 20 m/hr and they are 
respectively 850 and 200 yds. from the cross-roads, find their 
(1) relative velocity and (ii) their distances from the crossing of 
the roads when they are nearest to each other. 

19. Two points move with speeds и and Eu respectively 
along two straight lines inclined at an angle « to each other. Find 
the relative velocity of the second point with respect to the first. 

13. A submarine leaves A and travels s.w. at 10 kilometres 
an hour. At the same instant a destroyer leaves B which is 
20 kilometers south of A. If the the destroyer can steam at 25 
kilometres per hour, find the direction in which it should move 
to hit the submarine. 

14. The direction of an aeroplane makes an angle à with 
the direction of the wind. Ifv be the velocity of the aeroplane 
relative to the air and v (&v be’ ће velocity of the wind, show 
that the effective velocity of the aeroplane is V cos 6 


+ Jy — V3 sin® g and find the course to be steered. 
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16 A cyclist rides at 10 miles/hr due North and the wind 
which is blowing at 6 miles/hr from a point between North 
and East appears to the cyclist to come from a point 15° E of N. 

(i) Find the true direction of the wind. 

(1) the direction in which the wind will appear to meet him 
on his return if he rides at the same speed. 

16. You are on a ship travelling steadily East at 15 knots. 
А ship on a steady course whose speed is known to be 96 knots 
is observed 6 miles due South of you. It is later observed to 
pass behind you, its distance of closest approach being 3 miles. 

(i) What was the course of the other ship ? 

(1) What was the time between its position South of you and 
its position of closest approach ? (1 knot — 6080 ft /hr. ) 

17. A parachutist falling vertically in a steady down pour 
of rain observes that when his speed is v, the rain apears to make 
an angle « with the vertical. When his speed is уз the rain 
appears to make an angle 8 with the vertical. Show that the rain 
.actually falls at an angle 8 with the vertical given by 

(Ya —4) cot 89v, cot « — v, cot f. 

18. An Aeroplane which travels at the rate of 80 miles am 
hour in still air starts from A to go to 8 which is 200 miles distant 
М. E. ofA. If there is a wind blowing from the North at 90 miles 
an hour determine the direction in which the aeroplane 
must move and the time required. If at the end of an hour 
the wind drops to 5 miles per hour determine the position relative 
to B of the aeroplane at the time, when it should have arrived at B. 

19. A ball is thrown in horizontal line from a window ofa 
train meving with 36 km /hr. If the velocity of the ball is 7 m./sec. 
at right angle to the motion of the train, find the velocity of the 
ball relative to the train (at the time of projection). 

20. То an observer on a train moving at 30 kilometres per 
hour due North, wind appears to blow from 15 Е of N and from 
a motor car running at 15( ,/3— 1) km./hr. due East, it appears to 
come from 16°м of E. Find the true direction of wind. 

21. Aship steams due West at the rate of 15 km/hr. when 
the river is flowing at the rate of 6 km./hr. due South. What is 
the velocity relative to the ship ofa train going due North at the 
rate of 30 km./hr. ? (C* U. 1968) 


` RELATIVE VELOCITY 47 


22. Aline of men are running along a road at 8 miles an 
hour behind one another at equal intervals of 20 yards A line 
of cyclists are riding in the same direction at 15 miles an hour at 
equal intervals of 30 yards. At what speed must an observer travel 
along the road so that whenever he meets a runner he also meets 
a cyclist ? 

23. Two particles Р and а, start at the same time from rest 
from a point O and move in two directions, P with uniform 
velocityand @ with uniform acceleration. Show that at any time 
each appears to the other to be moving in a direction parallel to 
QR, where R is the middle point of ОР, 

94. If d be the distance at any time between two points 
moving uniformly inone plane, v their relative velocity and uv 
the resolved parts of v along and perpendicular to. the direction 
ofd, show that their distance when they are nearest to each 


other is 4 and that the time of arriving at this nearest distance 


u 
is аа“ 


CHAPTER IV 
MOTION ALONG А STRAIGHT LINE 


541. Change of velocity ; motions along a straight line : 


In chapter II we have discussed briefly about acceleration. It 
was defined as the rate of change of velocity and the parallelogram 
law for accelerations, similar to one for velocities, has been 
proved previously. It has also been shown that a particle may 
have uniform speed but non-uniform velocity if it moves in 
arcous path. For, a particle moving along a straight line, a 
change in velocity implies a change in its magnitude. In any 
case a particle with non-uniform velocity is said to be moving 
with an acceleration. If at any instant a particle changes its 
velocity from Va to Vs then we can consider the change in the 
following way. 


At the instant ¢ the particle, in addition to its velocity Va, 
is given another velocity represented both in magnitude and 
direction by the vector Vs- Va- 


A particle is said to have a uniform acceleration ifthe rate of 
change of velocity is equal in equal intervals of time, however 
small, Acceleration, like velocity is a vector quantity, f.e., it has 
magnitude, direction and sense. A particle moving along a straight 
line may increase or reduce its speed at uniform rate ; in the 
former case we say that the particle has uniform acceleration 
and in the latter case the particle is said to have a uniform 
retardation. In other words negative acceletation is called 
retardation. In this chapter we will discuss, unless otherwise 
stated, the motion of point particles along a straight line with 
uniform acceleration. We will derive various relations between 
velocity, acceleration, the space described in time ¢ and the 
interval of time г, but will not discuss about the forces governing 
the motions of the body. In short, we “will discuss the kinematics 
of motion along a straight line. 
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542. Analytical expressions for velocity and acceleration. 


(a) Velocity at time t. 
=> 


Suppose a particle moves along a line ox. Let О be a fixed 
point, on the line and let us agree to consider O as the initial 
position of the particle, i.e., its position at time £—0. 


Let the particle be at Pat the s 
instant f where P is at a distance b Pp а Que 
x from О. Also let after a subse- 
quent small interval of time 3f Fig. 38 


its position be at е at a distance x-F5x from О. 
Here we have OP —x, 08 — x-Fóx and hence Pa = ôx. 


+, The displacement of the particle in time is 6x and 


hence the average velocity in time 6718 73 Th limiting value 


: eg 0 lim 6x ; шд 
of this ratio, іё, 5,59 у is defined to be the velocity of 


the particle at time 7, 


: Lt dx dX . Р 7 А 
= ах ulus. 
ie, 7 610 zm а? in notation of differential calculus 


Sometimes ах is written as х for the sake of brevity. 


Cor. 1. бХ always gives the velocity along the positive 


direction of the x-axis ; a negative value of ax indicates a velocity 
along the negative direction of the x-axis. 


Cor. 2. If Gua constant, then the particle is said to have a 
uniform velocity along the x-axis. 

(b) Acceleration at time f. 

As shown above, a is the velocity of the particle at Р, 


Let its velocity be v-+sv at а. Hence the change in velocity 
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during the short interval stis бу ‘. the average value of the 
acceleration in the short interval dt is The acceleration f 


of the particle at time ¢ is defined as 


Lt ov_dv 
f? мэс di 
de ч s d dx, Фх 
Now уе? 3. f= foe aia] = dia 


3 ах -w d, dx | dv 
Sometimes jm is written as x. Also, f di йк ace 
Thus the acceleration of a particle can be expressed as any 

one of the following ways 

s dy их dix "e dv 

(i) di (ii) di (iii) X 
What particular expression is to be used depends on what 
one wants to derive. 
For example, to get a relation between x, v and /, the 
expression (iii) will be the most convenient. 


М.В. If da constant, then the particle is said to have a 
uniform acceleration. In particular when d E20 always, the 


particle has uniform velocity. 


$4'3. Illustrative Examples. 


1. A particle is moving along a straight line and its 
distance in cms. from a given point in the line after ¢ seconds 
from start is given by 


? 


$-19—4t—4 


Find its velocity at the end of 3 secs. and the acceleration 
at the end of 5 secs. 


2 ds 312 — 
Here v dt 3t 


and f^ =н 


38 (i). 
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(N.B. Here acceleration depends on ¢ and hence is not 
uniform ) 
putting 723 in (i) we get the required velocity 
y23x33—4297 – 4 = 23 ст. /ѕес. 
and acceleration at the end of 5 secs. is obtained by putting 
t=6 in (ii) 
e. itis6X5=30 cm./sec.? 
9 А particle is moving along a straight line O^. Its distance 
from О in 1 secs. is given Бу 
x= (t3 — 91 — 16) ft. 
What is its acceleration when it is at a distance 5 ft. from o ? 
The time і when the particle is at a distance 5 ft. from О 
is given by 
138—921 -16=5 
ог, 1$ —9: – 21=0 
or, (1-8)12--3:-:1) =0 
which gives t=8 ог ¢?+3t+7=0 
= 3+ /—19 
2 
neglecting the imaginary values of t 
we get, ź=3 secs. 
Now x-1?—9t—16 


ie, t= 


dx 
НУ = 31% 
а 4 
23 
апа oie 6t 


-. acceleration at the end of 3 secs. (or when the particle 
is at a distance 5 ft. from О) is 6 X 3= 18 ft /sec.? 

3. If s—63:—60:2 —:?, find the velocity after two seconds 
and the distance gone before the particle stops, s being the 
distance covered by the particle in ¢ secs. (C. U. 1958) 

Here 5=63/— 6/2 — 1$ 
y 5. 68 — 19 -32° 
dt 
after f= 9 secs., »-63—12x2—3x9292297. 


Here the unit of length is not specified. 
y=27 units of length/sec. 
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The particle stops when its velocity is zero, the corresponding 
time is obtained from 
ds 
oc; 99- DM 31° 
or, 194-42— 91=0 
or, (2+7) 1—3) =0 
Or, 1--1 or, 3 
neglecting the negative value, 
we get 143 secs 
SQ 8-83х83-6х33-38 
— 108 units of length. 
4. Find the law of acceleration if, 
(i) »?-21-x? and (ii) v?=6a(x sin x+ cos х) 
(i) »?21-x? 
differentiating both sides with respect to x, we get 


вийн — ex 
4 pr 
nan Labs x 
ris ec 


Now when x0, f<0 i.e., the acceleration is towards О. 
Again, when х<0, f>0 ie. the acceleration is towards the +ve 
side of o, when x is on the —ve side of О. 
the acceleration is always directed towards О and varies 
directly as the distance from О 
(Ш) v?—6a (x sin x+cos х) 
differentiating with respect to x 


9,0 — a [ sin x+x cos x—sin x ] 
dx 


= бах cos x 
2 =8ах cos x 
hence f=3ax cos x 
here f>0 for х>0 
- f«0 for х<0 
» the acceleration is away from О. 
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5: Thelaw of motion of a body moving alonga straight line 
is хээ 1vt, x being its distance from a fixed point on the line at time 
гапа у its velocity there; prove that it moves with a constant 
acceleration. 

We have=x=4vt 


m _dx ERA 

writing у= di "9 have. x Ux 

t x 
Integrating both sides, 
2 log t=log x--c', c' is a const. 
or, iog x=log t+ (с = – с) 
=iog Гс (where c=log с") 

: 4х dixe 
SS ханс ам or, dt = ct, T 9c 


Hence acceleration is 2c, a constant. 
B. A particle moves along a straight line and at a distance 


x from a fixed point on the line, its velocity is AERE: 
X 


Prove that its acceleration is directed towards О and is inversely 
proportional to the square of its distance. 


Here V ES 
х 


уз = peler) cu? _ p? 
х х 


Differentiating both sides with respect to х, 


з 
p, d* xa 
x 
* шд neg. 3. 
ps dx x» xs 


also f is negative (x is always --ve here for v to be real’. 

Hence the acceleration is directed towards O and is inversely 
proportional to the square of the distance. 

$4.4. Motion along a straight line with uniform acceleration. 


In previous chapters we discussed simplest types of motions 


ossible for a particle, ie., motions along a straight line with 
P 
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uniform velocity. Now if the velocity is non-uniform, i.e, if the 
particle has acceleration then obviously the next step will be to 
consider motion with uniform acceleration. For motions with 
uniform acceleration, we will establish three basic relations between 
various quantities viz, velocity, acceleration; distance covered 
during an interval of time 7 and during the time f. 

A particle is moving along a straight line with a untform 
acceleration f. Let и and v denote its velocity at the beginning and 
end of any interval of time t, considered during its motion amd s, the 
distance covered by the particle during that interval. Then 


(i) veu+ft 
P e Gi) з=иш+4Л? 
о А (iii) v?=u®+2fs 


-» 
Fig. 89 Let OA be the straight line 


along which the particle moves, O being the initial position of 
the particle, i.e., the position at the beginning of the interval 7. 
Let P be its position at the end of the interval ? when OP = 5. 


Then thé velocity and acceleration of the particle at time 7 are 


2 
given by as and respectively. Since the acceleration of the 
particle is uniform it has the same value throughout the interval. 
в 1 
e dso эн @) 


Integrating both sides of (i) with respect to ¢ we have 
Be fic (2) where c is an integrating constant. 


Now according to the given conditions when t=0, 


ds | 


q^ Velocity at O=u .. from (2) 
u=fXgte и". CBU 
2. ме get 
ds - 


CD en Од -— (8) 


writing v for E we get v>u+ft. 
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(ii) From (3) we get, ds (u-- ft) dt. Integrating with respect 
to 1 we have, ч 
seu I e (0) where c' is a constant to be determined 


from the initial conditions, £—0; $= о 


. o=uxotfxote Sh со 


(4) gives s=ut+ft® 


The formula (iii) can be proved either by eliminating t between 


3 4 nx dv. 8384. 1: 
(i) and (ii), or writing У P place of 28 їп (1) 


ий-/-45) 


ог, 4(8)-/ ог, а) = 


Integrating we get y2/2=fs+e" where c'is a constant. Initial 
conditions given are 5= 0, У= и i u2[9—fxX otc" 
SQ oc 122712) 
SQ v?/2=fs+u?/2 
y? = u? + 2fs. 
Cor. (i Fora particle moving with uniform retardation 
along a straight line, the above formulas read as follows : 
(1) veu-ft 
(0) s=ut aft? 
(8) ‘v8 = и? – 2/5. 
(1) Тһе average velocity of а particle moving along a straight 
line with uniform acceleration during any interval of time is 


given by 


2“ Mf ututft_uty 


2 2 2 


Hence the average velocity is equal to the 
of the interval which is the same as the mean 


velocity at the middle 
of the initial and final 


velocity. 
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§ 4.5. Distance described in the t-th second. 
Let a particle move along a straight line with uniform 
acceleration f and initial velocity u. 
Let s, be distance described in the 148 second. 
Then 5, —distance described in f seconds —distance described 
in (2—1) seconds 
= (ut 4ft?) — {ult — 1) (t — 1)31 
—ut —u(t-1)-3ft? — 3f(t— 1)? 
=ut %- (t-1)*] 
=и+ if(2t - 1). 
For example, the distance described in the 1st second is и+1/,. 
in the 2nd second is u+$f, in the 3rd second is u-- Lf, etc. 
Thus the distances described in the consecutive seconds are in 
А. P. wiith common difference f. 
$4'6, Worked out Examples. 
1. (In the following examples / is constant) 
(i) given, u=5, f=2, t=3, in C. G. S. units, find s. 
(ii) и=9, f=1/2, t=4 in F. P. S. units, find v and s. 
(ii) u=10 mts./sec, f= —1 cm /sec?, 1596 secs. 
find v in km./hr 
(iv) u=6,v=4, s=10 in C. С. S. units; find f and t. 
(i) Ins-utt1fi? 
put. u=5, f 22,123, 
s=5X3+3X2X3°=1ő5+9=24 cm. 
(i) From v=u+ft 
we get, v -2--1X4—2-F2—4 ft./sec. 
seut4d- ift? 29x4--ixix4? 
=8+4=12 ft. 
(ii) v=u+fi. 
Here u=10 mts./sec. 10 X 100 21000 cms./sec. 
+. v=10004+(-1)x5 


—1000— 5-99 2 998 х 60X60 km, vr. 
реш [зес 100 х 1020 / 


= 35°82 km./hr. 
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(iv) уЗ = u? 4-9fs. Here u=6, v=4; 5=10 
S. 4#=62+9/10; ог, is—36=20f . /--1 
3. Retardation=1 cm./sec?. 

Now v=utfti -- 4=64+(-1)t, 2. t=2 secs. 

9. А body starting from rest moves with uniform acceleration 
of 2 cm./sec? ; find the time it takes to describe the first centimetre. 
Also find its velocity at that instant. 

Here u=0, f=2 cm./sec?. Let tbe the time in seconds to cover 
the first centimetre. 

Then from s=vt+3z/t? we have 

1-0x:-12x1? 
=12 
S. 2&1 SQ t= J1=1 sec. 
also veutft=0+2x1=2 cm./sec. 

3. Acar has its velocity uniformly increased from 10 ft./sec. 
to 90 ft./sec. while passing over 50 ft, Find the acceleration. 

Here u=10 ft./sec , у = 20 ft./sec., s=50 ft. 

To find f. 

from v?=u?+2fs 
we have, 20%==10?+2x/fx 50 
ог, 400=100+100f 
or, 100f=300 S. f=3 ft./sec?. 

4. A body starts with an initial velocity 2 cm./sec. and moves» 
with uniform acceleration of 4 cm./sec®. Find the time it would 
take to describe 12 cm. after start. 

Here u=2 cm/sec, f=4 em/sec?. 

Let the required time be г secs. 

then from, 

sut ft? 

We have; 1929t-1x 4x (t? 

ог 18-814-28 

ог 9(3--91-19-0 

or 1841-06-00 ог (t+3)(t-2)=0 
ср 95. Of de 


Neglecting the negative value for 1, the required time is 2 secs. 
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5. “АГ bullet fired into a target loses half its velocity after 
ee 3 inches. How much further will it penetrte ? 
( C. U. 1943) 
Let the initial velocity of the bullet be и inch/sec, since the 
velocity of the bullet decreases, it is subjected .to a retardation. 
Let retardation be f inches/sec2. 
- Here v—-1u 
A from у? =u? — 9fs [notice the— sign] 
We have; iu?—u*—29x3xf 
or 6f-u?—u*/422u? 


Now the bullet will go on penetrating till it loses all its 
velocity. 

So, if the distance further covered be s then we have, 

02 2 iu? — 975 (here the final velocity is nil) 


з 
и 
г 275 = — 
о 275 4 
и? nu 3 
—xs=— 02. s=] inch 
or 8х-Х5 4 


8. The bullet will penetrate 1 inch more. 

6. A train travels from a station A to a station B in 45 minutes. 
At a point C; somewhere between A and B, itattains its maximum 
velocity of 46 miles per hour. 

If it travels with uniform acceleration from A to C and uniform 
retardation from C to B, find the distance between A and B. 

( C. U. 1938 ) 

Let the distance between A and C be x miles and that between 
C and B be y miles. Also let the uniform acceleration between A 
and с be fmile/hr? and the time from A to C be ¢ hrs. 

Now f is given by v=u tft 


ог, 45-00 2. 7=% (z is in hrs) 
again v? =u? + 9/x 


or 452-03 9/x- =2x $ 


451. 
0 =— miles 
oo X 4 
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Let the retardation from c to B be /' in miles/hr?. The time 
taken to travel from C to B is 49 mins — 1— ($— 0) hrs 
Velocity at station B is zero, 
3, QOev—f't945- f'x($—0 
. pQi0X4., 180 
су 3—41 38-41 
Also v is given by 


02 =у2 —9f'y 
9fy-453 ог, хо 3X 15 ez a6? м (3) 
-4 (3-4) 
from (1) and (2) the distance between А and 8 is given by 
x eye 2 ESI cui 
й: x 3-163 miles. 


7. A train stops at two stations 4 miles apart and takes 8 
minutes on the journey from one station to the other. 

If its motion is first that of uniform acceleration x and then 
that of uniform retardation y, mile and minute being the units of 
distance and time respectively, prove that 1 


17121 
Бал y -8 
Let the train achieve its maximum velocity v, at a distance d: 
miles from the first station, at time / after start. 
then  v—xt...... (1) 
again, 0=v- y(8— 1) 
ог, y zy (8—1)...(2) 
.. from (1) and (2) 


B- B 
Me Y» » G 


again v?=2xd. 
also 032»*—2y (4—4) or, v*23y(4-4) 
211.24 48-90 8 7... (4) 


НЭЭЖ y y 


: from (3) and (4) == se уй 
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from (3) we have 


8. Atrain travels between two stopping stations 7 miles apart 
in 14 minutes. Assuming that its motion is one of uniform 
accleration for part of the journey and of uniform retardation for 
the rest, prove that the greatest speed on the journey in 60 m.p.h. 


Proceeding in the same way as in example (7) we get 


11-7 au 1:1-4 
ea eae 


5, y=1 mile/mt.=60 miles/hr. 


oe 


9 A particle starts with an initial velocity и and passes 
successively over the two halves of a given distance with accelera- 


tions f and /' respectively. 

Show that the final velocity is the same as if the whole distance 
were traversed with uniform acceleration 3(f +7) [С. U. 1940) 
Let the total distance covered by the particle be 25. 
then for the first half, we have 

, v? =u? +95 "s es (i) 
For the 2nd half the initial velocity is. v, and let the final 


velocity be узг. 
1. Va? =F + 97'S 
=u? +2fs+2f s [from (i)] 
=u? +2s(f+f) = (i) 
Now if the whole distance were covered with an acceleration 
foto get the same final velocity 
then yg? =u? +2 fo (85) 
=u Afos o X. (iii) 
Comparing (ii) and (iii) 
»=з(+Л. 
10. На, Ь, с be the spaces described in the pth, gth and rth 
seconds by a body starting with a given velocity и and moving 
ith uniform acceleration /, show that 


wit 
alq- r)  b(r- p) t c(p- 4) 0 [C. U. 1962] 


раа 1-—————— 
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By $ 4,7 we have, 
a—ucif(9p –1) 
b-u Mfg -1) 
c-uctif(r-—1) 
їг. ад-т) b(r- р)+с(р- д) 
=ul(q—1)+ (rp) - (p— 4)) 
+4Л(#р — 1)(4 - 7)-(?9—1)(r— p) 9- (2 — 1)р-4) 
каих0440210(4-0)44 r—p)J-r(p- q) 
= (a - r) (r- p)-(p- 4] 
зих0441/(8х0-01-0, 

11. A particle starting with a given velocity moves for 3 secs. 
with constant acceleration during which time it describes 81/7 ; the 
acceleration then ceases and during the next 3 secs, it describes 
72 ft. Find its initial velocity and acceleration. 

Let the initial velocity be u and the acceleration be / in 
Е. Р. 5. units. 

Then we have 

81 = 3и +21432 
ог, 81=3и+97 
ог, =u pff e sli) 
also, velocity after 3 secs 
v=u +37. 

For the next 3 seconds, acceleration ceases, hence it travels 
with a uniform velocity v and describes 79 ft. in 3 secs. 

Hence 72=у,8=(и+ 37) х 3 

ог, 24e UAT ... see (її) 
From (i) and (ii) 
97—94= —8f 
ог, 3=-3f 1.79 ft./sec®, 
апа 24=u+3f=u-6 
49 u-944-6—30 ft./sec. 

Ex. 12. A train starts from rest with an acceleration 2*5 m/sec2, 
After attaining a speed of 90 km/hr. it travels with uniform 
velocity. Find the time required to travel a distance of 1 km. from 
start, 
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Let, 90 km/hr. speed is attained after 1 secs. from start. 
8021002 1000.95 m/sec. 
60х 60 
S. 95-45: .. 1—10 secs. 
If s be the distance traveled in 10 secs, 
s=hft?=4 x$x100—125 metres. 
Now, 1 km- 125 ms =875 ms. 
The time required to travel this 


Now 90 km/hr. 


875 metre 51586 secs. 50 


the total time required to travel 1 km. from start is (10+85). 


= 45 secs. 

13. A point moving with unifrom а 
distances 51, 52 feet in successive intervals of їл, 
that the acceleration is 

2(sot— Sata) tito (4s а) 

Let the acceleration be f, then the particle 

seconds and (s,--5$)/f in (£4 t9) seconds. 


cceleration describes. 
te seconds. Prove 


describes 51310116 
Let и be the initial 


velocity. Then s,—ut, ift? G) 
вуза m шү ta) АЛ tta)” (ii) 
From (i) 
Зз чи} (iii) 
ty 
From (ii 5158. 1 iv 
m (ii) TUYA иж 034) (iv) 


(iv)—(iii) gives 
5, Sa. 51 1 
S, Sa. 51-14 
GRE п T 
бв за) — Salts t ta) 
t, ta) 
E un Siía 
(ТЕЛ 
Y 9(sgts — S163), 
“лїї, tta) t {рез ` 
14. 1#аройш{ moving under uniform acceleration describes - 
successive equal distances in times 7, ta, fs» then 
dol pla So, 
ty. ta ts tytiatts 
| Let the point describe equal distances, each equ 
- times їз £s, Таг 


ог, afte 


al to 412 


MO110N ALONG А STRAIGHT LINE Е 63 


Let the velocity of the particle at the beginning of the 
intervals /,, fa, te be и, », w respectively 5 also let the uniform 


acceleration be f. 
for the motion, during the interval 2, deut, 3 fis? 


or South fi 240) 
ti 


Similiarly we have; 


favth fis and 4 owt dfts 
3 


2 
Now, v=utjt, and weutf (t,+ ta) 


So we hare, fou + ft, +h fta (di) 
Б] 
Азин алин tis mii) 
8 


From .i), (ii) and (iii) 2 + = 2 -u fta ru +з) tifs 
1 
= (ur fts tifta) 
—-udlf(t tutt) (Qv) 


Now the point travels a distance equal to 3d in (4 ta - fs) 
seconds. 


8d=u(ty+tatts) + 3f + totta)? 


3d 
or AEG u+4f(tı+tatts) (у) 
2, from (iv) and (v) we get . 
1 1-21-2 ey 
ty tg tel АЪТ 
| or ex Зар аЗ ВЭ, 
> ty tg dy tttatts 
15. A distance s is divided into п equal parts at the end of 
each of which the acceleration of a moving particle is increased 
by fin; show that the velocity of the particle after describing 
the distance is Afs(3 — п) 


5 
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Let v, be the velocity at the end of the rth interval, then 
y,3— 9, ., 9f, In E б> (i) 
putting, r=1; 2, 8:--... n in (i) 
we have, (taking vo —0, fo=/), 
уу®==2/у5/п = 9fs|n 
уа®==›,2--9/,5/п 
эе 


va? =v? +f, s/n 
чйр < 
Уһ-1®=Уһ-з pee ЭРТЭЙ тан 
yia t EDU Q 7 Лија 


Adding, we have 
3 e озуп [nf * fIn( +2+ + (071) 


| =i) 
Anti ти 1 | 


- 3er!) 


=S (m-n-1)- =% (3n-1) 


m3 


ха 1 
n= sl- 
16. Two particles start at the same instant from a point 
A and move in the same direction along a straight line АВ. 
The first has a uniform velocity of 40 ft./sec. while the second starts 
with an initial velocity of 16 ft./sec. and has a uniform acceleration 
of 6 ft./sec?, Find the time that elapses before the two particles 
meet again. (C. U. 1965) 


Let them meet, і seconds after the start. 
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If s Фе the distance. traversed by the particles; then for the 
first particle 


s=40.2 ote (i) 
and for the second particle 
8-1614-16.12 = 167 -- 872 oes (ii) 
From (i) and (ii) 40¢=162+ 372. Г 
ог, `3:9—94т=() ог, 81:—1%=0 
or 1(8—7)-0, 4. t=0or8 


1— 0 indicates the starting point. 
S. ¢=8 sec. is the answer, 


i.e. they meet 8 secs. after they start. 


17. In the above example, find when; before the particles meet 
again, the distance between them is maximum and what is the 
maximum distance. 


Let іп ¢ seconds after they start sı, sg be the distances traversed 
by the first particle and the second particle respectively. 
then, sı =40ż 
sa=162 +31 
the distance between them is 
х=зү— Sg=24t—37 
= — 3[16 — 874-:2]4- 48 
-48—3(4- 4)? 
əs xis 48 minus a positive quantity. 
Hence x is maximum when 
3(4— )2=0 or.4—£ 
i.e., 4 secs. after start and then х= 48 ft. 


© 
18. Two points P and and а move in a straight line AB. The 


E 
point P starts from A in the direction AB with velocity u, and 


acceleration f, and at the same time @ starts írom.B in the 
- . 

direction BA with velocity us and acceleration fs. If they pass 

one another at the middle point of AB and arrive at the ends 

of АВ with equal velocities, prove that 


(ux Fus) fa Л) m 4 ив 7 faux) 
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_ Let sbe the distance between A and 8. Then according to 
given conditions 
= шии? for Р (i) 
(ii) 


also justa for О 
and since they appear at the ends of AB with equal velocity 


y, SAY 
уди: +f sous? 497,5 


J. 09s(fo -fa)-u,? uy? 
цасаа ы (iii) 
BETTE fa) 
From (i) and (ii), u,t-- 15,72 = ust Hift’ 

ог, uj tifgeugctifi 

ог, ug-uy-AÀ(fi- fa 
(us — : на aai tiv) 
EE 


Putting the values of s and 2 л? (iii) and (iv) in (i) we get 


gp Mat hit 


t= 


Ug? — 2 
OF TEA "ЭРҮҮЛ" Qiu — Us uy) 
E - — 

(из —ui) 3 fa- Ўв 


mus 


on Saturs 


ог, (u;-ug)(fi — fi) (ио, — u, fa) proved. 


Examples 
-> 


1. A particle is moving along a straight line OA and its 
distance in cms. from a given point in the line after ¢ seconds from 
start is given by 

s=t*—222-14 

Find its velocity at the end of 2 seconds and its acceleration at 

the end of 8 seconds, : 
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e 
2. A particle moves along a straight line AB and its distance 
from A after ¢ secs. is s ft. If s and г satisfy the relation 
5 — 513-9513, for all ғ 
prove that the acceleration is uniform. 


e 
8. A particle is moving alonga straight line OA. If distance 


from О in ! secs is given by, 
x=1'—97?-6, 

what is its acceleration when it is at a distance 3 cm. from o. 

4, ‘If s=at*+bt+c, where ¢ is the time, s is the distance 
traversed, vis the velocity and a,b,c are constants, prove that 
4a(s—c)=v?—b*. [C. U. 1958] 

5. A particle moves along a straight line and ata distance 
x from a fixed point О on the line, its velocity is given by 

уд -4х-3, 
Show that (f4- x)? —4, where f is the acceleration. 
6. A particle moves from rest at distance c from a fixed 


point О, with anacceleration zt away from O at a distance x. Find 


its velocity when it is at a distance 2c from О. 
7. Discuss the motion represented by the following 
(i) s-92:225,0«t«1 
=4tfort>. 
(ii) /--х-9у 
B. A particle is moving along a straight line on which О is a 
fixed point. 
The acceleration of the particle at time z after start is given by 
f=6t—10 and initially the particle is at rest at A where 
OA-16 cms. Discuss the motion. 
9. (In the following examples f is constant) 
4 (i) given u=4, £ «1, t=3 in С. С. S. units; find s. 
(1) u=3,f=2,t=5inF P.S. units; find v and s 
(iii) u=15 mt./sec., f= —5 cm./sec.?, 1=4 secs. 
find v in km /hr. 
чу) u=5,v=6, s=5'5 in С. G. S. units ; find f and z. 
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10. A point has a velocity of 15mt /sec. at a certain instant and 
10 secs. after has a velocity of 45mt,/sec. If the velocity changes 
uniformly, find the space described. 


11. A particle starts from rest and at the end of'10 seconds 
is moving with a velocity of 8 mt/sec. If the-acceleration be 
uniform find the velocity 5 seconds later and also the total distance 
described. 


19. A train is travelling at 48 miles an hour when the brakes 
are applied. Ifit comes to rest ata station in 9 minutes,.find at 
what distance from the station were the brakes applied. 


13. А bullet moving with a velocity of 1200 ft./sec. has its 
velocity reduced to one half after,penetrating one inch into a target. 
Assuming the resistance to be uniform, how far will it penetrate 
before it is stopped 


14. A particle starting from rest moves ina straightline first 
with uniform acceleration a, and then with uniform retardation b. 
Ifit comes to rest in time ¢ measured from the beginning after 
having described a space s, prove that 
1, 1 (C. U. 1945) 
ness (+) 
19:6 inches thick and its 

thereby. Find the time 
1 and the velocity 
(C. U. 1942) 


15. A bullet passes through a wal 
velocity changes from 1900 to 800 ft. 
required by the bullet to pass through the wal 
. when half the wall is penetrated. 
describes їп 


16. A particle, moving with uniform acceleration, 
It started 


the last second of its motion {th of the whole distance. 
from rest, find how long it was in motion and through what 
distances did it move, if it described 6cms. in the first second, 


17. A particle moving with uniform acceleration describes 
equal distances s in consecutive t and 1/9 seconds. Prove that in 


next 37/2 seconds it describes a distance equal to б s. 


18. A train stopping at two stations 2 miles apart takes 
4minutes on the journey from one of thestations to the other. 
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Assuming that its motion is first of uniform acceleration x and then 
that of uniform retardation y, prove that 1+2=4, а mile and a 


minute being the unit of distance and time respectively. 
( C. U. 1934 ) 


19. The velocity of a train increases at the constant rate fy 
from 0 to v; then remains constant for an interval and finally 
decreases to 0 at the constant rate fg. If x be the total distance 
described, prove that the total time taken is 
Ж, »f1,1 
ере. 

у 26 fa 

90, A busstarts from rest with an acceleration of 1 mt/sec?, 
Show that a passenger who can run at the rate of 10 mt./sec. 
cannot catch the bus if he 18 more than 50 ft behind it. 


91. А body moves from rest with uniform acceleration. Show 
that in any interval the space average of the velocity is 4/3 of the 
time average. 


92. А body movingin straight line travels distances AB, BC, 
со of 158 ft, 320 ft, 135 ft. respectively in three successive 
intervals of 3 secs., 8 secs., and 5 secs, Show that these facts 
are consistent with the hypothesis that the body is subjected to 
uniform retardation. Find the distance from A to the point where 
the body comes to rest. 

98. Ібу;, уз, Уз, be the average velocities in three successive 


intervals of time, 44, #2; tg of a point moving in a straight line with 
uniform acceleration, show that 


Vi-Vo_ ti tte, 
Уа—Уз tatis 


94. Two trains on tbe same line are approaching one 
another with velocities иу and u, respectively. When there isa 
distance x between them each is seen from the other and they apply 
brakes to produce retardations /, and fg respectively. Prove 
that it is just possible to a avoid a collision if 


uj? fa - us? fy = 9f fax. 
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95. An express train tries to overtake a goods train on the same 
line. When they are seen from each other the distance between 
them is x and velocities are u, and ид respectively. Prove that it is 
just possible to avoid a collision if (и, u2)? — (7, -f2)x where f; 
is the greatest retardation and f; is the greatest acceleration that 
can be produced in the trains 


26. A particle moves along a straight line with a constant 
acceleration. If the distances òf the moving particle from a fixed 
point оп the line be x,, хз. хз at times 71, із, із, Prove that the 
acceleration is 


a{ (a ха) (xa х) аба xalta) 
(4-44)(6-41)(1--44) 


27, A particle starts from rest at ^ and moves with uniform 
acceleration f ina straight line. T secs. later a second particle 
starts from A and moves with uniform velocity и in the same line. 
If u>2fr, prove that the second particle will be ahead of the first 


DP receta 
fora ише „Мирт. 


8. The greatest possible acceleration of a train is 75 cm./sec?. 
and the greatest possible retardation is 1 mt/sec?. Find the least 
time taken to run between two stations 10:86 km. apart if the 
maximum velocity the train can have is 594 km. ph. 


29. For the first 3rd of the distance between two stations à 
train is uniformly accelerated and for the last 1/4th of the distance 
itis uniformly retarded. It starts from rest at one station and 
comes to rest at the other. Prove, that the ratio of its, greatest 
velocity to its average velocity is 19 : 19, (C. H. 1970) 


30. A particle moves ina straight line in such a manner that 
its velocity, 2 seconds after it is projected with velocity u from the 
point from which the distance x is measured, is ие" ** where a is 
а positive constant; prove that the time taken to attain the 
velocity 2u is 
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and the distance traversed during the interval is 
1 lo 28-41, 


а и+1 


31. A particle starts from rest with acceleration f; at the end 
of time ż it becomes 27, at the end of time 97, 3f and so on. Show 
that the total distance described in z seconds is 


n'n+1)(Qn+1) „5 
12 fi. 


82. A constable seeing a thief at a distance x ft, starts 
with velocity и and moves with acceleration « in order to catch 
him whilst the thief runs with acceleration 8, starting from 
rest. Show that the constable will overtake the thief either 


2 
if«2 ог if <<в<«+ 0. 
9x 


CHAPTER V 
LAWS OF MOTION 


551. In previous chapters we discussed kinematics, i.e., the 
geometry of motions without enquiring into the nature of forces 
which produce these motions. In the present chapter we shall 
discuss the relation between the forces and the motion produced 
by them. As mentioned earlier, the definition of force comes from 
Newton's laws of motion which form the basis of what is known 


: ion 
as ‘Newtonian Mechanics! In the following the laws of moti 
are stated. 


Newton's laws of motion. 
First law, 


iform motion in a 
Everybody continues in its state of rest or of жырт any external 
straight line, except in so far as її be compelled by any € 
impressed force to change that state. 


Second law. 


А the impressed 
The rate of change of momentum is proportional 10 E 
; 2 жет . acts. 
force and takes place in the direction in which the force 


Third law. 


To every action, there is an equal and opposite reaction. e. 

Theselaws cannot be proved and have to be taken нэ se 
axioms. They have been verified indirectly for bodies moy Also 
velocities which are small compared to the velocity of light. arate 
Newton’s laws of motion provide very precise and нэ like 
predictions for the positions and motions of celestial bo pris 
the Earth, the moon and the зип and the other planets an 2 
these laws are assumed to be fairly true. Over two hundred saad 
after Newton formulated them, the laws of motion were accep : 
as the fundamental axioms of classical ‘mechanics and P 
motion was supposed to be completely explained by these To 
But it must be mentioned that they have failed to explain "i 
apsidal motion of mercury's orbit and proved inadequate in atom 
and nuclear Physics. 
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However, for motions involving magnitudes of ordinary 
dimensions these laws proved immensely successful. 


$5:2. In the following we discuss the implications of the 


three laws. 
1. First law— This is also known as Law of Inertia.* 


This law was first discovered by Galileo. The first law 
states that a body has no innate tendency to change its state 
of rest or of uniform motion by itself. 1f it is initially at rest it 
will continue to be at rest or if itis in uniform motion along a 
straight line, it will continue to move uniformly along the 
straight line. Only an external agent can change its state of 
rest or of uniform motion. This external agent is referred to as 
force. Hence the first law gives а qualitative definition of 
force. In the following, illustrations of the principle of inertia 
are taken from everyday life. 


1. A person in a moving car will tend to lean forward if the 


car suddenly comes to a halt. 


This occurs because the part of his body in contact with the 
г while the upper part of his body 


car comes to rest with the ca 
forward. 


tends to continue to be in motion and hence he leans 
Similarly when the car starts from rest, the upper part of his body 
will tend to continue to be at rest and the person will tend to lean 


backward. 


2. Ifa ball is rolled on a р! 
time owing to the friction of the 
smooth, for example long smooth tr: 
looking glass, the motion continues for a long time. In this case 
also the ball comes to rest because of air resistance and other 
external forces but it shows that if the body were allowed to move 
freely then the motion once gained would have continued indefini- 


tely- 
3, Stack some coins or metal discs one on top of the other 
and then hit the lower most one with a knife , 


ane it comes to rest within a short 
ground. Butif the plane be made 
ack on ісе or a track made of 


xInertia is the Latin for idleness. 
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The stack will be found erect with one coin, the lower most 
missing. Since the motion was imparted suddenly to the lower- 
: most coin the other coins in 
the stack did not get sufficient 
time {о overcome their 
inertia. 


From the first law we can 
conclude that ifa body is at 
rest or moves with uniform 
velocity, no resultant force 
is acting on it, To change 

Fig. 40 the motion of a body there 
must be some external forces acting on it. 


$5'3. Momentum : 


Before explaining the second law we give here the definition 
of momentum. 

Momentum—the momentum of a body 
mass and velocity. The momentum is a vector quantity which has 
the same direction and sense as the velocity. 

Unit of momentum--This is defined as the momentum of unit 
mass moving with unit velocity In the F. P. S. system, the 
momentum is expressed as Ib. ft/sec. and in the C. G. 5. system 
as gm. cm./sec. 

N.B. The momentum defined here is sometimes referred 
toas linear momentum to distinguish it from angular momentum 
which arises in the study of rctations of bodies. 


is the product of its 


154. Second law of motion : 

The first law gives а qualitative definition of force while 
the second law provides a method for measuring a force, i.e, it 
gives a quantitative definition of force. The second law states 
that the magnitude of a force is proportional to the rate of 
change of momentum produced and its direction is that of the 
change of momentum 

The second law also implies the “Principle of physical independence 


of forces. 
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Since the moment vector Benerated has the same direction 
as the force vector irrespective of the state of the body, if 
Several forces act on a body each produces its own effect un- 
changed in magnitude and direction as ifthe other forces did 
not exist and as if it were the only force acting on the body. Again 
the force producing a change in the motion of a body depends 
on the mass of a body. The same force will produce different 
motions to different bodies, the motion generated in the heavier 
body will be less than that produced in the lighter body. 


If mass of a body remains constant then the effect of 2 force 
is to change the velocity of the body, i.e.; to generate acceleration 
(or retardation as the case may be; in it, The resultant effect 
of several forces is the resultant acceleration. For a body whose 
mass continually increases (for instance falling rain drop) a 
force will be required just to keep the velocity unchanged, 
for the momentum (mass х velocity) increases with mass. 


$5:5. To deduce the formula P= mf. 


Let at any instant a force P acts on a particle of mass 
т and let v be the velocity and f be the acceleration of the 
particle at that instant. From Newton’s second law of motion, 
force is proportional to the rate of change of momentum. 


' Paf т 
E a 7) 
ду 4т 
ог, Рет a "i 


if m remains constant, then i-o 


РО 08: 
“ Рет z mf 


or, P=k.mf where k is a constant whose value depends on 
the units used. 


If we define a unit of force as that forte which acting ona 
unit mass produces unit aeceleration, then 
when m=1, f=1; P=1 UNE 
"^. Pemf, where the unit of force is defined as above, 
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*| magnitude of force = mass X acceleration. 


3 
N.B. Equation of motion of a particle is pon. 


55:6. Units of force ; absolute units. 


Poundal is the unit of force as defined in 5 5'5 in the Е.Р. S. 
system. А poundal is the amount of force which acting on a mass 


of one pound generates in it an acceleration of L ft./sec?, In the 
C. G. S. system the unit of force is Dyne. A dyne is the amount 
tes ín it an 


of force which acting on a mass of one gramme genera 
acceleration of 1 cm ./sec?. 
A poundal and a dyne are absolute units of force. 
Relation between the F. P. S. and the C. С. S. units of force. 
We have 


Lpoundal (115. ) 1 ft.[sec.? \ 1 Ib. , (ift. | 
1 gm. cm./sec.] 1 gm. 1 cm. 


1 dyne 
= 453°6 x 80748 
=13825'7 nearly 
2. 1 poundal = 138257 dynes nearly. 


$57. Newton's law of gravitation. 


Every particle of matter in the universe attracts every other 


particle in the direction of the straight line joining them with a 
force whose magnitude is directly proportional to the product of 
their masses and inversely proportional 10 the square of the distance 
between them. е 

Let т, m' be the masses of two particles and r the distance 
between them, then the force of attraction F which either particle 


exerts on the other is given by 
mm or, FSG 


tant which depends on the units 


where @ is the gravitational cons 
he formula are measured. 


in which the quantities included int 
М.В. G-667x10^ in c. 8. 5. units. 


$58. Weight and Gravity * 
Gravity is a particular case of gravitation. It is the force 
with which the Earth attracts other bodies. The weight of a 
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body is owing to gravity. It is known (first demonstrated Бу! 
Galileo) that owing to the attraction of the Earth everybody moves 
towards the Earth with a uniform acceleration g, the value of g 
being about 32 ft./sec.? or 981 cm./sec?. 


Let т be the mass of a body, 

then weight of the body = mass X g=mg in absolute units. 
weight of a mass of 1 Ib —32 poundals nearly. 

weight of a mass of 1 gm,=981 dynes nearly, 

Also by the law of gravitation, { 


wea. T omg where M = mass of the Earth; 


т = mass of the body, r— distance between the centre of gravity 
of the Earth and that of the body ; 


48 is not a constant but changes with л. So g varies at 
different latitudes on the Farth's surface (since the Earth is not 
Spherical) and it also varies with the altitude of the body at a 
fixed latitude, 


$5'9. Gravitational unit of force : 


We have just seen that g varies from place to place. 
Hence to define the standard pound weight we must fix the 
value of g or take the value of & at a fixed place. 


The standard pound weight is taken as that force which 
acting on a mass of 1 lb. will generate in it an acceleration of 
32 ft.[sec*?. and the standard gramme weight is that force which 


acting on a body of mass 1 gm. will generate in it an acceleration 
of 981 cm /sec®. 


М. B. “Absolute units” of force їе, poundals and dynes are 
independent of g, while “gravitational units” of force (pound-wts. 
gram.-Wts.) are dependent on gravity. 


: 510. Mass and Weight : 


, 


Though in common language we frequently use the words, 
mass and weight loosely, to mean the same thing, they have 
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‘separate meanings in Mechanics. The mass of a body is the 
quantity of matter in a body, whereas the weight of the body is 
the force with which the Earth attracts the body. From the equation 
зу = те, it is seen that the weight is proportional to the mass ifg 
is constant. But, аз we have just seen, g varies from place to place 
and hence the weight of a body will vary from place to place 
though its mass will remain the same. 


Now at a given place on the Earth, the Earth's attraction on 
the bodies of equal masses (whatever their respective 51268 may be) 
will be equal and hence their weights will also be equal Thatis 
why we determine the mass of a body by weighing it ‘with the 
help of a common balance. The correct way to speak of the 
weight of a body of total mass say 100 gm. will be to say that the 


weight of the body is equal to 100 gramme-weight 


М. В. Mass is a scalar, weight is а force—a yector. 


$511. Physical Independence of Forces : 


As discussed earlier thesecond law implies physical indepen 
dence of forces, Each force produces an acceleration in its own 
` direction independent of the presence of other, forces. For 
example, if an object be thrown up by а passenger insig He 
compartment of a moving train it falls in his hands. Бас БД 
that the vertical motion, along which the gravity t 
independent of the horizontal motion which only produces 9 ss 
in its own direction. 


| $512. Parallelogram of Forces : 


1 independence of 


With the help of the principle of physical 
Пеїовгат of 


forces we can establish the famous theorem of para 
forces. The theorem is stated below : 


If a particle be acted on by two forces represented in magnitude 
direction and sense by two given straight lines drawn from a point, 
their resultant is a single force represented in magnitude, direction 
and sense by the diagonal drawn from the point of the parallelogram 
which has the given straight lines as adjacent sides. 
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Let the forces P and @ act on a particle of massm. Let the 
accelerations generated by P and а be f, and fa represented by БА 
and DB respectively. 


Complete the parallelogram ОАСВ. By the parallelogram of 
accelerations, the resultant acceleration is represented by БС. 
Thus DC is the acceleration produced by 
the joint action of the forces P and a, 
which means that the resultant R.of the 
two forces P and @ acts along DG 
(Newton's second law of motion) and 
produces an acceleration represented by 
DC. 


С 


S. = тос 

In vector notation if P =m.DA 

а = m.DB then R=mDC=m.(DA+DB) 
ог RePTG 


Hence if P and e are represented by m times DA and m times 
DB, R is represented by т times DC. So the resultant R is 
represented by DC if P and Q are represented by DA and DB 
respectively. 


$513. Third law of motion. 


Newton's second law of motion gives the relation between the 
acceleration of a body and the force acting on it and any problem 
in mechanics can be solved by it in principle. But Newton's third 
law isa general property of forces It states that action equals 
reaction. Suppose we have two particles, the first one exerting a 
force on the second one, then, at the same time, according to 
Newton's third law the second particle will push оп the first one 
with an equal force, in the opposite direction ; further these forces 
effectively act in the same line. The third law implies one very 
important conservation law of nature, ie., censervation of 
momentum То see how it сап be derived, we consider in details 
thecase of two particles, discussed above. The forces between 
these two particles are equal and opposite. But according to 
Newton's second law, force is the rate of change of momentum. 


6 
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So the rate of change of momentum say ру of the first particle 
equals to (minus) the rate of change of momentum Ра of the second 
particle, then 


d d d 
gr (Р АТ" cap OF дг (py pa) =0 


3. pit paa constant independent of time. 


. Hence the total momentum of the particles is conserved. Now 
if every action has an equaland opposite reaction then one may 
wonder how motion isat all possible. Before we discuss this 
problem we must bear ía mind that for motions on the surface of 
the earth friction is absolutely necessary though friction is the force 
which opposes the very motion. We give below some examples 
**'sh may help to understand Newton's third law. 


1, A body resting on a table: A body resting ona table 
exerts a pressure on the table which is equal to its own weight. 
The table, on the other hand, also exerts on the body an equal 
upward force (‘called normal reaction’ of the table), thus 
balancing the weight of the body and keeping it in positio 


If the table is removed the body will fall but then the pressure 
on the table will also disappear. 


Here the action, in the form of weight of the body, equals the 
reaction or the upward force exerted by the table and the action 
is opposite to the reaction. 


2. Ifa horse draws a huge block of stone tied by a rope, the 
horse is drawn back equally towards the stone. In this case 
the horse, of course, does not move backward but what actually 
happens is that the stone tends to prevent the horse from moving 
forward. If the rope were suddenly cut, the pull exerted by the 
rope will disappear and ifthe horse did not discontinue to exert 
the same effort with his feet he would start so quickly into motion 
that he would probably fall over. 


In the above we have given some statical illustration of 
Newton’s third law. Before we discuss some dynamical examples 
let us discuss different kinds of action and reaction. 
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(i) Thrust: When the action and reaction of two bodies tend 
to keep them apart from one another then the action and reaction 


are called thrust or a push. 


(ii) Pull: Whenthe action and reaction of two bodies tend 
to keep them together they constitute a pull or tension. If two 
bodies are connected by a string 
and any one of them drags or 
tends to drag the other then 
each exerts a pull on the other АВ ВА 
no matter in which direction 
they tend to move. In the adjacent figure Pas is the pull of B on. A 
and P, is the pull of A on B. 


(ii) Attraction and repulsion: When two bodies act on one 
another at a distance, the force between them is called an attraction 
ifit tends to bring them together or repulsion ifit tends to keep 
them away from each other, or to separate them. 


(iv) Friction: When one body is in contact with another, 
the force offering resistance to relative motions between the 
surfaces in contact is called friction. That friction is essential 
for motion on the surface of the Earth can be seen from the 
following examples. 


(a) Walking: Walking affords a very good example of the 
application of Newton's hird law to locomotion. When we 
start walking, we press backwards on the ground with our 
feet and the reaction of the ground gives us an equal and opposite 
impulse which gives us the push forward. You have observed 
many atime how difficult it isto walk on a very smooth or wet 
ground. This is because smooth or wet floors have very little 
friction and so we tend to fall over while trying to walk on them. 


(b) Motion of a horse and саг: 


When a horse pullsa carriage forwards the.carriage pulls the 
horse backwards, with an equal force. - 


То see how motion is possible we examine the system in detail. 


82 DYNAMICS 


Let A and B represent the carriage and the horse respectively. 
Lei the mutual puli between the horse and the carriage be P. 
The horse in attempting 
to drag the carriage 
strikes the ground with 
its hoofs and thus exerts 
an oblique force say @. 

By Newton’s third 
law the ground offers an 
Big. 41 equal and opposite 


counter force. 

Let the horizontal and vertical components of this counter 
force be Fand R respectively. F acts in the direction of motion 
of the horse and R balances the weight w of the horse: | 

Let F’ be the friction of the ground acting on the carriage in 
the direction opposite to that of its motion. Considering the 
motion of the horse alone, from Newton’s second law of motion 

| F-P=M'f E (i) 

where M' is the mass and f is the acceleration of the horse 
which starts from rest. 

Again considering the carriage alone, 

Р—Е'=М/ 
where M is the mass of the carriage. 
From (i) and (ii) we have 
F—F'-(M-- M). f 

S. f>0ifF>F’,ie., motion will commence 
reaction F of the ground is greater than F', the fr : 
opposing the motion of the carriage. So instarting the motion 
the horse has to strike the ground with such a force that ros 
When motion becomes uniform F=P=F’. So in starting the 
motion, greater force is necessary than in preserving it. 


(ii) 


e if the horizontal 
ictional force 


§ 5°14 Units and Dimensions : 

ass are taken to be 
terms of them. 
retical units of 
tem of units, 


In mechanics units of time, length and m 
fundamental and other quantities are expressed in 
The symbols [ 1. ],| T], and [m ], stand for theo 
length, time, and mass respectively in any Sys 
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Dimensioas of some quantities often discussed in mechanics are 
given below. 


Velocity ; к= LTA 


Acceleration: 1-3 
Momentum: міт-1 
Force: міт-2 
$515 Worked out Examples. 
1. What is the momentum.of a 300 pound bicycle moving 
at the rate of 30 miles an hour ? 
30 miles/hr = TE 3 
the momentum = mass х velocity 
— 300 x 44 Ib ft/sec = 13200 Ib ft jsec 


2. А force produces in a body of 100 Кз, mass an acceleration 
of 10 mt/sec?. Find the force (а) in dynes (b) in terms of 
gramme-weight. . 

Here f=10 mt/sec9 = 1000 cm/sec? 

“. force— 100 х 1000 x 1000 dynes= 108 dynes. 


8 
=10- gm, wt.= 102 х 105 gm. wt. nearly 


_ 176 
ft/sec= 4 


, 
= 44 ft/sec 


3. A uniform force of 520 dynes, acting for half a minute, 
changes the velocity of a body moving in a straight line from 
290 cm/sec to 3*5 metres/sec. Find the mass ofthe body. 

Change in velocity —3'5 metres/sec—290 cm/sec 

= 350 cm/sec—290 cm/sec=60 cm/sec 
This change occurs in 3 minute or 30 seconds, 


acceleration 7-50 2 ст /ѕес?, 
Now Р= тј 
Here Р= 520 dynes, 7 =2 cm]sec? 
ro m=? = 520 
f 2 


-. Mass of the body is 260 gms, 


4. A train is moving on a horizontal railway at the rate of 
30 miles an hour. If the steam be suddenly turned off} how far 


= 260 gm. 
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will і гоп before it stops, the resistance being taken as equal to 
the weight of 5 Ibs. per ton. [ €. U. 1958 ] 
30 miles/hr=44 ft/see (see Ex. 1). Let the retardation be f 
here u=44 ft/sec 
Let the mass of the train be т tons ; then the resistance їз, 
5m lbs wt. 
2. from P=mf we have 


5m X 82 = mf х 2240 ( 1 ton=2240 Ibs.) 


£s 5x32 "EE Я 
E = = — ft/sec 
ан Bees fa 
Now from the formula, v? =u? —2fs 
we have, у= 0, и= 44 ft/sec?, |, и? = 9/5 
бг; ge UL 44 X44, 44 X 44 14 fj 
9f ху 2 
44х44х14 acsi 22931 miles 
= ыйыы jles= 0 
2х1160хз " 30 


the required distance = 234 miles. 
n by а constaut force of P 


5. A mass of m lbs. is acted o ce x fi, from 


poundals under which, in ¢ seconds, it moves à distan 
rest and acquires а velocity of v ft. per second. 


2 
Show that x24 Б 
The acceleration f generated by the force is given БУ, pemf, 
" P 
We qe aay 0) 


Again from the formula у? =u? + 9fx, 
we have, (here u 0) v? e 9f; 


2 
. y? x? . zi mv 
>= =— (1 (X 
а; 2 ( from.(1) ), P 
m 
hen brought 


t and ist 
6. A mass of &1Ъз falls. 200 ft, from res he average 


to rest by penetrating 2 feet into some mud. Find t 
thrust of tbe mud on ii. 
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The body falls under gravity with an acceleration 32 ft/sec®. 
The velocity acquired after this fall is given by 
y?e3gs [See Chapter VI | 
here g 32, s=300 
v? = 2x 32 х 200— 19800 
Now let the retardation due to the thrust of the mud be /, 
then we have, К 
vi = 9fx where x=2 ft. В 
.. 19800= 47, 2. = 8900 ft/sec? 
Hence the resultant upward force acting on the body 
= mf =4 х 3200 poundals= 400 Ibs. wt. 
The wt. of the body=4 Ibs. wt. 
The total thrust of the mud = 4004 4 = 404 Ibs. wt. 
7. Ashot of mass 100 lbs. moving at the rate of 1600 ft per 
вес. strikes a fixed target. How far will the shot penetrate the 


target, assuming that it offers an average resistance of the weight 
of 12000 tons ? [ С. U. 1938 | 


The resistance = 19000 tons wt. 
- 012000 x 2240 Ibs. wt. 
= 12000 x 2240 x 32 poundals 

The retardation f due to the resistance is given by 

P=mf 
4 12000 2240 x 32=100xf 
«+ Ге 2240 х 32x 120 ft/sec? 
Dot the shot penetrate x ft. into the target, then x is given by 
y322fx 
Here v=1600 ft/sec 
*, 1600x160022x2240x32x190xx 


+ x. 1600x 1600 
54 1хаза0 390190 


100 95. 11 
печ qq inch Eri inch. 
8, A man weighing 12 stones is descending in a lift with 
acceleration 8 ft/sec*. Find the thrust of his feet on the lift. 
Calculate the same when he is ascending with the same acceleration. 
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What would happen tothis thrust if the chain of the lift broke 
(i) during descent. (ii) during ascent? СС. U. 18431 
When the man is descending with an acceleration f, the 
resultant force on it is downwards. Let R be the thrust of his 
feet on the lift, "Then the equation of motion is, mg ~ R-mf. 
2. R=mg mf-m (g—f)e mx (32-8) =m. 84 
`8 
MT. 
=79 x = st. wt.=9 stone wt. 
38 
4 


When the man is ascending, the resultant upward force on 


him is R— mg and the equation of motion is R = та = тў. 
к= т(в +7) = 12 0*9) st. wt. 


-18х E st. wt. = 16 stone wt. 


am h 
When the chain of the lift breaks the thrust becomes nil in bot 
the cases. 


orce 
9. A particle, whose mass is т, is acted upon pe 


* distance 
m (2) towards the origin. Ifitstarts from rest ata 


a; show that it will arrive at the origin in time 7/4- 
From Newton’s second law, Ре mf. 


or (+) - n. ist у=-(х+®) MED 


(—ve sign because the force is towards the origin ) 


We can write f as yd». 
dx 


. dy a* at 
7. from (1), уле -(*+4) or, xtv — (55) dx 
Integrating both sides we have 
2 
2775 Staats, where С is a constant. 


Since the particle starts from rest at a distance а from the 
origin, we have, v=0, when x=a 


5 üt, gt аз. а? 
01 Пе 2 а Вэ Мон z04c 
2 tage ат а +с 


LAWS OF MOTION 87 


13 3 & & yt 6.26 
у x8, at 14-х 58.24-56 


2 re DEI E х" 
Jesti М45-х5 (=те sign because x decreases with 
x time) 
ах Ja*-x Six 
ог, = = ». OF, Jas шаг 


Integrating both sides 
xdx 
fA es (Gl) 
Putting x?-—a? sin z, Qxdx=a® cos z dz 
a* — x* — a* — a* sin? z=a* ( 1— sin? z)=a* cos? z 


3 

a? cos zdz 
: L.H. s. d f 

2 3 J аЗ cosz 


А а 
=} [475-3 E" 
"m 
“, from d) -1 sin"! - 14-6 
a 


att=0, x-a,... -lun: 1::204-07 


'. Cm —fa/2s—n/4 

SQ —ġ sint x8/a2@=t—n/4 ... (2) 

The particle reaches the origin in a time f given by (2) when 
x=0. " 

SQ Оюаг-314, SQ їзаа/4. 

10. A thin glass plate can just support a weight of 27 Ibs. 
A body is placed on it and the plate is raised with the body on 
it with a gradually increasing acceleration. It is found that the 
plate breaks when the acceleration is 4 ft/sec?. Find the mass 
of the body. 

Let the mass of the body be m lbs. Since the body is 
ascending the resultant force on it is upwards, If R be the thrust 
on the plate when the body is ascending with an acceleration of 
4 ft/sec?, R is given by 

R- mg =}, or, К em(g -f)em(324 4) mx 36, 


Since the plate сай just support a weight of 27 lbs and it 
breaks down when f=4 ft/sec", 
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so, we have 27 х32--тх 36, 
97x39 
m 36 Ibs. = 24 165. 


11. A train runs from rest 1 mile down an incline of 1 in 100. 
If the resistance be equal to 8 Ibs. wt. per ton, now far the train 
will be carried along the horizontal level at the foot of the 


incline ? 
Here the slope « of the incline is given by sin <= 


Let m be the mass of ће train in lbs. ; then the component of 
wt. down the plane is 


тэта poundals. 


The total resistance at the rate of 8 Ibs per ton 


is Ви барс poundals. 
9240 . 


mg sin <= 


: .. . 89m 956m 
The resultant force acting on the train is, 1355 ^ 9940 


4x32 
32 a 1... 8) poundals 1465-2840 poundals 
4х 83 


= do 10 29 x 2240 
8 ‚еа D d ft/sec? . 
o, the acceleration is given y 10x 2240 : 


The velocity acquired after гип of 1 mile down the plane is 


given by 
9x144*X 32 fi 
3 = „2Х%14&*3®х 1760 % 9 t. 
yt c 2/8 тох авар 
Along the horizontal level, the only 


en 32 x 8m 
в, 3287 poundals 
the resistance which is, “4440 р 


force acting on {һе train is 


', the retardation /' is given by 
зах 8 


32x8 m . ОР 
с пак Л. F=- 


41, the required distance is given by 
y 
уд-2 хог х= 87 
9х144х 382х 1760 x 3 х 2240 ft 
10 x 2240 X2 X 32X 8 


9х 144 8 mi 4 
жее == = = 16 miles. 
39x38 miles —$ miles = 185 | 
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19. А load w is raised by a rope; from rest to rest through a 
height A ; the greatest tension which the rope can safely bear is 
nw. Show that the least time in which the ascent can be made 


is ie 


Since the load is raised from rest to rest it achieves its 
maximum velocity after ascending a certain distance. Let this 
distance be x, then the maximum velocity achieved is given by 


—9fx-e(0) 
Also for the rest (h - x)ft the load is raised against gravity: so 
we have, v? —2g(h — х) E (9) 


Now the time is minimum when / is maximum. 
The maximum / is given by 


( the mass of the load being), Tmas — (Zy- w 


but Ipae =nW 1. „= (s 


ог ng=f+g ^ Ї=(п—-1)# 
from (1) and (9); 2/x—2g(h — x) 
or 9(n-l1)gxe9?g(h x) 
or (n-1)x-h-x, or mx=h ^ x-h[n 
So заар 1 -ng e (3) 
Now the time ¢, taken to ascend the first x feet is given by 
у=, ort =f = 
"nn 1 CEN 


and the time £g to ascend {һе rest of the distance is given by 


у= gta or D 
4 g 
S, the least total time is 


iti fa 00-1) T da = = Te 
9nh 


8(n-1) 5, -1) 
"uiu ЭР Ez pi Casa ӨНӨ ets -1)g 
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Exercise on chapter V 


1. Find the momentum ofa car of mass 3 tons moving at 
the rate of 40 miles/hr. 


2. Acertain force acting on a mass of 200 158. for five minutes 
gives it a velocity of б yards per minute. 


Find theforce (i) in poundal (ii) inlb-wt. 


3. А constant force of 10773 dynes acts along a straight line 
ona massof 9 lbs. at rest, for 2 minutes. How many feet does 
the mass move during the interval? (given 11b.2463'6 gms. 
1 jt=30°4 cm) [ ©. ©. 1963 1 


4. Auniform force of 200 dynes changes the velocity ofa 
body ofmass 24 gms. moving ina straight line from 200 to 300 
metres per sec. Find the time for which the force acts. 


5. А mass of 4 Ibs, falls through 100 ft. from rest and is then 
brought to rest by penetrating 2 ft. into some sand, Find the 
thrust of the sand on it, supposing it to be uniform. (С. U. 1950 ) 


6. A bullet weighing half an ounce leaves the muzzle of a 
rifle-barrel'9 ft. long, with a velocity of 2000 ft. per sec. Find 
theforce aeting on the bullet in the barrel, assuming it to be 
uniform ; and also thetime taken by the bullet to traverse the 
barrel. (C ÙU: 1938 1 


1. A ropecan just support a mass of 80 lbs, when at rest. 
Show that the rope will break if it raises a mass of 16 105 with ап 
acceleration greater than 8 ft/sec?. 


8. A force of 100 dynes acts for 4 secs. on a particle of mass 
40 gms, initially at rest, and then ceases to act. What is the 
displacement of the particle in 10 secs T What is its velocity then ? 


9. A railway train exclusive of engine weighs 435 tons and 
starting along a level line from rest attains a speed of 40 miles pet 
hour in 7 minutes. Calculate the average pull between the 
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engine and the train taking the resistance to be 15 Ibs. wt. per ton. 
| C. U. 1935 ] 


10. Find the velocity of а 4 lbs. shot that ‘will just penetrate 
through a wall 10 inches thick, the resistance being 42 tons wt. 


11. atrain runs down an incline of і іп 200 with the steam 
shut off; the resistance is 15 105. per ton and its velocity at the 
top is 30 miles per hour. Show that its velocity after it has run 
down 1000 yards is 27°4 miles per hour. 


19. A bullet of mass 3 02. moving horizontally with a velocity 
of 1280 ft/sec strikes a fixed target. Ifthe resistance to the bullet 
is 1600 165. wt. find the depth of penetration and the time that 
elapses before the bullet comes to rest. 

13. A bullet weighing 30 gms. is fired into a fixed block of 
wood witha velocity of 244 metres per second and is brought 
to rest in тіс sec. Find in dynes, and in grammes-weight, the 
resistance exerted by the wood, supposing it to be uniform. 


14. A particle of mass m moves from rest at a distance c from 


a fixed point O, under a force E away from O at a distance x. 


Find its velocity when it is at distance 2c from О. 


15. A particle of mass m, moving along the x-axis, is acted 
on by an attractive force which is given by the formula 
mk?a? 2mk? x 
ха 


for x>a and by the formula for x«a. If the 


particle starts from rest at distance 20, prove that it will reach the 
orlgin with velocity 2k Ja, 

16. Abody whose true weight was 13 ounces appeared to 
weigh 12 ounces when weighed by means of a spring balance ша 
moving lift. What was the acceleration of the life at the time of 
weighing ? 


17, Weight ofa body by means ota spring balance is found 
to be Q/bs at the equator. In Calcutta, the weight of the same 
body by a spring balance is $ounce more. А ball сап be thrown 
16 ft. vertically upwards in Calcutta. To what height it can be 
thrown at the equator ? 


СНАРТЕВ УГ 


Vertical Motion Under Gravity 


$ 61. In the previous chapter we discussed briefly about 
gravity. If a heavy particle be dropped from any height, it falls 
vertically downwards with.a constant acceleration which is due to 
the attraction exerted by the Earth on the particle. Towards the 
end of the 16th century, Galileo first established the laws of falling 


bodies ; the laws are stated below. 


1. Atany place the acceleration of a falling body due to 


gravity is constant. 


2. At any place the acceleration due to gravity is the same for , 


all bodies. 


Galileo found, by experimenting with different bodies, that the 
ny time was proportional to 


distance described by any body in а 

the square of the time and all bodies describe the same distance in 
the same interval of time. Some times it 18 found that light bodies, 
for example; a feather or a piece of pape! fall more slowly than 
heavy bodies like pieces of lead or iron But this difference is 
due to different resistance of the air on them. In vacuo all bodies 
fall with same velocities. This was show? by Newton in his 
famous ‘Guinea and feather experiment’. Newton put 2 guinea а 1 
a feather in a long glass tube, closed at one end and the other 6-6 
with an air tight cap and a stop cock. On inverting tbe tube it 
was found that the feather fell more slowly than the guinea; but 
when air was pumped out from the tube by means of an air-pump 
and the experiment was repeated, the guinea and the feather fell 
together side by side throughout the entire length of the tube. 
Galileo also arrived at the same conclusion «before Newton by 
dropping bodies of different weights from the top of the leaning 
tower of Pisa in Italy. 

vity, denoted 


As mentioned before, the acceleration due to gra 
different 


by g, varies from place to place. But while working out 
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problems we shall take the value of g, unless otherwise stated, 
to be 32 ft/sec? (inthe F.P.S system) or 931 cm/sec? (in 
the C. G. S system). 


§ 6.2. A body falling freely under gravity. 
Let a body of mass m fall freely from o. 


Free fall means the particle is just let go from О or in other 
words its initial velocity is nil. For a frame of reference, take 
О as origin and the vertical through О as the 


[ә] 
x-axis, the downward direction being taken 
as the positive direction. Now the force 
acting on the body due to gravity is mg. From h 
2nd law of motion; 
dx : 
тз Рета - (i) 
dix х i 
or dB 78 + (ii) Fig. 42 
Я гү dX re 
Integrating (ii), ae gt--c ө (її) 


Now the initial condition being, 


at t=0, 0 we get c=0 ( from (iii) ) 


(iii) becomes B ogi .. (iv) 
Integrating again we have xi gt?+c' --- (v) 
Again if we measure the distance from О, then at 1-0, x ^0 
2. from (v) c'—0 2, (v) becomes х= 3518 
4, Ifthe body be dropped from a height h above the ground, 
the time to reach the ground is given by 
h-&gt* or t EN ELS - (vi) 
8 
the velocity on reaching the ground is given by 
dx 2 3 — 2 
d 878 of = = J2ghs (i.e, v= J2gh) [From (vi) 1 


5 63. Motion of a body projected vertically downwards. 
Let the particle be projected vertically downwards from a 
point О with a velocity и. Here the problem is similar to that 
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discussed in 1672 ; only thing to note here is that the initial velocity ' 


is not nil but u. 

Since the acceleration is constant, we have from the formula 
s—uf--i fi*, if hbe the distance described by the particle in £ 
seconds, then. 

hz иі ъф gi?, v9 =u? -F2gh 
also h; =u +} g (2t-—1) where h; is the distance 
described in the z-th second (see Ch. IV) 

$64. Motion of а body projected vertically upwards 

Let a body be projected vertically upwards froma point о with 
an initial velocity u 

In this case if we take the upward direction as positive then the 
acceleration is along the negative direction, i.e, f = ~ g. 

4. "The motion is given by the following equations 

v=u-gi,h=ui—} gi? 
У e u* —9gh; h, =u—4 g(21—1). 

N.B. Somctimes downward direction is taken as the positive 
direction, then necessary changes in the sign of the vector quen 
ties like, u, g,h appearing in the above equations will have 
bc made. 


$65. Greatest height 


A particle, projected vertically upwards, cease Бине. 
sometime, і. е. із velocity at that point is zero and it 11 E 
further. The height at this instant is referred to 28 the a 
height attained by the particle. 


s to rise after 
s no 


From the formula, v? 3 — 9gh, 
putting v=0; h=H, where Н is the greatest height 


2 
we have Н--. 
2g 


: section 
Hence to reach a maximum height н, the velocity of project! 


will have to be /9gH. 
Again, in the formula y —u-— gt, 
putting, u=0, t=T, we get 


x 4 ent. 
oct the time to reach the greatest height or the time of asc 
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$ 6.6. Time to attain any given height. 


From h =ut —§ 619, if h is given, we get, gt? — Qut+2h=0...(i) 

This equation is quadratic in / and consequently has two 
roots. The roots are real if u22gh.. Also, if u2>2gh,the roots 
are both real and positive. The reason for double roots will be 
clear from the follow.ng. Leta paiticle be A 
projected vertically upwards from a point О 
Let P be a point on its path such that OP= h. 
Now the particle passes through P twice, 
once on its way up and the second time on its 
way down while descending. If г, and tg be 
the roots of (i) and ts>#,, then г, gives the 
time to reach P on its way up and fg gives the Fig. 48 
time when the particle is at the same point on its way down 

If u®<2gh, the roots are imaginary. It means that when 
и? < 9gh, itis not possible for the particle to attain a height h, 
for u= J9gh,h is the greatest height attained by the particle as 
discussed in $ 6 5. 


CE Ver EL 


Now, from (i) we have «o4 € Ju*—2gh 
g 


8... 
and ty шингэж = 2gh 


ЭМЧ ша 3448-0960. i3 — 9gh 
g 


If OA be the greatest height attained by the particle, then the 
time to reach A is given by Ez 
-. The time to reach A from Р on the way upeT- г, 
ы! Миз —9gh 


8 
and the time to reach P from A on the way down-tg— T 


Nu — Dgh 
8 
Hence the time of rise to the greatest height A from any point p 
is always equal to the time of fall ftom the greatest height to p. 
Again when P coincides with O ie; when h=0; we have 


from (i) gt?—2ut=0 or, ¢(u—4% gt)=0, here 7,—0, n=", 


Т- 
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The first гоо! gives the time when the particle starts (the 
initial position) and the second root gives the time when the 
particle comes back to О, its starting point. Hence fg gives the 


whole time of flight. So, the time of flight =" 


Also the time of descent =time of fiight—time of ascent 
mH ишн, 
8 88 


и 
So, the time of ascent = the time of descent= с. 


$6.7. Velocity at any height h. 

From the formula, v? =u? —2gh, 

v is known if u, g, and h are given. 

S. уе „Ји 9рһ, the positive value gives the velocity at a 
point P on the way up an^ the negative value gives tbe velocity at 
a point P on the the same point on the way down. 

Hence velocities at any point when moving up and-down are 
‘equal in magnitude but opposite in direction 

Again if H be the greatest height attained, then from 
У = ца арр, we have, 

vt 3gu—9gl[ € из =98н]= 219—0). 

But H—A is the distance of the point Р ata 
the greatest helght. 

Hence the velocity at any point is equal to the velocity due to 
a fall from rest from maximum height to the same point. . 

N.B. velocity on return to the starting point is equal in 
magnitude but opposite in sign to the velocity of projection. 

568. Motion of a particle dropped from an ascending or 
a descending object. А 

Ifa particle be dropped from a body moving е d 
example a balloon or a lift, the initial velocity of the m wt 
relative to the moving object is zero but is not zero UN fd 
frame of reference in which the Earth is suppose M rae 
stationary. In fact initial velocity of the particle will E tani 
as that of the moving object. If the particle be dropped fro atl 
object ascending with a velocity, say v, the motion of the Раг 


height h from 
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will be the same as that of a particle projected upwards with a 
velocity v as discussed in 564, while the motion of a particle 
dropped from a descending body will be that of a Particle projected 
vertically downwards as discussed iu 5 6.3. 

569. Worked out Examp!cs. 


1, A stone is projected үегЧсайу opwards with a vslecity 
sufficient to carry ft to a Leight of 50 R. з nd íts velocity when it 


is half way up. 
Let the initial velocity of projection Ъе и, then the greatest 


2 
height attained is given by arr ^ (1) 
Let its velocity be » when it is half way up. Then we have 
vou- 9g. fu? - gh © (2) 
From (1) and (8) we have u*=2gh— gh=gh 
Here, h=50, 8 —32 ft/sec?, 
S vi=60X32=51600, 2. уе 40 ft/sec. 
2. АВАН is projected vertically upwards with a velocity of 
30 ft/sec. Find the greatest height attained and the total time >f 
flight. 
The greatest height is given by, 
u* 30x30 f= 225 


rcs ad ft. 7 ft.= 14°06 ft. 
2g 9Х32 18 АЛД 


he 


The total time of flight is 
= 24, 2%30 
8 32 

B. A ball is thrown vertically upwards. Prove that it will 
ve at half the greatest height after times whose ratio is 
34-9 J2 : 1. 

Let the velocity of projection be u. 


t sëc. = 187 sec. 


з 
Then the greatest height attained is given by =< 
g 


At any time г, the height attained by the ball is given by 
h- ut —1 813, : 
When h=H/3 we have H/2— ut } gt, 


? 3 
ог, gud gt, or, gt? guts et. 
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i aa Mutua uy, us 
Solving we get г ү + 795 


8 
ü, u (Ј8+1) 
So, the roots are ar cbe u УЗ 


us и Qu(J2—1) 
vtora du 48 


oe tat fgm(/ 241): (179—1) 234 2 42:1. 
4. A body falls freely from the top of a tower and during the 
last second it falls = th of the whole distance. Calculate the 
height of the tower. (С. U. 1966) 
Let В be the height of the tower and ! secs. be the whole time 


of fall. 
Using the formula h; = 5 g (2t—1) we get 


Чуй (8-1) -— 0) 
Again in 4 secs. it falls the whole distance В 
SS hei gt? eee (3) 


Eliminating h from (1) and (2) we get 
26 
1 grex к 002-1, or reg eD, 


ог, 912 —50;4 9550; or, (91—5)* (17 5) 0, | 
es ¢=6/9, or, б 
but from the problem />1 
Je t=5 secs, 2. їе ge} 
5. A particle after falling freely for some time under th 
of gravity is observed to pass through 768 ft. in 4 secs; how far 
will it fall in the next 4 secs ? 
Let the velocity of the particle just before it starts to pass 
through 768 ft. be и ft/sec. 
Then we have (taking 2 = 32 ft/sec?) 
168—4u -1gx 43 = 4и +366 
9044-8019. 2, 12:128 ft/sec. ^ : | 
Now in 8 secs, the particle passes through a distance given 
by, h=8utigx82=8u+64X 16 
=8(u +128) ft.— 8 x 256 ft, — 2048 ft. ) А 
` In the first 4 secs, it passes through 768 ft. Hence ш the nex 
4 secs. it will pass through (4048-4168) ft =1280 ft. TA, 


x 38 х 96 ft. = 400 ft. 
e action 
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6. A body is thrown vertically upwards ; # £ be the time 
that it takes to reach a certain height and їе subsequent time 
taken to reach the ground again, show that the greatest height 


attained is (z 1)? 


Here total time of flight is T2 £4-r 
Now if the initial velocity of projection be u then we have, 


= + (1). Now the greatest height attained is given by 
2 
нэ .. (9 


From (1) and (3) (eliminating и) we have 
т\з 3 уз 
(qr geese 
7. А stone is dropped into a well and the Sound of its striking 
the water is heard in 228 secs. If the velocity of sound be 
1120 ft/sec, find the depth of the well. [C. U. 1933] 
Let the depth of the well be A ; then the time taken by the stone 
to strike the water is given by; 
h=} gt? = 1672--.(1) taking 239 ft/sec?) 
Again the time г, taken by sound to travel the whole depth is 
given by, h=1120 1' (9). 
Since 1+2 = 98$, we have | from (1) and (3) ] 
#813 = 1120(223— ;) 


= 1190 x (145 = 667) 
66 


or, 16/?-920x (145 — 581), Я 
ог, 4t? -- 9801— 795 =0, or, (214-145)(2: — 5)=0 
t=—155 secs, or, 65/9 secs, 
Neglecting the negative value we have, 
t= 5/8 secs. 
h=16°=16 x 38 ft.=100 ft, 
8. Ifa stone dropped freely strikes the water in a well with a 
velocity of 112 ft/sec. and the splash is heard in 38 secs., find the 
velocity of sound. 
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The time ikes оу (hoc) ce 1с 360:&€ ns water is ‘given by, 
yx 2, 
S. dere 11232 
s g= ѕееѕ. = 3'5 secs. =$} secs. 


27 33 
The splash is heard after 32 secs. 
Hence the time taken by sound to travel the depth of the 
weil is (28 — 34) sec. =$ secs. 
The depth of the well is given by 
he igi? =16x (7)? ft.—196 ft. 
.'. the velocity of souad is given by их} = 196. 
2. w1176 ft.jsec- 
9. 10 a bomb dropped from an aeroplane rising vertically 
with uniform velocity reaches the ground in 5 secs., find the 
height of the aeroplane when the bomb reaches the ground. 
Let the velocity of the aeroplane be v ft./sec., then the initial 
velocity of the bomb is v ft/sec. upwards If h be the height of the 
piane at that instant, then 


һе — y6-- 258 = — 6v +400 
nd the aeroplane gains 


Now when the bomt reaches the grou 
lane when the bomb 


another бу. ft. Hence the height of the р 
reaches the ground is, 
h--5v 16x 266 e 106 ft. 

10. A balloon has been ascending vertically from the ground 
with a uniform velocity for& seconds, when 2 store is dropped from 
ft, Itisfound to reach the ground in 10 secs Find the velocity 
of the balloon and its height when the stonc 18 dropped. 

Let the velocity of the balloon be v ft./seg. When the stone was 
dropped its initial velocity was у ft./s“c- upwards. 

The time to reach the ground is given by, 

h=—vwtt4 gt? Yer 
where h isthe height of the balloon at the inst 


stone was dropped. 
Also the balloon had been ascending from 


8 secs. 


(0 


ant when the 


the grosnd 59* 
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Hence h=vx6=6y . (2) 

',' the stone takes 10 secs to reach the ground 

from (1) putting £—10 we have 
h= -10v+16X 102=—10v+1600 ... (3) 
From (2) and (3) we have 
р 68v: —10»4-1600, ог; 16у = 1600 
1, v=100 and л=6 X 100 = 600 ft. 

Hence the velocity of the balloon was 100 ft./sec and its height 
was 600 ft. 

11. А manis standing on a platform which descends with a 
uniform  acceleratation  5ft/sec?. After having descended for 
2 secs. he drops a ball; what will be the velocity of the ball 
after 2 more seconds. 

After 2 seconds the velocity of the platform is 

u=ft=5x2=10 ft/sec, 

.. the ball falls with an initial velocity of 10ft/sec down- 
wards. After 2 more seconds the velocity of the ball is given Бу, 

v=u+gt=10+32x 2=74 ft/sec. 

19. From ап aeroplane rising vertically with uniform 
acceleration f, a ball is dropped ; 4 secs. after this another ball fs 
dropped from the aeroplane. Show that the distance between the 
two balls 9 secs. after the second ball is dropped is 16 (g +f), 

Let the initial velocity of the first ball be u (upwards). Then 
after 4 secs the velocity of the aeroplane will te u+4/, hence the 
initial velocity of the 2nd ball is u-- 4f upwards. 

їл 6 secs. the distance traversed by the first ball in given by, 

hs -—68u-tigx6*--—6u--18g. 
In 2 secs. the distance traversed by the 2nd, ball is given by 
h'— — 9(u4-4/)4 1g x 2335 —9u - 8f4-9g. 

But the ?nd. ball is dropped from a height higher than that 
of the first ball by an amount given by (it is the distance through 
which the aeroplane rises in 4 secs.) 

Во=их 4+7 x4? —4u 8f 

. the distance between the two balls 9 secs. after the second 
ball is dropped is, 

ВАВ В = —6u4-18g - iu 8f - (- 2u— 8f - 2g) 
=lig+ 16f— 16(g4 f). 
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13. A particle is projected upwards with a velocity 3,7 
seconds afterwards another particle is projected upwards with 
a velocity v from the same point; if the particles meet 
at the highest point reached by the first, show that 
vy—-u-g?n?[9(u — ng). 

the greatest height attained by the first particle is given by, 


2 
h= and the time is PED 
?g g 


The 9nd. particle is thrown after m secs. and hence, by the 
problem, it attains a height h in (1 - п) secs. 
2. hey. (t—n)—4g (t-n) 


on an 9)-8 97 


an ue биш — ng) - (u - ng)? e (u пу — u- ng) 
=(u—ng)(2v — 20) + (u — ngYXu- ng) 
or, u* = (v—u)(u—ng) +u" — g*n? 
or, 9(v-u)(u-ng)- gn? 
ty? 
9747 u - ng) 

14. If a particle takes / seconds 
velociety v ft/sec more at one place 
at another in falling freely through the same 
the geometric mean of the numerical values 
places is v/1. 


less time and acquires à 
on the earth's surface than 
height, show that 
of gat the two 


Let the values of g atthe two places be £1 and gs respectively. 
Let the particle take г, sceonds and acquire а velocity v, ft/sec- 
in falling freely through a height h in the first place and take 
fa secs. and acquire a velocity vg ft/sec in falling through the 
same height in the second place. 


By the problem, v, — va 7v and t; 713-7 f 
Now we have | 


ATAA ө (1) 
Уз = gata = (10 +1) 45 (2) 
Ч, ¥y—¥a=ti(g1 — 8a)— Ёз! 
or, v=t,(g:—8s)—fat sis (3) 


Also, h=3g,t;2 = 63° 
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pon git? guts? Egali +t) m Sats? gata go 
or, 137-81 82)= gati, gat? - (4) 
From (3) we get vt, —t4?(g1 — 82) - Balls 
— 96211 +831 — Balti = Salty Tg, [by (4)] 
ог, 11( 220) = 821% 
? Rc 
З а 
р 8st 
Putting this value of 7, fn (3) we get, 
2G lieu _ jte 8288117881, 
\y~ 231) (v - 831) 
or, у? —урці= ga gai? — vgof, OF, у%= 012312 
se gigat’. 


y 


Hence the geometric mean of the numerical values of g is given 


—— y 
Бу, J g1827, 5 


Exercises on Chapter VI 


1. A ball is projected vertically upwards with a velocity 
sufficient to attain a height of 900 ft. Find its initial velocity. 

8, A ball is dropped from a height of 50 ft. Find its velocity 
when it 15 half way down. 

3. A stone is projected vertically upwards from the top ofa 
tower with a velocity of 64 ft./sec and reaches the foot of the tower 
in 6 secs. ; find the height of the tower. 

4, Abody falling freely under gravity describes 8475 metres 
іп а certain second. Find the total distance described by the 
body. 

5. A particle falling from rest under gravity: passes a cartain 
point with a velocity of 120 {t./sec From what height above the 
point did the body begin to fall ? 

6. Acricket Бай is thrown vertically upwards ; find through 
what distance it goes in the last half second of its ascent. 

1, A body falling freely from the top of a tower is observed 
to pass through 8ths of the height of the tower in the last second of 
its motion. Find the height of the tower. 
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8 Aball thrown up is caught by the thrower 7 secs, айег- 


wards. How high did it рот Find the velocity with which it 
was thrown. 


9. A stone is dropped from a height of 200 ft above the 
ground. Аі (ће same timea ball is projected upwards from the 
ground with a velocity of 80 ft./sec. in the same vertical line. Show 
that they will meet midway and find the time of meeting. 


10. A particle thrown vertically upwards takes г Secs. to rise 


to а height h and t' secs. is the subsequent time to reach. the ground 
again. Show that, л = Ygtr'. | С. U. 1963 1 


11. A body is dropped from a beight of 884 ft. and after 4 secs 
another body is projected vertically upwards from the ground 


with a velocity of 198 ft./sec. Find when and where they 
wil! meet. 


12. A stone falling from the top of a vertical tower hag 
descended x ft. when another islet fall from a point y ft. below 
the top. If they fall from rest and reach the ground together, show 
that the height of the tower is 


(хээ 
xt р [C U. 1985] 


13. A stone dropped into a well 
is heard in 3,9; secs. ; if the velocity о 


f sound is 1190 ft./sec., find 
the depth of the well 


14. A stone dropped into a well 
velocity of 80 ft./sec and the sound of its 
in 2y5 secs after it is let fall. Find the у 


Teaches the water with a 
Striking the water is heard 
elocity of sound, 

15. Ifa body after having fallen 
glass and thereby loses one-third of 
distance through which it will have fall 


for 8 secs, breaks a piece of 
its velocity, find the entire 
en in 4 secs, 

16. A stone dropped into an 
strike the bottom after time z. 
v is the speed of sound Suppos 
(h|v * may be ignored. 


empty pit of depth л fs lieard to 
Prove that 2h(14- gtiv)=gt3, where 
ed so large Compared with A that 
(С. U. 1967} 


&nd the sound of the Splash : 
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17. The distance. described by a freely falling particle in the 
lastsecond of its motion is to that described in the last but one 
second as 8 : 2. Find the height from which the particle drops. 

18. A particle is projected vertically upwards witha velocity 
of u ft./sec, and after ¢ secs, another particle is projected upwards 
from the same point with the same initial velocity. 

Prove that they will meet at a height of 


4u? — g?i? t 
= NT ft. after (2+3) secs 


19. From a balloon which a ascending with a velocity of 
32 ft/sec. a stone is let fall. It reaches the ground in 17 secs. How 
high was the balloon when the stone was dropped ? 

90. A ballon is ascending vertically and at a height of 1500 ft. 
a stone is released. If the stone reaches the ground in 10 seconds; 
find the height through which the stone rise immediately’ after 
the release. 1 

21. Aman ina lift, ascending with an acceleration f ft./sec* 
throws a ball vertically upwards with a velocity v ft./sec, 
relatively to the lift, and catches it again in f secs. ; show that 
ft g29vlt. LC. U. 1964 ] 

99, Three bodies are simultaneously projected vertically 
downwards from heights Aj, һу, hg with velocities Уу, Vs, Ys 
respectively, and they all reach the. ground at the same moment- 
пз Вз _һа- һу ha һу 


Show that 
Уул: аг Vaasa a л 


æn 


СНАРТЕК УП 
PROJECTILE 


48 71. In the previous chapter we discussed rectilinear motion 
ofa particleunder gravity. There we investigated the motion of a 
body projected vertically upwards or downwards. In this chapter 
we shall consider free motion of a particle projected in any 
direction in space. It will be assumed that the only force acting on 
the particle is gravity and we shall neglect air resistance etc, and 
Consider the motion in vacuo, The motion will take place in a 
vertical plane containing the vertical through the point of projection 
and the initial direction of projection, 

A particle projected in апу direction in space is called a 
projectile, The path described by a projectile is called the 
trajectory. 

The velocity with which a Projectile is projected is defined to 
be the velocity of projection and the angle made by the direction 
of the velocity of projection with the 
of projection. 

N. B. Horizontal direction lies along the line lying in the 
plane of horizon through the point of projection, 


horizontal is called the angle 


572 Motion of a Projectile in vacuo. 


Let a particle be projected from o with a velocity u at ап angle 
< with the horizon. 
ae 


2$ 
Y Draw axes OX, ov through o 


25 
(take ox along the horizontal 


(73 . 
direction ) 
Let P(x, 7) be the position of 
the particle at any time ; referred 
> > 
ЖА 
х 


to the axes 
--X-- соза, Qui сү, 


24 sine 


Draw PM : E- 
Fig. 44 M Perpendicular to ox, 
then OM =x, PM=y, 
Initial velocity of rojection i 
ын y OF proj D iS и cos « 


> 
along ox and u sin 4 
along ov. 
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Now gravity acts vertically downwards and it bas no component 
along the horizontal direction. 


Hence the horizontal velocity is constant and we have 
d cu cos « Ut (1) 


Integrating both sides we get, х= и cos «14 с 
5,5 x0, at г=0; 2. c=0 


. (8) 


4. хэцсов«4 e (3) 
Now the acceleration due 
or — g upwards) 


as for vertical upward motion, 
dá =-g E (4) 


Integrating both sides we get 


a 2) 
di atte, (5) 


to gravity is g downwards 


Now, at (£20; a =velocity along the vertical 


=u sin 4, 


суз и Sin 4. 
2. from (5) we get 

dy Р 

- um - ә. 6 

aH Sin < gt (6) 


Integrating again, y=u sin«t—4gt®+cs 55 (9) 
Using the initial condition, at 150, у is о we have, сз =о. 
.', Equation (7) reduces to yeu sin <.t—3gt? ++ (8) 
Now, the greatest height is obtained at A say, when the particle 
ceases to move upwards, іе., when? =о 


. from (6) we get o=u sin «—gT; 


or, 17,7 43 S...(9) which gives 


the ttme to reach the greatest height. 
Putting the value of T, from (9) in (7) we get, the greatest 
height say H. 
; Mad 
2, Нен зіп ЖОШ 1, t sin 2) 
а g 


Soin? 
or, Нэн сэлэх 25 (10) 


ag 
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The particle will come back to the ground after a time which is 
obtained from (7) by putting y=0, 
ie, О=изіп «7 - 4012, or, tiu sin «—43gf)z0 
_2u sin <, 
8 
Here 1-0 gives the starting time and 


solving it we have £—0 ог, t 


па «Ex (suy) (И) 


gives thc total time of flight. Comparing (9) and (11) 
we have T—2XT, 
ie, Thetotal time of flight is twice the time to reach the 


greatest height. Hence the time to reaeh the greatest height is 


equal to the time to reach the ground from the greatest height 
(or maximum height). 


Again putting y =0 ih equation (8) we get 
0= u sin «.1— 1612 
37150) ког; fe Фи sin «, 
Ig 


Here 1=0 gives the initial time and ( 22 4 Sin < is the time 


when the particle strikes the ground, 


Putting this value of ¢ in equation (3) we get 
xeucos«x ЭШ 4 


aU" sin 24, 
8 
Hence the range is given by 
$2 
R- V. sin 2«, 
8 
М. В, Тһе range is maximum 
16. 2<=90°, Or, <=45°, 


$73. To find the velocity of the particle at any point. 


| Let u be the velocity at any point p 
with the horizon, Th 


when sin 24 is maximum. 


(x, у) making an angie 6 
en Y cos @=horizontal component of 
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ihe velocity(=const)= cos « and the vertical component of the 
velocity fs v sin 0 which is given by 
v? sin? æu? sin? « —9gh (here h = y). 
Hence уў = v? cos? 6--95 sin? g 
=u? cos? «фи? sin? < - 2gh e u*(sin*« «-cos3a) — 2gh 
у.б, 


и? — ?gh and the angle à is given by tan ge 
ы 9 Е g y y cos 8 


= + 


{һе + sign giving the velocity while ascending and the 
—sign the velocity while descending 


574. The path of a projectile in vacuo is a parabola. 
From equations (3) and (7) of 5 14 we get 


X=u cos 4.f ... (1) 
y=u sin «.t-}gt? T (3) 
Eliminating t from (1) and (2) 
So V ume emen) LA P 
мере yousin4,.— — —5g E ae =} 
" 21 рха 
alui C Ugo (9) 
Equation (3) can be written in the form 
у=^х+вх?% ө (4) 


whereActan«, B= —__& |... 
2u* costa 
Equation (4) represents a parabola. 


Hence the path of a projectile in vacuo in a parabola. 


Alternative proof : 


Let a particle be projected from a point O with a velocity и 
at an angle « with the horizon, Assume that the particle Teaches 
a maximum height and let A be the highest point of the path 
described by the particle. Let P be the position of the Particle 
at any instant ¢ from А. 
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> 
Let XL be the vertical drawn through A. Draw perpendi- 
= 
cular PN from P upon AL. 
PN = horizontal displacement of the 
particle 
Since the horizontal velocity is 
constant and equal to u cos «, 
2. PN=ucosdt 
AN = vertical displacement from A 
in time г = 5р1 
» PN?, (и cos < 1)? = 2u? cos?« 
`` АМ ist? g Fig. 45 
—a constant independent of t. 
Hence from the definition of a parabola; the locus of P is a 


-» 
parabola whose vertex is at А and whose axis is AL and latus 


2 cos? 
rectum is given by 4a 220160324, 


$75. Motion of a particle projected horizontally from а point 
atany height above the ground. о и 
Let a -particle be ройс  гт-г-э----Х 
horizontally with a velocity u, from a 
point О at a height / above the ground TURN 
-» 
Let OY be the vertical through О 
meeting the gronnd at y. Here the 
horizontal velocity = и = constant. Е 
Initial vertical velocity = 0. 1 
Fig. 46 
ES 
Hence if we take ov (downwards) as the y-axis and the 
horizontal through O as the x-axis, then the position of 
time is given by 
x=ut 
y? 0.t t igi? e 19? 
Eliminating ғ from (i) and (ii), we get 


P at any 
.. (i) 


рх лык? 
Votre 
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The above equation represents a parabola whose latus rectum 
is given by (а= Е. 


Am _ Also the time ion the fall is given by л= igr? 


= hy r- y7. 


The particle falls on the ground at a point L whose distance 


from the ground is given by YL= u. T= un/ 2h. 
8 


t T6. Motion on an inclined plane. 


Let OP be an inclined plane inclined at an angle to the 
horizontal. 

Let a particle be projected with a velocity u at angle « to the 
horizon in the vertical plane through a line of greatest slope. 
Let the path of the projectile meet the plane at P. 

OP=R (say) is the range on the plane. 

Resolving along and perpendicular to the и 
line of greatest slope, the initial velocity 
along the plane is u cos (« — p). 

and along the:perpendicular to the plane 
is и sin (< —8). Also the components of g PZN 
along and perpendicular to the plane are О N 
—g sin В and —g cos f respectively. “Би 46 

-«. the displacement perpendicular to the plane is 


g 


y=u sin («—8) t—1g eos ft? m a) 
(use s—ut - 3 ft?) 
When the particle strikes the plane its displacement 


perpendicular to the plane is zero and hence from (1), 
the time of flight T is given by 


0= и sin («—8;T — 4g соз pr? А. (9) 
—2u sin (4—9) 
OMS TY ын (8) 
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Similarlv the displacement along the plane is given by 
x=u cos (« — 8) — 1g sin [12 e. (4) 
= [^^ the component of g along the plane (upwards) is 
—gsin 8] 
the range R on the plane is obtained by putting 
t=T in (4) 
4 2usin(«—58) 1 . би? sin?(« — В) 
‚+ Кеи cos (< B). Е: 2 78 sin B gi 57708 
4242 sin (х- 


ETE 9) [cos (x — 8) cos 8 — sin («.— p)sin 3] 


—2u? sin (< - В) cos < 


реа S [sin (2« — 8) — sin 5] 


gc 
(Alt. method) : 


the horizontal velocity = constant eu COS «, 
we have ON=u cos «.T 


Also R cos B=ON=u cos «.T 


к= 4005 X, т. 2и? cos « sin («— В) 
2292, y= 20 COS < sin («— В) 


cos 8 8 cos? В 
Ps ; 
ns [sin (2« — 8) — sin 81 


N.B. The Tange is maximum, 
when sin (2« — В) is maximum, i.e., when 


sin (24-5) 1 sin or, 8«-8-5, ог, «ер 


) 2 2 
Maximum value of R=—# 1—51 = 
8 cos? * inip) 8(1--5Ш б) 


» 


$7. Motion down an inclined plane. 


Let a particle be Projected from the 
plave and also let the velocity of Projection be yat angle « to 
the horizontal, Here {һе component of g along the plane 
( downwards ) is g sin в and the components of velocity of 


point P down an inclined 
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projection along and perpendicular to the plane are и cos (4+8). 
and и sin («+ в) respectively. Following the same procedure as 
in $ 76, we get for T’, the time after which the particle is again 
on the plane, 

02 u sin («+8)T'’—3 g cos 8172 


DLE Зи sin (<+8) | 
g cos B 
Similarly the range is given by 
з 
Rete cos « sin («+ 8) 
23 8 
-—— ——. 2 
E j Г sin (2« 4- p) t sin 8 ] 
N.B. To get tbe formulas for T' and 
R' from T and R respectively ( see $ 7:6) Fig. 41 


replace p bbw Maximum value of 


(1- sin В) == 


—— CIE when, »45' — P. 
588 cos? p —sin 8) 2 


Worked out Examples. 


1. A particle is projected from the ground at an angle of 45° 
with a velocity of 60 ft/sec. Find the range and the greatest 
height reached by the particle. 

Неге u-60ft./sec.; «—46' Taking g— 39 ft./sec? 


SG Retsin 2« — 80x 60x sin 90 
g 32 


_ 3600, 
apr ft. 


= 112'5 ft. 


and the greatest height is given by 
? cin2 H 5211 
ye UT sin < _ 60% 60x (sin 45°) ft. 
2g 2x32 


-3600Х1д | 09:195 ft 
64 


9, A ball is projected from the ground at an angle of ѕіп-1 t 
to the horizon with a velocity of 30m/sec. Find its position and 
its velocity at the end of 2 secs. 


Here «sin !$, . ʻe sinawg 
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«<. initial horizontal velocity of the ball 
= 80 хсоѕ 4=30 JÍ- sin?« — 30.2 
2:18 m/sec. 
Initial vertical velocity of the ball 
= 30 «sin < =30 х $ —24 m/sec. 
Consider the horizontal motion. 
It is a uniform velocity of 18m/sec. 


... In 2 secs. the horizontal displacement is 18m, x 2= 36 m. 

For the vertical motion, the initial velocity is 94m/sec and 
there is the acceleration due to gravity g— 980cm/sec? 
downwards, or, —9'80m/sec? upwards. 

e. the vertical displacement in 2 secs. is given by 

Ч y-794x2-1x98x2? 
= (48 — 19 6)m, = 284m. 
(use the formula з=ш+ 3 ft 3) 
also its vertical velocity is then given by 
уу —24— 9'8x 2 = 24—19°6=4'4m/sec 
<. the magnitude of its velocity is, 
v= J(4°3)3-+183 == 18°53m/sec. 
(since the horizontal velocity is always 18m/sec.) 


and the velocity then makes an angle 0 with the horizontal 
where 0 is given by 


tan gov шил 


š n UE 

i = 1 

исовх 18 4g °° 60—180 45 

М. B. Here v cos g= x cos < and v sing y,. 

9. А stone is dropped fiom a 

with a velocity 96 ft./sec. and re. 

Find the height of the balloon 
on striking the ground. 


balloon moving horizontally 
aches the ground ín 4 seconds. 
and the velocity of the stone 


Here the initial velocity of the stone is the velocity о the 
balloon, which is 96 ft ;sec, horizontally, 


se here 4-0, 2, initial Vertical velocity is nil, 


Hence for vertical motion the d 


не istance covered in 4 secs. is 
heigt-i 


X 82% 42 ft.— 256 ft. Which is the height of 
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the balloon. The vertical velocity on striking the ground is given 
by 
vy = gt = 39 X 4 3198 ft /sec. 
the horizontal velocity = 36 ft./sec. 
SS v= dy, 2-963 — ,/1283 4-96? = 160 ft./sec. 


198 4 
d we irn л» 
and tan 8 96 96 3 


2. its velocity on striking the ground is 160 ft/sec. at an angle 
of tan^!$ with the ground 

4. Acricket ball, thrown by a man from a height of 7 ft. at 
an angle of 30° with the horizon, with a speed of 60 ft/sec.; is 
caught by another fieldsman ata height of 3 ft. from the ground. 
How far apart were the two men ? 

The horizontal velocity of the ball is 60 cos 30°=30 „/3 ft/sec. 


The initial vertical velocity of the ball is 
60 sin 30° — $2 or 30 ft/sec upwards. 

Take the point of projection as origin and the vertical through 
the point of projection as the y-axis, the positive direction being 
downwards. The vertical displacement during the motion of 
the ball is (1-3) ft.=4ft. downwards. Since the initial vertical 
velocity is 30ft/sec upwards; so we have _ 

4-—30. 1441 gr! —30. 11619 (иѕе sc ut-F j fi? and 

$7 39 ft/sec?), 

or, 1612 – 307 – 4 0. 

ог, 1812 —15,-2=0, 

ог, (1-9) (841)-0ог(-3 огі= — { 

Neglecting the negative value, we get 1 = 2 

the motion takes place for 2 secs. 

During these 9 secs. the horizontal displacement of the ball is 
30 ,/3x 2 ft. — 60 „/3 ft. 

Hence the men were 60 ,/3 ft. apart. 

5. Agun is fired atan elevation tan ~* jt towards a person 
on the same horizontal plane as the gun. If the shot and the 
sound of the gun reach him at the same instant, find the range, the 
velocity of sound being 1120 ft/sec. 
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Неге < = (ап-1 jb, 4. tan«-j. 
Now if T Бе е time taken by the shot to reach the man, 
then r=% sin 4, 


4(1) where и is the velocity of projection. 
Also the range is given by 
R=1120T --(29) and R=ucos «.T >. (3) 
From (2) and (3) we have 
li20Teucos«.T. .. ucos 4=1120 ... (4) 
Again, 


R=1120T=1120x ssn from (1) 1 


21180х9 
38 


1120x 2x 1190 
M mW тз 


X u соѕ « tan < 


xtan « [from (4)} 
* 


1120x 3x 1190 Lh. 
oi ft. x 99 = 3920 ft. 


6. A particle, thrown horizontally from a height of 19:6 metres 
from the ground, reaches the ground at a horizontal distance of 
100 metres Find the velocity of projection (e — 980 cm/sec?), 

[ C. U. 1957.] 
D. The initial 
Considering the verticai motion, 
; Where 1 is the time to reach the ground, 


Letu be the horizontal velocity of projectio 
“vertical velocity is zero. 


we have 19'8— v, t 4-197? 


ог, 19'6m.—1x9 80m, x 72 ("yy =0) 
2x19'6 9х 196 
Org #=2^41 == t Р) 
j 980 98 4, 2. 1949 secs. 


Since the horizontal velocity is constant, 


“", the horizontal displacement is 9u = 100 
4 — 60 metres/sec. 


If R bethe range, 


T be i i 
the time of flig ght attained by the 


Particle, prove that 
g£'T*— ATSU ара 


70 and 16g H* Вниз + pring, [С. U. *46] 
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We have, H-u*sin?«/9g = (i) 
R=u® sin 94/0 +- (ii) 
Теби сіп 4/6 + (iii) 


From (ii) we get 


R? —(u9.9 sin ч cos «/g)? 


..1u* sin? « cos? a  4u* sin? «(1—sin? 4) ,. 
gi gi -« (iv) 


Prom (iii) we have, T? 4u? sin? «/g? 


? 8 
since 7 £ (у) 


Eliminating sin?« from (iv) and (v) we have 


paw iut. Tg? ( us) 


g'4u? | — 4u? 


4и% — T?g? (4u3 — Tg?) 
sen E) ZUR audite 


or, g*T*-4u?T? +482 =0. 
To get the second relation, we eliminate « from (i! and (ii) 


Р NA Е 9 

Since (i) gives sin?« = - Ho 
u 

‚ we get from (iv) 


„з fue ане 288 „8и? н (саң 
g? u? u? g u? 


8H 
=" (u? — 2H 
5 8) 


or, 162н? –8ни2 + 2В* = 0. 


8. А body is projected so that оп its upward path it passes 
through a point x ft. horizontally and у ft. vertically from the 
point of projection. If к ft. be the range on the horizontal 
plane through the point of projection, show that the angle of 


> a R 
projection is tans 2 j [ C. U. 1944 ] 
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The path of the parabola ( see § 7*4), is given by 
3 
= Ey orc NT 
SE S гү магы 0) 
Qu? cos < sin < 
5 
Eliminating и from (i) and (ii), we have, 


Also we have Re e (ii) 


з 
y-xtan«-. 8502 
Rgcot« 


("7 219 cost «9u? cos <, sin < cot «— etc ) 


a 
ог, у= (апау АЧ e tan «1 - =) 


6 кеа 28}, 
X R—x) 


9. The maximum range of a rifle bullet is 1900 yds. If the 
rifle is fired with the same elevation from a truck running at 
15 m. p. h towards a target, prove that the range is increased by 
110 yds, ; [ C.U. 1968 1 


Let u be the velocity of projection of the bullet making an 
angle « with the horizontal. 


H a i 
Then the horizontal Tange is given by, Rat sin 24, 
R is maximum when sin 34=1 ог « «s 45°, 


2 
then Re =1200 3 ft. ( by the problem ) 
s. 0 80*21900x 3x 39 
u= 496 x 1200 — 240,/ 9 ft./sec. 
-. When the bull 
horizontal velocity is 


240 J2x cos 45* — 


et is fired from an elevation of 45° its 


1 
240 Јах = 
Jax Fi 240 ft./Sec, 


M it is fired from а truck moving towards the target with 
а velocity of 15 m. p. h, or 82 ft/sec, then its horizontal velocity 
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is increased to (2404-29) or 262 ft /sec., while its vertical velocity 
remains the same i.e., 240 /2 sin 45°==240 ft /sec. upwards. 
The time of flight is 


22 (initial vertical velocity) 
5 


т 


г 
1 use т= 20:51 “| 


- rd secs, — 15 sec. 
e's the new range is given by 
R'&962x 15 ft.- 3930 ft. 1310 yds. 
,. the horizontal range is increased by 
в'—в= (1310—1900) yds.— 110 yds. 

10. A particle is projected with velocity 64 ft/sec. at an 
angle of 45° with the horizontal. Find its range on a plane inclined 
at 30° to the horizontal and its time of flight when projected (i) up; 
(ii) down, the plane, Find also the greatest range on the inclined 
plane in the two cases. 

For motion up the plane, 

цан: (2x Bs] 
8 cos? 8 


Here <= 45°, В =30°; и= 64 ft./sec, 
g =Ч° sin (90°— 30°) — sin 30° 
g cos? 30* 


[2-3 
_64х64| о 2 


= 19805721) 55% /8_ 1) = 6263 ft 
4х4 З : * 


в is maximum when sin (24 — В) is maximum 
(assuming u and в to be fixed) 
ie, when 24 -f= 90° or 24 290" -- (when sin (2« — 8)=1) 
Here 8530, .', Rtobe maximum 24 =90°-+ 30° =120° 
S. «200, 
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which is of elevation 80°. 


then Rnag = 


we get R= 


and Rmaz = 
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1-я 30 шоо 1 = 8633. ft. 
«| a gor =. X$x3 ft 


For motion down the plane, 


иЗ É sin (2«4-834-яш 81 


Re 
g cos? f 


Putting « = 46°, В = 30°, u=64 and g 39 


ue n. 93330 ft. (nearly) 
u? (1-- sin 8) 


4; = 256 ft. 
g cos*B 


11. A ball is projected with a velocity of 28 ft./sec. up an 
inclined plane which passes through the point of projection and 
The ball strikes the plane at right angles. 


Find the range on the plane. 


Let the angle of projection of.the ball be ж. 
Now resolving along and perpendicular to the plane, the initial 
component of velocity of projection along the plane is u cos («— 5) 
and that perpendicular to the plane is и sin « - f). The components 
ofg are —gsin 8 and —g cos? along aud perpendicular to the 


plane respectively. 


For motion along the plane 
Ув= и cos (4 В) — g sin b.t - (i) 
x=u cos («= B). t- 1 g sin B. 19 + (ii) 
For motion perpendicular to the plane 
vy =u sin («—8)— g cos p. t s (iii) 
y-usiní«—8) t—} g cos Bt? ++ (iv) 
By the problem, v,=0 when y=0 

from (i) and (iv) we respectively have 
0=u cos (x—B)~g sin f.t e (v) 
Ocusin(«-f)t-1gcosgi9 .. (vi) 


gsinB 


fro ) ,—2 sin («~ Р T 
rom (vi), r= AERIS ds (viii) 
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u cos («— B) _ 2u sin («— в) 
g sin В g cos В 
or, 9 tan («< – 8) cot B=cot 80°== ,/8 


ыг КГ (їх\ 


| or, tan (x—8)- 5— 


Now from (ii) and (vii) we have 
u? cos? (« — 8) 


исов(«-5) 1 
x=u cos (&— В). E —5 € sinB g? sin? B 
=u? со (4—8) „u? cos? (х-8) г -> singet] 
2 58 Eg 


But from (ix), tan («- aes “. sec? («-0)-144-1 


4 28x 28x 4 
з -08)-5 . at 
cos?(«-B)- 7. ,, х z "х= 32x1 


ог, x=14 ft Hence the range on the plane is 14 ft. 

19. The angular elevation of an enemy's position on a 
hill А feet high is В; show that, in order to shell it, the 
initial velocity of the projectile must mot be less than 
Jgh(t-+cosec 5). [С U. 1946] 

Letu be the vel city of the projectile and « the angle of 
projection required to hit the enemy's position. 

ae ps 
Range AB=h cosec бешш (eam co 
g cos“ В 


gh cosec 8. cos? В gh cosec f cos? B 
2sin(x—8) cos « sin (?«— В) —sin В 


ce uit 


Now u is minimum when sin (2« — В) – sin В 
is maximum, ie. when sin (2«—8) is u P 
maximum and=1 
_ gh cosec В cos? В j k 


1-5 В 2 
= 23 
= gh cosec В (1--sin В) А Б 


cos? В _1—sin? В 1+ ] 
“Эй == sin В 
| 71-58 1-—sin? Fig. 47 


2 
U min” 


итп = N gh cosec 8 (1+ sin p) 
= J gh(1+ cosec 8). 
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Exercise on Chapter VII 
1. A ball is projected from a point with a velocity 100 ft/sec 
at an angle of 45° to the horizon. Find the greatest height and 
the total time of flight. 

9. A boy can throw a ball 40 yds. vertically upwards. Prove 
that the greatest horizontal distance he can throw it is 240 ft. 

3. A ballis projected from the ground at an elevation of 
с05-1 with the horizontal with a velocity of 100 ft/sec. Find 
the distance of the ball from the point of projection after 
2 seconds. 

4. A stone is projected with a velocity 60ft/sec. at ап angle 
of 30° to the horizontal. Find the equation of its trajectory. Also 
find out how long it will be in air. 

5. Show that when the maximum horizontal range is 100 
kilometres, the time of flight is about 2 minutes 23 Seconds. 


6. А football is kicked and just passes over a bar 19 ft high 
and 20 feet away. Find the direction in which the ball is kicked, 
if the velocity generated by the kick is 40 ft/sec. 


7. A projectile thrown from a point in a horizontal plane 
comes back to the plane іп 4 secs. at a distance of 64 yds, from 
the point of projection. Find the velocity and angle of 
projection. 

8. Prove that if the time of flight of a bullet over 
range R is T seconds, the inclination of the di 
to the horizontal is given by 


tan (8T) 
2R 

9. A projectile fired horizontally 
from the ground reaches the ground at a point A. Ifthe distance 
of the point A from the foot of the Perpendicular from the point of 
projection on the ground is 100 metres, fing the velocity of 
Projection. 


a horizontal 
Tection of Projection 


from a height of 19:6 metres 


10. A stone is dropped from a balloon Moving horizontally 


with a velocity of 100°8 km. Р. һ. and reaches the ground in 
5$ secs. Find the height of the balloon, and the velocity of the 
stone on reaching the ground. 
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11. A ball is thrown from the top of a house 96 ft. high with 
a velocity of 80 ft./sec, at an elevation of 30°. Find when, where, 
and with what velocity it will strike the ground. 

12, A particle is projected from the top of a tower with a 
velocity of 30 ft. sec. at an elevation of 807 and reaches the ground 
in 4 secs. Find the height of the tower. 

18. A cricket ball thrown from a height of 6 feet at an angle 
of 30° with the horizon with a speed of 60 feet/sec, is caught by 
another fieldsman, at a height of 8 feet from the ground. How far 
apart were the two men ? 

14. А ballet shot from the top of a tower 272 ft. high 
strikes the ground in 17 secs at a distance of 4850 ft. 
from the foot of the tower. Find the velocity and angle of 
projection. 

18. Prove that the equation to the path of a projectile may be 
written in the form y x tan < (R—x)/R, 
where R is the range on the horizontal plane through the 
point of projection and « is the angle of elevation of the projection, 

[ C. U. 63] 

16. If h and л be the greatest heights in the two paths 
of a projectile with a given velocity for a given range R, prove 
that R=4/ hh’. 

17. A body is projected at an angle « to the horizontal so as 
just to clear two walls of equal height a, at a distance 2а from each 


other. Show that the range is equal to 2a cot 5 


18. А particle is projected with velocity 32 ft./sec. at ап angle 
of 60° with the horizontal. Find its range on a plane inclined at 
30" to the horizontal and its time of flight when projected (i) up, 
(ii) down the plane. Find also the greatest range on the inclined 
plane in the two cases. 

19. A рип is fired from the sea level. It is then taken to 


a height h feet above the sea level and fired making the same 
angle « with the horizon. Show that the range is increased by 


Л 2 
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90. A ball is projected at an angle < to the horizontal up 
a plane which passes through the point of projection and is of 
elevation 6. Show that it strikes the plane 

(i) horizontally, if tan < 22 tan р 

(ii) normally, if tan < 2 tan В --cot p. 


21. A particle is projected with an initial velocity u. If 
the greatest height attained by the particle be H, prove that 


the range & on tbe horizontal plane through the point of 
projection is 


в«А/н (8-8) (©. U. 1940) 


22. A fortis on the top of a hill of height л above sea level. 
Prove that the greatest horizontal distance at which a gun ina 
ship can hitthe fort is 2 „ЈЕ 1), where Jagk is the muzzle 
velocity of the shot. (C. U. 1964) 


23. A particle is projected from tbe foot ofa plane inclined 
at an angle of 30° to the horizon, with a velocity of 3'27 metres 
per sec atan angle of 60° with horizon. Find the velocity with 
which the particle hits the plane. 


24. A particle projected with velocity v, strikes at right 
angles a plane through the point of projection inclined at angie 
В ќо the horizon. Show that the height of the point struck 
above the horizontal plane through the point of 

3 sin? 

2v” sin В and the time of flight is eM MM 


(123 512508) 8 J1--8 sin? p 


Projection is 


СНАРТЕК УШ 
SIMPLE HARMONIC MOTION 


81. Simple harmonic motion is the simplest type of 
oscillatory motion and is of great importance in physical and 
mechanical problems. 

Motion of the bob of a simple pendulum, the oscillatory 
motion of a particle attached at tbe extremity of an elastic 
string stretched along iis length, are examples of simple harmonic 
motion. 

Definition. Ifa point moves along a straight line in such a 
way that its acceleration is always directed towards a fixed point 
in the line and is proportional to its distance from that point 
the particle is said to execute a simple harmonic motion. 

$82. Analyücal treatment of Simple Harmonic Motion. 

Ө 

Let xx’ be a straight line along which a particle moves in 
such a way that {ts acceleration is always directed towards о, 
a fixed point in the line and is proportional to its distance 
from o. 

Let P be the position of the point at any instant ¢ after start. 
Let.op=x. We take x>0 when Р is on the right side of о 

aud x<0 when Pison the 

left side of О. Now the acce- 

E Р” o P К leration fis proportional to 
Fig. 48 OP and is directed towards О. 

Now, the distance of PfromQis |x]. For, if the point P is 
on the right side of O, then x 0 and so the distance is | x | and 
if P is onthe left side of О, then х<0 and so the distance 
is-x- |х|. 

;. the magnitude ofthe acceleration varies as | x | and is 
directed towards 0. 

or, the magnitude of /-03 | х | and is towards о, where х" 


is a constant. 
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If x>0, then =н? | x | , towards О 
zy 


= 
=+n%x, along РО == — P? x, along OX. 
1f x<0, then f 2»? | xis towards O 


ә 
=p? | x | along P'O (see fig.) 


25 
= —p3x along ox. C | х1 2-x when x<0) 
So in any case f= —4?x  .« (1) 
But we know f= dix 
dt? 
Equation of motion of the particle is 


dikt pix = (2) 


multiplying both sides of (2) by oft 


we get 
dx d?x dx 
ge ex sc 
dt d’t Lob 
а dx)? _ у суз 
а с, O 


Integrating both sides of (3) with respect to 7 
dx\? үз 
—| = рх? С 22 4 
7 | (0) 


Suppose the particle starts from rest from a position A at a 
d. 
distance a from 0, then at (90, xea, 4; "0 '. from (4) we 


have, 
0= =и2а%+С, .. с= на? .. (5) 
7. we have 


dx? _ s¢q2—x3 dx жол 6 
"x и3(а2— х3), or, 22 te Май х .. (6) 


which gives the velocity when the particle is ata distance х 
from о. When the particle is at a(x=a) its velocity is zero. 
When it approachesthe fixed point O, its velocity increases till 
it reaches О. 

AtOthe acceleration is zero, but the velocity is maximum. 
Thenthe particle continues to move in the negative side of O; 
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until it reaches A’ (x= - a) when vis again zero, (see equation 6) 
then the particle starts to come back towards О, gains its 
maximum velocity at О and then comes to restat A. The whole 
process is then repeated, and the particle oscillates to and fro 
about о between the points x—a and x= — a. 

Now from equation-(6) we see when the particle is moving 


towards O we have, Ra — n Jas - хі. ++ (7) (the negative sign, 


because x decreases with time ). 


dx 23 
ог, тэрэг” TEAICB) 
Integrating, cos~* veut C .. (9) wherec’ is a constant. 
Since at t=0, х=а, 4. cos 2=0+с' ог 0-204 c' с'=0 


.. from (9) we have x=a cosut .,. (10) 
Equation (10) is the equation of the path of a particle having 
simple harmonic motion. 


the maximum value of x is a and that огах is на 


when x=0 i. е. at O; cos pt = 0, ог, ut = 7/2 


‘| the particle takes time & to come from A to О. Similarly 
for coming from О to А’, or, from A’ to О or from О to A the 
particle takes the same time 20 Hence the time required for 


returning to A after starting from A i.e, the complete period of 
: E 5 л 2 9л 
oscillation 18 ET = s : 
М.В. The most general solution of the equation (2) is 
х=А cos (ut+ €) 
It is clear that as ¢ changes, cos (rt-F€) changes periodic 
between —1 and +1 and so x varies between +a and — a, 


the motion is ascillatory. 


198 DYNAMICS 


A is the greatest distance to which the particle moves on either 
side and is called the amplitude of the oscillation. 


Again as / increases by P x becomes 
2n 
P en. Ширээ! + 
х'=А соз eee a) 3 


=A COS (ut 4-91 +6) A cos (8140) 
.. value of x remains unchanged 


ёс 


also di HA sin (ut4-C) 


: 2: 
remains unchanged when / increases by = 


the interval п is called the periodic time ог period of the 


oscillation. 


€ is called the Epoch and the angle ut+€ is called the argument, 


(sometimes it is also called the phase ; usually phase is +6 times 


the time period.) 
If the particle starts from rest €20. 


583. Simple harmonic motion and uniform circular motion, 
If a point P describes a circle wit 


н һ сепіге о апа radius а 
with a uniform angular velocity w and 


y if @ be the orthogonal 
Projection of P on a fixed diameter of 


C 1 
Р the circle, then the motion of a along 
р” the diameter is a Simple Harmonic 
Motion. 
в à A 


Let A be the position of p at 
1—0 and let 6 be the angle АОР where 
Pis the position of the point at any 


instant t. 
с 


Since the angular velocity w isa 
Fig. 49 constant, we have à— of 
ө 
/ ‘tO be the origin and ОА be the axis of x. Letoa-x. 
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2. х=0а= 0Р cos g—a cos wt © (1) 

52 = can sin ot et (2) 
d*x 

and a aw® cos wt an (8) 


= — wx ( from (1) ) 


> 


2 
But a is the acceleration of a in the direction OA 
.. acceleration of @ is always directed towards O and varies 


as | х | , the magnitude of оа. 
3, the motion of е is a S. H. M. The time period of the 
motion is as and the amplitude is а. 


Note: If Pp’ be the starting point of Р and m£ aop’=6’, then 
@' is called the Epoch. In this case 9=ot +8. 

584. The Simple Pendulum. 

A simple pendulum is a heavy particle suspended from a fixed 
point by means of a light inextensible string and oscillating in a 


vertical plane. 

Let о be the fixed point and р the position of the particle of 
mass m at time t. Let mZ ^oP—6. 

Let oasop=] (P moves in a circular arc )- length of the 


pendulum, s =агс AP = lg. 
Now the forces acting on the particle ` 


= 
are the tension T acting along PO and 
the weight mg vertically downwards. 


Since there is no motion of P along 
-» + 


ро, the forces along ОР i.e. the 
component mg cos 6 of the weight mg 


© 


> А «0 
су 
along ОР and the tension T along PO < 
balance each other. The resultant force 
acting on P is th* component mg sin 0 
-» 
acting along the tangent PA at P to the arc AP. 


Fig. 50 


2s 3 
Equation of motion of the particle is m or -mg 


D 
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d?s (438 
t - Яа Sa 
But 5= 10, ae га 
and for small 9, sin 6= 0 (0 is measured in radians) 
*, From (1) ml die. —mg3 
2d dt? 
d?o 438 - 
"LT cm 
or а? 80, ог, di^] 8 
this ean be compared to the equation (2) of $ 8'i viz, 
d?x 
p Md 


Неге 89-58, ог, изА/Е 
1 v! 


the motion of a simple pendulum is S. H. M. and the time 
551: 27 Т 
eriod is —=9л„/!. 
peiodis "20/7 
N. B. (i) The period ofa simple pendulum varies directly as 
the square root of / and inversely as the square rootof g. Hence 
a clock will become fast or slow according as the length of 
the pendulum is shortened or increased or according as g 
increases or decreases. 


(0) А sccond's pendulum isa pendulum whose time period is ` 
2 seconds, i.e. it swings from rest to rest in one second. The length 
of a second pendulum is given by 


Т — HH 
:=злА/1, ог, ГЕ 
Taking g=980 cm/sec?, /—99'39 cm. or 89:19 inches nearly. 
(ii) To determine 'g' at any place with the help of a simple 
pendulum: The time period of a simple pendulum of length / at any 


^, place is given by T= a/l. 
: g 


`q Lis known and T can b i 8 
i € found out fi anc 
ын i out from experiment ang 


pes 
ч ЭХ 


The general solution of an S, Н. M is 


Since the period is 11 sec .', 3 


Now at ‘=0, x=5, dx i 
dt 


from (1) and (2) 
5—a cos € 
and 1= -au sin€ 
Eliminating €, we have 


(a cos C? a sin Q? yrs. 


or, а®=®в+ = =28'09 ., a-$3 cms. 


; s 92x 
The maximum speed is на= т. Х 


and the maximum acceleration is 


4x2 1 
227 x58- 2 
n 151 5 1 78 cm/sec?, 


Worked ont Examples 


х=а cos (ut C) - 0b) 
гэн —ansin(ut FC)... (8) 
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л 9л 
=== Í] or == 
5 Or | п 


5'3 = 3'03 cm/sec. 


(8) 


131 


| 1. А particle executiug an S.H.M starts from a point 5 cm. 
| from the centre of motion with a speed of 1 cm/sec. ; the time 
period is 11 secs. Find the maximum speed and acceleration, 


2. The speed v (in cm sec) of a point moving along the x-axis 


is given by у? —19—2x — 2x? (х is in cm.) 


Prove that the motion is S. H. M and find the amplitude 


and the period. 


Wehave,v?—12—9x 9x? __ (1) 
diflerentiating both sides with respect to x we have 
2, d" — а= 45 
ах 
т; ts -а- ix (7-9 = 
о f= dx= 


d?x 
о, va 


;7 -2x -1s -2X x+ 1/2) .. 


d v 
"ах 


ad 


(2) 
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А ах аз, 
Putting х=2— 1/9 we have di^ d 
2 


and (2) becomes ie - 92. 


The motion is simple harmonic about the point 01.6. 


x= —1/8 i.e. the point 3 cm. to the left of О (the origin). 
‘Here н2=9, 4. uua 
4. the period is ЭР JZ sec. 


49 
Now у2-12-д2х-09х3, 
SO v=0 when 12-2x 9x2—0 
ог, x®+x-6=0, or, (х— 2)(x--3) 50, ie. when х=9 ог, —3 
4. the amplitude is 253.25 сш 
8. A particle is projected with ve 
а fixed point at a distance a from 


acceleration be attractive and of m 
fixed point), 


locity v directly away from 
the point of projection. If the 


agnitude n? x (distance from the 
find the amplitude of the S. H. M. 


The general solution of an S. Н. M. is х= А cos (ut 4 C). 


By the problem PEL when x=a and t= 0, also u— n, 
Now 2- -r A sin (ut4-C) 

4. v=-p Asin Cand a=A cos є 
Eliminating € we get (Jas as, ог, А? T 


5 AERE T 
-. the amplitude is given by A= Ма+» 


4, A point moving with S H.M. has an accleration of 4 ft/sec?, 
when atits greatest distance from the centre and a maximum 


velocity of 8 ft/sec. Find the amplitude and the velocity at 
distance 8 ft, from the centre. 


The acceleration is given by f= — и? 
.. Ifthe greatest distance of the particle be a 


then the amplitude is a and the magitude of acceleration is иЗа. 
-° the maximum velocity is ua 


2. Ву the problem и?ав 4 and иачв8, 
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Eliminating a we get »=4/8=1/2, ,, a=8/u=8xX2=16 
So the amplitude is 16 ft. 
the velocity at any point is given by у= p ,/  - x3 
4. at x28 
v=3 1/1632 –82= 8 J356 —64= 2 J192 
= 4 J3 ft/sec. 

5. А particle moving with S. Н. M. in a straight line has 
velocities Уу, уз at distances хү, xg from the centre of its path. 
Show that if T be the period of its motion, 


= Х13-Ха2, 
rea rm АХ [ C. U. 1969 1 
The velocity at any point x is given by v =p .,/22- x3, 
Ву the problem; v, =и Jg — x,3, va = и Va? — xz? 


Eliminating a, we get 
ve? v2 ` 
273 ue marea агч x12) 


Roe ша - x3? 


But 1-295 FN M DN £z - хаг, 
н v32—y,2 


6. Ifa seconds pendulum be lengthened by той of its length, 
how many seconds will it lose in a day ? 
Let the original length of the pendulum be /, 


then тэйнд/1 3 
8 


when its length is /', the time period changes to T’, where 


T= 2n Jf T 
g 
ын 2/8 -®1ї®%-„/1+.1 гоо 


ЇЕ Aul [ tol 8. шоо 005] 


| neglecting (335)? etc.] 


T'—1005r 
*,' it losses 005 second in a second, 
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In a day there are 86401 secs, 


^. it loses 86400 x *005 secs = 439 sec; in a day. 


7. A seconds pendulum gains 36 secs. a day ; how high must 
it be raised above the sea level in order that it may keep correct 
time ( radius of earth = 4000 miles. ) 

Since the seconds pendulum gains 36 Secs-a day, it gains 
ET in a sec. 2. half of its time period T" at sea level 
86400 
86400 


88436 


Let it keep correct time ata h 
half of its time period т=1 sec. 


is given by Т'= 


eight / above the sea level i. e. 


нисдэг 1 second 86436 

DOE E ee 95599 

T' B6400 seconds 86400 
86436 secs 


Now gata place is inversel 


у proportional to the Square of 
the distance of the place from th 


е earth. 
So if g'be the value of g at sea level and 8 be the value of g 
at a height Л miles above sea level, 


then # „ 000503, 


he 2) 
g (4000)2- 1-- J - (14_2 | 


4000 4000 
2 
| negtecting (ко! ] 


Вш pf E. " Tams = (1+ 2] 


UT a ip 4000 
Е 2h | (86436)? . 2x36 9h 72 
vs ERIS (isa dies үз 


86400' ^^ 000 88400 
й=р=1$ miles. 
8. Show that the number of oscillations lost by a pendulum 
of length / which makes z oscillations in à given time, if the length 


+ AX 
is increased to 1--х is gi 


Let T, T' be the time periods of the pendulum when its lengths 
are J, [+x respectively. 


Now т= mat 
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бза TM Ре 
2 ) by. л) (1+2) altz (nearly) 
1 
Кэт ет: (1+2). 
Now it makes п oscillations in to seconds with length Zand л 


oscillations fg secs with length /+x 
then /, =nT 


t,n1 
SQ т=п (142 p =n(t- 3) [ neglecting (y ete. | 
o n-ne”. 
21 


nx 


Hence the number of oscillations lost Ьу the pendulum is ai 


Exercises On the Chapter VIII 


1. A particle is executing an S. H. M. of time period 11 
seconds. Find its acceleration when it is at a distance of 7 cm. 
from the centre of motion. 

2. A point executing an S. H. M. has velocities 5 ft,/sec., 
19 ft./sec. when at distances 6 ft, 91 ft. respectively from the 
centre о. Find its greatest velocity. the period and its acceleration 
when at its greatest distance from О. 

3. A particle performing S. Н. M. in a straight line starts 
ata point 14 ft, from the centre of its path and has a maximum 
velocity of 22 ft./sec.. Find its periodic time. 

4. Ifthe period of a S. Н. M. is 8 secs. and the amplitude 4 ft, 
find the maximum velocity and also the velocity when the particle 
is 2 ft. from the central position. 

5. Тһе speed у, (in ft./sec.) of a point moving along the axis 
of x is given by 

уй = — 9x? -- 18x $27, 
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where xis іп feet Prove that the motion is simple harmonic and 
find the centre of motion, the amplitude and the period. 


6. A particle oscillating harmonically in a straight line has 
velocities vı, vg and accelerations fu f2 in two positions on the 
' path. 

If d be the distance between the two positions, show that 


2 2 
debi —Va 


Р +з 
7. If the distance x of а moving point at any time f is 
given by X= cos nt -- В sin nt 


where «, В are constants, show that the motion of the point is 
simple harmonic. 


8. Show that the general solution of an S. Н. М. can be 
written in the form 


X'*A COS pt--B sin pt. 

9. A particle executing simple harmonic motion in a straight 
line is observed to re at distances x, Y, z from the centre of its 
path at the ¢-th,( ¢4+1)-th and (¢+2)-th seconds respectively, show 
that the time of complete oscillation is 

2л " 
Cru. 
m (=) ГС. U. 73] 
2y 

10. A particle executing simple harmonic motion in a straight 
line has velocitles уу, v, Ув respectively at distances хү, Хо, xg 
from the centre of the path, 

Prove that х,2(у,2 — 52) x 42 (v3 - Y?) Ехв 2 (v,? - v52)— 0. 

[C. U. 72] 

11. A particle is performing S. H, M. of period т about a 
centre O, and it passes through a point P with a velocity v in the 
direction OP. If OP be equal to x, and if the particle returns to P 


223 ( B. U.] 


CT 
in time 7, the show that bue tan Яах 


19. A seconds pendulum loses 15 seconds per day. Find the 
alteration to be made inits length so that it may keep correct 


time. 
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13. The length of a seconds pendulum is increased by ‘05 inch. 
How many seconds it will loose in a day. 

14. А seconds pendulum keeps correct time at sea level. 
It is taken to а height 2 miles above sea level. What alteration 
should be made so that it will still keep the correct time. 

ү - (radius of earth = 4000 miles). 

16. A pendulum which beats seconds at equator gains 5 
minutes а day when carried to the pole. Compare the values ofg 
at the two places. 

16. If Land /bethe lengths of a second's pendulum at the 
surface of the earth and at a height л, show that the earth's radius is 

5 МГА, h. 
Jt— JI 


SHORT ANSWER TYPE QUESTIONS 


in Higher Secondary Examinations Short Type Questions on 
Mechanics are set every year. In the next few pages a set of such 
questions on Dynamics is given ; we have not solved them. Most of 
them are in the main body of the text in some form or other. So; 
in many cases we have referred to the relevant. article, worked out 
example or exercise. In some cases suitable hints have also been 
given. 
Correct or Justify the following statements (1—75), 
1. Fora given displacement along every trajectory the average 
speed and average velocity of a particle are equal. 
[Ans. Incorrect. See Note. 59121 
2, А particle undergoes displacements 9 cms, 13'5 cms and 
22°5 cms in times 2 seconds, 
The particle may be taken to 
[ Ans. Correct. | 


3 seconds and 5 seconds respectively, 
move with uniform velocity. 


Place A to a Place B with a velocity 
of 30 miles рег hour and from в returns to A with a velocity of 


20 miles per hour. The average Speed of the cyclist during his 
journey is 95 miles per hour. 


[ Ans. Incorrect. Average speed =? = 24 miles perhour, | 
sot 


4. A particle possesses simultaneously t 


и and v. The greatest magnitude of the resulta 
[Ans. Incorrect. The greatest 
velocity is и--у. See 5 2*6 Note 1, 


5. Inorder to cross a river without current a man began to 
swim following in ; 


a direction perpendicular to the length of the 
river. When he was at half-way to the Opposite bank, the tide 
came. If the man swims following the same course, the time 


taken by him to swim the last half is equal to the time taken to 
swim the first half, 


[ Ans. Correct ]. 


wo uniform velocities 
nt velocity із JE} yF, 
Magnitude of the resultant 


8. The shortest time taken p 
r is independent of the velocity 
[ Ans. Correct statement 1, 


of the current. 
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7. A swimmer will have to swim perpendicularly to the 
direction of the current in a flowing river in order to reach the 
other bank in shortest time. ГУУ. В. Н. S. 1981] 

[ Ans. Correct statement | 

9. The velocity required to cross a flowing river along the 
shortest route is greater than the velocity required to cross the river 
in the shortest time. 

{ Ans. Correct statement. See Ex. 10 Exercise 41 

9. А swimmer wants to cross а river flowing along a straight 
course at the rate of 2 km. perhour so as to reach the directly 
opposite point onthe other bank. Ifhe can swim atthe rate of 
4 miles perhour in stillwater, he should attempt to swim in a 
direction making an angle 120° with the direction of the current. 

[ Ans. Correct statement. Sce Ex. 11, w. out in chapter II ]. 

10. In case of uniform circular motion velocity and acceleration 
of a particle remain constant. 

[ Ans. Incorrect statement. Hints. See $ 2'1 ] 

il. Itis possible for a body possessing simuliancusly three 
velocities of #0, 10 and 8 units to remain at rest. 

[Ans. Incorrect statement. See Triangle of velocities] 

12. The relative velocity of a particle A with respect to another 
particle B is equal to the relative velocity of 8 with respect to A. 

С Ans. Incorrect statement. Correct statement will be “The 
relative velocity of a particle A----equal in magnitude but 
opposite in direction to the relative vclocity of B with respect to A. 

13. When a man rushes towards a plane mirror with a 
velocity и, his image appears to rush towards him with velocity 2u. 

[ Ans. Correct statement. 

Let at time t after start A and A’ be the positions of the man 
and his image and the straigbt line АА” intersect the mirror at O 
Then AO —^'O =x (say). 

9 P -u (As the men rushes towards О) 
Also let AA ey. 2. p= 2x. 


.. dt - dt 
The negative sign indicates that y diminshes i. e., the i image 
approaches the man 1] 
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14. Two particles are moving along the circumference ofa 
circle in opposite directions with the same velocity и. The least 
relative velocity of the one of them with respect to the other is u. 

[Incorrect statement. Corrrect Ans: relative velocity 4 —u- 0. 
See Ex; 10 worked out, chapter III] 

15. During the rains, the rain drops falling vertically appear 
to come down obliquely to a person sitting in a running train. 

[ Correct statement. See Discussion of § 3'1. and example 5 

worked out in chapter Ш.) 


16. A manis running with an umbrella in rain with a velocity 
equal to that of rain falling vertically. The best angle at which he 
should hold the umbrella so that the rain drops do not strike his 
face is 46° with the vertical. 

[Ans. Correct statement.) 

17. The relative velocity of C with respect to A is the resultant 
of the relative velocity of A with respect B and that of B with 
respect to C. 

[Ans. Incorrect statement. See Ex. 11, worked out chapter III] 


18. Ifon each of two moving bodies a common velocity be 
imposed, their relative velocity remains the same as before. 

[Aus Correct statement] 

19. 


Р А passenger іп a moving train drops а stone from the 
window. 


The stone will move in a parabolic path (i) relative to 
the train and (ii) relative to the ground. 

[Ans. (i) Incorrect (i) Correct] 

. 20. A stone is thrown outside b 
(i) A man on the ground and (ii) 
stone to move in a parabolic path. 

Ans. (i) Correct (ii) Incorrect] 

41, A boy sitting in a compartment of atrain moving with 
uniform velocity throws a ball inside the с 
will fall into the hands of the boy. 

[ Ans. Correct statement] 


y a passenger in a moving train. 
А man in the train will see the 


ompartment, The ball 


29. А boy sitting in a compartment Салыкка уза ball 
inside the compartment and the train accelerates when the ball is 
intheair. The ball will fall in the hands of itis bay, 

[Ans Incorrect statement] 
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28. A particle moves in a straight line and the distance of the 
particle from a fixed point О of the straight line at time / after start 
is given by 5=18— 47-4. The particle moves with constant- 
acceleration. 


[Ans. Incorrect statement. See Ex. 1. w out chapter IV] 


21. For a body moving along a straight line the law of motion 
is x=} vt, where v is the velocity of the body at а distance x from 
afixed point O of the straightline. The particle moves with 
uniform acceleration. 

(Ans, Correct statement. See Ex. 5. w. out ch. IV] 

26. The velocity of a particle moving along a straight line is 
given by the relation v? = 452-9255 с. Hence the acceleration is 
uniform throughout the motion. 

[Ans. Incorrect statement] 

26. The velocity of a particle moving along a straight line at 
time ¢ after start is given by the relation x=a+bt+ct®, Hence the 
acceleration is constant. [Ans Correct statement.) 

27. Itis impossible for a particle to move in a straight line so 
that its velocity varies as the distance described from the commence 
ment of the motion. 

28. The two extremities of a train running with uniform 
acceleration overtakes a person standing on the platform with 
velocities u and у The middlepoint of the train will over take the 
uty 


person with velocity 


[Ans. Incorrect statement. The middle point will over take 
7,2 ave 
the person with velocity /4: t . 
/ а ] 


99. A particle moving with uniform acceleration traverses 
respectively distances а+Ь and а--5(14-1) during the t th second 
and the next second, where a and b are constants. The accelera- 
tion of the particle is b. . 

[ Ans. Correct statement ] 

30. (a) Fora particle moving with uniform acceleration, the 
average velocity during an interval is the arithmetic mean of the 
velocities of the particle at the begining and end of the interval. 


| Ans. Correct statement. See cor 2. € 4'4. ] 
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(b Fora particle moving with uniform acceleration the 
velocity at the middle of the interval is the arithmetic mean 
of the velocities of the particle at the begining and end of the 
interval. 

(Aus. Correct statement 1 

31. The velocities of а particle moving with a uniform accele- 
ration at the begining and end of an interval f, are u and У 
respectively. The distances described by the particle during this 
interval is given by sth? t. 

[ Correct statement. See cor 2. 5 44. J 

32. For a body moving along a straight line with uniform 
acceleration, velocity at halftime is less than velocity at half 
distance. 

[ Ans. Correct statement. ] 


Hints, velocity Va at half distance 


= JFJ” Мад 
= fern, 
2 
TY 


Velocity at halftime-v, Би, 
39 


Qu? +%fs— , / u* --u* --9fs 
27) J 2 


2.Ly8 5 
Now уз, уз, К" илэр . ц®-1-у®—%9цу u=» 0 
a 3° 3 2 р (7) 


АВ уг”, ie, MES ie, VES. 

33. Ifthe velocity at time ¢after start. of a particle moving 
along a straight line with uniform acceleration f be v, then the 
distance described by the particle during this time / is given by 
sath fP. 

| Aus. Correct statement | 

34, The velocity v of a particle at any instant is given by 

_ 
xL А/42-3) where x is the distance from a fixed point. The 


acceleration ofthe particle is towards the fixed point and varies 
inversely as the square of the distance from the point. 
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[Ans. Incorrect statement. Correct statement. : 


veu i[E-1): 


. 4» 
Hints ен 8-1) ог, у2= 0-р yt, ay Te, cons. 
8.28: ay E AES) 
ЇГ» ax then 2v d: Za] 


35. A person is standing on a bus moving along a straight line 
with uniform velocity. 

(a) Ifthe bus accelerates forward, the man will fall backward. 

(b) If the bus retards, the man will fall forward, 

(c) Ifthe bus moves round a curved path the man will fall 
backward. 

[ Ans. (a) Correct statement (b) Correct statement 
(c) Correct statement. ] ` 

88. To every action there is an equal and opposite reaction 

` and so the action and reaction balance each other. 


[ Ans. Incorrect statement. | 
37. То every force applied on a body there is an equal and 
opposite reaction and so the body cannot undergo any displace- | 
ment. {Incorrect stntement | 
38. A thief jumps off the terrace of a building with a*heavy 
suitcase on his head, and falls vertically. He experiences по 
pressure on his head while he is in the air. [ Н. S. 1978 1 
^ -[Ams. Correct statement. 1 
Hints. Let.the pressure be Р, т be the mass of the suitcase 
and R be the reaction of the head on the suitcase. 
Then mg - R mg [ Here fg, since the suitcase is falling with 
acceleration g. ] 
39. A man jumps from a height with a bucket in his hand. 
He experiences no pressure on his hand while he is falling. 
[ Ans, Correct statement. Same as Ex. 38 above | 


40. A man is ascending In a lift with a heavy load in his hand. 
The lift 15 ascending with (i) an acceleration or, (ii) with a retarda- 
tion /. In case (i) the load will appear lighter to the man and 
ta case (Ii) the load will appear heavier. 

Ans. Incorrect statement. ] 


10 
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41. A lift is descending with (i) uniform acceleration f 
(ii) uniform retardation or (iii) with uniform velocity. In case 
(i), to a man ina lift a load in his hand will appear lighter; in 
case (ii) the load will appear heavier and in case (iii) the man will 
feel the original weight of the load. [Ans. Correct statement ]. 

49. А Balloon is ascending with a uniform acceleration 245 
cms рег ѕес%. A body is found to weigh 25 kg. by means ofa 
spring balance attached to the balloon. Thetrue weight of the 
body is 20 kg. [ Ans. Correct statement. 1 

48. Aspring balance is attached to the bottom of a lift and a 
load of 10158 is suspended from the balance. The lift is as- 
cending with a uniform velocity of 32 ft/sec?. So, the load will 
appear heavier and the reading of the spring balance will be 
increased. | Ans. Incorrect statement. 1 

44. When two men pull at two ends of a rope each with a 
force of 150 kg, the tension of the string is still 150 kg. 


| Ans. Correct statement | 
45. It is easy to drag a roller than to push it 
[Ans. Correct statement ] 


48. When a man pulls a tree b 
the tension in the string is 100 kg. 


[ Ans. Incorrect statement 1 


y a rope with a force of 50 kg, 


47. Arope can just support a mass of 20 x 4536 gms when at 
rest. It will break if it raises a mass of 16 X 453'6 gms with an 
acceleration greater than 8 x 304 cm./sec?, 


46. A man is ascending in a lift. If the chain of the lift 
breaks, the thrust of the feet of the man on the lift is twice the 
weight of the man. [ Incorrect statement ] 


. 49. А shot loses half its velocity in penetrating 8 cms of a 
target, It will penertrate 3 cms more before coming to rest. 


[ c. f. H. S. 1981] 
[ Ans. Incorrect statement. It will penetrate 1 cm. more ] 


50. When a train moves with uniform velocity, the pull of the 
engine balances the resisting force. ЇН. 5. 1978] 


[ Ans. The statement is true.] 
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51, A particle is thrown vertically upwards with a velocity u. 
2 
The greatest height attained by the particle is Нэг 
g 


2 
[ Ans. Incorrect statement. Correct Ans $E See 5 6'3 ] 


52, A particle is thrown vertically upwards with a velocity u. 


It will reach the point of projection agaia after a time T 


Ans. [Incorrect statement Correct Ans = See $6'5 and 6°6] 

53, A particle is projected vertically upward with a given velo- 
city from the surface of the earth. The time of rise of the particle 
is equal to the time of fall to the earths surface. [ Н. S. 1981] 

( Correct statement: See § 6'6) 

84. The height traversed by a particle thrown vertically 
upwards in the last second of its ascent is independent of the 
velocity of projection | Ans. Correct statement.] 

Hints, Time of ascent - Time of descent, so distance traversed 
In the last second of ascend = distance traversed in the first second 
of descente 1 g1?) 

56. A particle projected vertically upwards with a velocity of 
1000 ft/sec will ascend 4ft in the last half second of its motion. 

[Ans. Correct statement.] 

Hints, Height ascended in the last half-second of its ascent~ 
=} g. (3)? —4ft. (See Ex. 54 above) 

56. A particle falling freely from a height falls through 224ft in 
the last second of its fall. It was falling from a height of 900ft. 

(Ans. Correct statement ) 

57. А passenger ша train throws a ball vertically upwards 
inside a compartment. The point at which the ball will reach the 
floor of the compartment is the same if the train were at rest, The 
time taken by the ball to reach the floor of the compartment 
in the-two cases are also the same. 

[ Ans. Correct statement. ] 

Hints. Asthe ball was thrown vertically upwards; the train's 


| 
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velocity whose vertical component is zero does not affect the 
motion of the ball. 


58, From the top of a tower a particle is let fall and at the 
same time from the same place another particle is thrown horizon- 
tally. The two particles will reach thc gronnd at the same time. 

(Ans. Correct statement | 

59. From an aeroplane moving horizontally with a uniform 
velocity, a particle is let fall. The particle will always remain 
vertically below the plane, till it reaches the ground. 

[Ans. Correct statement] 


60, From the top of a tower two bodies of masses 5 kgs and 
10 kgs are let fall. As the force of attraction of the earth on the 
second body is greater, so it will reach the surface of the earth 
earlier, [ Ans. Incorrect statement, See $ 63 ] 

61. Two masses of 10 kg and 20 kg are simultaneonsly let fall 
from the the top of a tower and they reach the earth’s surface at the 
same time. - So the force of attraction of the earth on the two 
bodies are equal in magnitude, {Ans. Incorrect] 

62. А body is thrown vertically upwards to a certain height 
at Calcutta. The same body is thrown to a greater height at the 
equator with the same vertically upward velocity. The weight of 
the body at the equator is greater than that at Calcutta 

[ Ans. Incorrect statement. 

Let m be the mass of the body. If g and g' be the acceleration 
due to gravity at Calcutta and the equator and h and W be the two 
corresponding heights, 


ид ru? 
then h=— and h'=>— Also, h'>h. 
2g 2g 
NC 
2g 2g 
83. Ifthe time taken by a body to fall freely from rest from a 
given height at Paris be less than that at Calcutta, then the weight 
of the body at Paris is less than that at Calcutta, 
[Ans. Incorrect statement ] 
64. Ifa body falls from a height h with uniform velocity, then 


the resistance of air is equal to the weight of the body. 
[Ans. Correct statement. ] 


ог, g»g 2, та этр | 
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65. Ifa waggon without engine moves down an inclined plane 
of inclination 1 in 100 with uniform velocity, then the resistance of 
the plane is equal to the weight of the waggon. 

[ Ans. Incorrect statement. 

Resistance — гоу X weight of the waggon]. F 

66. A stone is let fall from the roof ofa building. It reaches 
the ground in 2 seconds. The height ofthe building is not less 
than 20 metres. 

87. А body is thrown vertically upwards with a velocity 
G4 ft/sec. It will return to the point of projection after 4 seconds, 

[ Ans. Correct statement. ] 

88. A ballcannot be projected horizontally beyond 198 ft if 
the velocity of projection be 64 ft/sec?. | Ans. Correct statement, 


1) 
Hints, Maximum horizontal range of а projectile 18 =] 


63. Ina Бай throwing competition, a competitor should throw 
the bali at ап angle 60° to the horizontal direction to get the best 
result. [ Н. S. 19191 

[ Ans. incorrect statement. Required angle is 45° 1: 


70. Fora given horizontal range with a given velocity of 
projection, there are in general two directions of. projection equally 
inclined to the direction of maximum range. 

[ Ans, Correct statement. See Note (iii) $ 78 J 

71. A boy can throwa stone 50 ft.. vertically upwards. The 
greatest horizontal distance to which he can threw the ball is 100 ft. 

[ Ans. Correct statement 1. 

72. Particles are projected simultaneously with velocities of 
maguitude v from a given point in different directions. After t secs. 
they all iie on a circle. [C. U.] 

L Ava. Correct statement 

13. A particle executing simple harmonic motion has maximum 
velocity at the centre of motion but no acceleration there. 


[ Aus, Correct statement. See equations (2) and (6) 58:31, 


34, A paaticle executing simple harmonic moticn has maximum 
4 


acceleration at the ends but has zero velocity there. 
[ Ans Correct statement. See equations (9) and (6) § 8:8 1 
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75. The tension in the string ofa simple pendulum remains: 
constant as the pendulum oscillates. 

| Ans. Correct statement. See § 84 T= ЛД 
8 

Justify the correct Answer [76—87] 

16. A particle moving along a straight line goes through a 
distance d with uniform velocity и and returns back with a uniform 
velocity v. The average speed of the particle is 


(Qt (ы) Ju BE [Am €] 


77. A block slides down a smooth inclined plane from its top 
while another falls freely from the same point. 

The second body reaehes the bottom of the plane (a) earlier 
(b) at the same time or (c) later than the first one. (Ans. (c)] 

48. Thelaw of motion ofa particle moving along a straight 
line is given by x=1°— 612—151. The velocity will be negative and 
the acceleration will be positive if, 

0) 2«:«5 (i) 1<t<3 (iii) 2«:«6 (iv) 1<#<5. [ Ans. () 1 

19. A body projected vertically upwards with the same velocity 
сап reach a greater height when thrown at Calcutta than when 
thrown at London. 

The weight of the body at London 0) less than (ii) equal to 
or (iii) more than that at Calcutta. [ Ans. (iii) 1 

80. The horizontal range of a projectile for a given velocity of 
projection is maximum when the angle of projection is 

(a) 30° (b) 487 or (c) 60. | Ans. (b) 1 

81. A man is descending in a lift with a load of welght 10 kg. 
The lift is descending with an acceleration of im/sec?. The 
pressure of the load in the hand of the man is one of the following 

(a) more than 10 kg. (b) less than 10 kg. (c) equalto 10 kg. 
(d) zero. ( Ans. (b) ] 

89. A man is standing in a lift and the lift is asending with 

an acceleration k. The man will appear to be heavier by :— 
(a) (k+g) of his actual weight (b) (k—g) of his actual weight 
(с) (kx g) of his aetual weight (d) (k+g) Of his actual weight. 
[Ans (4) 


ANSWERS 
Chapter II 


j. Average speed = 44 mt./min, average vel=0. 2. 17 metres. 


3. (i) 


0, 24 m./sec. (ii) 50 km./hr. along ox; 90 A3 km./hr. 


(ш) 94/2 cm./sec., 5 /2 cm./sec. 


5 ./7 m./sec. making angle tan`? 3/2 with the first. 


5. (i) 25 km./hr. (i) 7 cm./sec. 


6. 

8. 
11. 
16. 
18. 
19. 
20. 
22. 


1 
2. 
5. 
3. 
8 


10. 


(iii) 2) (J3+1) m./min. (iv) 60°. 


No. Ч. 185°, 105°, 120°. 

95m/sec, cos~* ( - $), with the first comp. 

95 JU m.; 135. 19. 3 „/5, tan? 1 N ofw. 14. 190m. 
tan ? г E, 210 metre. 17. 34'6 m/sec. 


s J1,* — tty. 

3 km./sec. along the first comp. in the opp direction 
3*7 hr , 88735: 5 of уу. 

at an angle 90*4- 4/2 with the direction of motion , €0°. 


Chapter III 


. (i) 99 ft/sec (ii) 110 ft/sec. 


36 km/hr. 3. 36 sec. 4. В „/3 km/hr. vertical, 
10 km hr South-East 6. 5km/hr; 45 km _ 
6,/2 km/hr, at an angle of 45° to the vertical. 

1 hr 36 mins ; 160 km. 9. Towards East. 


D J 34 min/sec, from а direction making an angle tan? $ 


vith the motion of the train. 


11. 


174 m/hr, 202 yds, 36'7 yds. — 12. uJ 5—4 cos «. 


13. sin"! 48, West of North. 


at an angle зат [И sin e] with tħe 


14. 
direction of the aeroplane. 
15. (i) from N 40° 30'E (i) from s 36° 42'E 
16. (i) Duen (1) ‘16 br 5 
18. 34'49'E of N, 3 h. 5 min. 45 sec. 31°44 m. N. 
19. 195 m/sec, ап (– 2) 20 From 30° № ofE 
91, 39 km/hr. ќап-2(0:) East of North 99, 6 miles/hr. 
Chapter IV 
14 cm/sec? 6. Ё 


4, fis const. in 0 
g. (i) 165 cm. (ii) 


94 cm/sec, 104 cm/sec? 3. : 
<1<1, у= сопзі. in 21 8, 4 ѕесѕ. 


40 ft, 13 ft/sec (iii) 53'28 km/hr. 
(v) 1 cm/sec? 1 sec 
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10. 300 metres 11. 12 m/sec, 90m 19 $ miles. 
13. 4 inch more 15. ‘0008 sec, 1020 ft/sec (nearly) 
16. 5sec, 150 cm. nearly 93. 729 ft. 28. 10 min 59'25 sec. 


Chapter V 


i. 1 419x10? lb ft/sec. 2. 10 pounds-j*lb wt. 
3. 625 ít. 4. 20m. 5. 1600 ft/sec?, 
6. 3'195x10* poundals 5 7009 secs. 


В. 80 ст., 10 cm./sec. 9. 10178115. wt. 
10. 1190 ft/sec. 19, 8 ft., sig sec. 
13. 1712105 gm. wt-1'088 x 10% dynes. 

в £ . 
и. р 16. & M. 16'1 ft. 
Chapter VI 

1. 80 ,/2 ft./sec. 9. 40 ft./sec. 8. 199 ft. 

4. 44°1 ш, 5. 226 ft. 6. 4 ft. 

4. 36 ft. 8. 196 ft, 119 ft/sec. 9. 2°5 sec. 
11. 60 ft. above ground 1/2 sec after the start. 
18. 144 ft. 14, 1£00 ft/sec. 16. 994 ft./sec, 
17. 196 ft. 19. 4080 ft. 20. 1$, ft. 


Chapter VII 
1. 78} ft, 2 a sec 3. 1538 ft, 


А х 
3 ~~ 7600 16209: 


6. 46° or tan`! 4 with the horizon. 7, 80ft/sec , < - tan 14/3 

9. 50m/sec. 10. 160m :8 J/6m/sec; «за(ап 12 

11. 4sec, 160/3 ft, from base, 112 ft/sec. at. an angle 
ал! ын with the ground, 19. 1868. 13. 60/3 ft. 

14, 256./2 ft/sec, 4=45° 18. (i) St ft, avs sec., BS ee, 


3 
(ii) 64 ft, = 84 fi. 38. 109 J3 cm/sec. 


Chapter ҮШ 


1, 98 cm/sec? 2, 13 ft/sec, л, 96 fi/sec®, 8, 
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14, must be shortened by 099 cm. 15. 143: 144. 
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CHAPTER ONE 
FORCE 


$11. Definition. In the Dynamics Portion of this book 
we have discussed the states of rest and motion of an object, 
force etc, In order to give the discussion of statics a complete 
shape we are recapitulating those ideas in this chapter. 


Rest. Ifa body does not change its position, then it is said 
to be at rest, But in this universe there is no absolute rest, The 
earth itself is rotating round the sun about itsaxis. Then, what 
js meant by rest ? If a body does not change its position with 
respect to its surroundings, then it is said to be at rest, or at 
relative rest. In this book, a body at rest, will really mean a 
body at relative rest, Henceforth the epithet relative will not 
be used. 


Force. From Newton's First Law of Motion we get the 
following definition of Force, 

A Force is an external agent which acting on a body changes 
or tends to change the state of rest or the state of uniform 
motion in a straight line of the body. 


Equilibrium. If the state of rest or the state of motion of 
a body remains unchanged after the application of a system of 
forces on the body, then the force-system is said to be in equi- 
librium, If a body be at rest, then the body as well as the forces 
acting on it are in equilibrium. 

Statics. The branch of mechanics which deals with the 
equilibrium of bodies under the action of forces is known as 
Statics. 5 

512. Measurement of Force. In Dynamics units for 
measurement of forces were defined while discussing Newton's 
Second Law of Motion, Butin Dynamics we discuss bodies in 
motion while in statics bodies at rest are discussed. So in statics 
unit force must be defined in terms of the state oi equilibrium of 
weight of a definite mass. In the C, G. S. system 


2 STATICS 


is known as оле Sramme-weight, One gramme-weight is that 
amount of upward force which is to be applied in order to keep 
a mass of one gramme at rest, Though the value of the 
"acceleration due to Bravity varies from place to place, it is 
constant for the same place. So, in statics, since bodies in ё 
motion are not considered, gramme-weight provides a convenient 
unit for measurement of force. A force one gramme-weight, is 
in general referred to as one gramme, Inthe F. P, S. system 
the unit of force used in statics is one pound weight or one 
pound force. In most of the countries in the world, including 
India, now adays a new system of measurement known as 
M. K. S. (Metre-K ilogramme—Second) system is in use. In the 
М. К. 5, system the unit of force is one kilogramme weight or 
one Kg.-weight or one Kg, The upward force required to keep 
a mass of 15 Kg, in equilibrium is said to be a force of 15 Kg. 
weight. If two forces are equal in measure, the forces are said 
to be equal. 


813. Representation of a force by a directed line- 
segment. To know a force completely one must know (i) point 
of application of the force, (1) its magnitude, (iii) its direction 
and (iv) its sense, 

(i The point ofa body at which a 
the point of application of the force. 

(1) The magnitude of forces 
previous article, 


force is applied is called 
has been discussed in the 


(ii) Тһе direction ofa force is the directio 


1 хэц n in which it is 
applied. [fa force is applied 


in à direction parallel to ihe 
“ 
straight line Ав, then the direc 


. Ry . 
lion of АВ is the direction of the 
' force. 


(iv) The direction of a force is the direction of the straight 
line Дв Ви! one has to ascertain whether the force acts in a 
sense from А towards the poini B or in the Opposite sense from & 
towards tbe point A. Hence forces having the same direction 
can have two different senses. 

A line segment is made directed by 


iP fixing one of its end 
points as the initial point 


and the other as the terminal point. 
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Directed line segments will be expressed according to the 
following conventions. The directed line segment having the 
point A as its initial point and the point B as the terminal 
point will be expressed as АБ. The initial and the terminal 
points of the directed line segment BA are B and A respectively. 

The length of a line segment represents its magnitude and 
the line segment indicates a definite direction. The sense of a 
directed line segment is from its initial point towards its terminal 
point. Hence the directed line segments АВ and BA are of the 
same magnitude and direction but of opposite senses, Hence a 
directed line segment possesses all the attributes of a force. 
Hence forces can be represented by directed line segments. In 
order to represent forces by directed line segments one must 
first of all fix the scale of representation. 


Scale. If different forces are to be represented simultane- 
ously, then the magnitudes of the forces and the lengths of the 
directed line segments, which will represent them, must be in the 
same ratio. The equal ratio is the scale of representation of 
forces. Let 1 cm. —1 kg. weight force be our scale. Hence 
forces of magnitudes 5 kg. and 12 kg. are to be represented by 
directed line segments of lengths 5 cms. and 12 cms, respectively. 


Let AB be a known st. line 
i.e., its position and hence its Q 5 


direction are known. In the BE iei 
x. 


figure the length of the line 


eat 30 30 
segment Pa is 4 cms. and Á P R B 
т /.ОРВ--307, Let the scale 
of representation be 1 cm. Fig. 1 


=5 kg. wt. Hence the directed line segment БА will represent 
a force of magnitude 4х5 kg.—20 kg. Its direction is the 


direction of Ра and that its sense is from Р to а has been 
indicated in the figure by an arrowhead. Hence the directed 
line segment Pa represents the force 20 kg. completely. The 
directed line segment GP will represent an equal force having the 
same direction but opposite sense i.e., the sense from a to P. 


Again, in the figure, the directed line segments BQ and RS аге 
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of the same magnitude, direction and sense. Hence the two 
directed line segments R8 and Pa will represent the same force 
in the same scale and this. is true for all equal and parallel 


directed line segments having the same sense. Hence we obtain: 


the following important result. 


Result. All equal and 
having the same sense, 
scale. 


parallel directed line segments 
represent the same force in the same 


Example. 1. The lengths of the sides containing the right- 
angle of a right-angled triangle are 12 cms, and 5 cms, The 
Side of length 12 cms, represent a force of magnitude 60 gms, 
Find the magnitudé of the force that will be represented by the 
hypotenuse of the triangle in the same Scale, 

The length of the hypotenuse— „122 +58 cms, —13 cms, 
As, the side of length 12 cms. Tepresents а force of magnitude. 
60 gms, hence the scale is 1 cm, =$9=5 gms, force, 

Hence a line segment of length 13 cms, will represent a force 
of magnitude 13 x 5 gms, — 65 gms. ie, the hypotenuse of the 
right-angled triangle will Tepresent a force of magnitude 65 gms. 


DC ofthe parallelogram АВср 
he same scale, 

AS ABCD is a parallelogram so 
^B and БС are equal and parallel and t 
Hence the two directed line segme 
force in the same scale, 


Ex. 2. The sides АБ and 
will represent the same force in t 


the directed line segments. 
hey have the same sense, 
nts will represent the same 


Ex. 3. Forces of magnitudes 3 gms., 


4gms. and 8 gms, 
cannot be represented by the three sides ofa 


triangle, 

Let the scale be 1 gm, wt. force =/ cm, н 
forces will be represented by directed line segme 
3l; 4l and 8/ respectively. Now, as 81>31+41, and as the sum 
of the lengths of any two sides of a triangle cannot be less than 
the length of the third side, so a triangle with sides of lengths. 
31; 4l and 8/ cannot be constructed. 


ence the given. 
nts of lengths. 


Hence the given forces cannot be represented by the three 
sides of a triangle, 
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$14. Principle of Transmissibility of Forces. 

Before discussing the principle of transmissibility of forces 
one must know the following axiom, 

Axiom. If two equal and opposite forces be introduced on 
a rigid body, then the state of the body will not be altered. 

The Principle of transmissibility of Forces : 

If the point of application of a force acting on a rigid body be 
shifted to any other point on its line of action, then the effect of 
the force on the body will not be altered, if the two points are rigidly 
connected with each other. 


Proof: Let О and ox be respectively the point of application 
and the line of action of a force ғ acting on a rigid body and о' 


<e 
be any other point on OX; 
so that О and o' are rigidly 


connected with each other. [9] 7 >X 
1 FF OF 

Now, introduce two equal 

and opposite forces F, F on 

the body acting at О” along Fig. 2 


= 25 Е 
ох and xo. By the axiom just stated; these forces will have no 
effect on the body. Now, the forces F and F acting at O and о’ 


respectively along ох апа xo will cancel each other (according 
to the same axiom). Hence instead of the three forces we are 
left with only one force F acting at о’ along ох. ie; a force 
acting at o' having the same magnitude; direction and sense and 
acting along the same line as the given force. Hence the point 
of applicatioh of the force acting at O can be shifted to o' on 
the line of action of the given force. 


$15. Classification of Forces. 

Forces can be classified in three main classes; (i) Attraction 
and Repulsion,- (ii) Thrust and tension, (iii) Reaction and 
Friction, 

(i) Attraction and Repulsion: If two objects be not in 
contact with each other and if one of them without the help of 
any visible medium tries to bring the other towards it by the 
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application of a force, then the force is said to be a force of 
attraction, ТЁ the body tries to move the second body away from 
it; then the force is said to be a force of repulsion, 

That the earth attracts every object towards its centre, and 


that this force of attraction is known as the weight of the object 
has already been discussed in Dynamics, 


(ii) Thrust and Tension: Ifa force is applied on a body 
by pushing it; then the applied force is said to bea push or thrust. 
When a football is kicked or a door is opened by a push then 
the applied forces are thrusts, 

In statics the idea of Tension is very important. The idea 
of tension is explained below with the help of the following 


experiment, 
Experiment : Suspend a small heavy body by a string 
holding the free end of the string between the fingers. The 


weight of the body will try to move the body 
T downwards. Now in order to prevent the 
downward motion and to keep the body at 
Test, you will exert by means of the muscles of 
your fingers and arm an upward force, Let 

Р this force Бет. It will be seen that, 

if T2 w, the body will move upwards, 
if T — у, the body will be at rest, 
and if T<w, the body will move downwards. 
Actually, according to the principle of 
transmissibility, the muscular force T exerted 
Fig. 3 by your fingers is transmitted by the string to 
the body, Again, the weight of the body is transmitted to your 
fingers by the string. Thus at every point of the string two 
equal and opposite forces come into play and the String is said 
to be under tension, This tension is equal at every point of the 
string. і 

Hence the value of т will increa; 
body, But the tension transmitted in e 
limit; e, the string will not break 
greater than what is called the for 
magnitude of this force of cohesion de 


үү 


Se with the weight of the 
Very string has ап upper 
until the tension is not 
ce of cohesion. The 
pends on (i) the material 
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of the string, (ii) the cross-section of’ the string but not on the 
length of the string. 

Note 1. In most cases it is found convenient to exert force 
if the cord is long. 

2, Ifa cord is made of different cords knotted at different 
points one by one, then the tension in all parts of the "Tong string . 
thus formed may not be equal, 

(iii) Reaction and Friction: Reaction and friction have 
already been discussed in the Dynamics portion of this book. 


Exercise 1 


1. A force of 15 kg. is represented by a directed line seg- 
ment of length 3 cms. Determine the scale, р 

2. Represent two forces of magnitudes 50 Кр. and 40 kg, 
acting at right angles to each other according to the scale 
determined in question 1. . 

3. Авала BC are two opposite sides of a parallelogram. 
Which of the following is true ? 

In the same scale the two directed line segments АВ and CD. 

(i) represent the same force, 

(ii) represent two equal and opposite forces, 

(ii) None of (i) and (ii) is true, 

4. Represent by directed line segments two forces of 
magnitudes 50 kg. and 75 kg. acting along two straight lines 
inclined at angles 30° and 45° with a given straight line. 

[Scale : 1 cm, —5 kg.]. 

5. Can you represent three forces of magnitudes 100 gms, 
200 gms. and 350 gms. by the three sides of a triangle ? Justify 
your answer. 


il 


CHAPTER TWO 


COMPOSITION AND RESOLUTION OF 
CONCURRENT FORCES 


$21. Resultant: Ifa number of forces be applied on a 

` body at one or more points and if a-single force R acting on the 
body be such that the action of R on the body is equivalent to 
the combined actions of the number of forces on the body, then 


the single force R is said to be the Resultant of the number of 
forces, 


If the magnitude of the resultant of several forces acting on 


a body at one or more points of it be zero, then the total effect 
of the several forces on the body is nil and the body is said to 


be in equilibrium. The several forces are said to be the 
component forces of the resultant force, 


In this chapter we shall discuss forces acting at a point. 
Forces acting at a point are said to be concurrent forces. 


§ 2:2. Parallelogram of Forces. 

If the magnitude, direction and sense of two forces acting at 
a point be known, then from the parallelogram law of forces one 
can know the magnitude, direction and sense of the resultant of 
the two forces. We state below the parallelogram law of forces. 

Parallelogram law of forces ` 


If two forces acting at a 
point can be represented in magnitude, 


direction and sense by two 
adjacent sides (diverging from their point of intersection) of a 
parallelogram, then the resultant of the forces will be represented 


in magnitude, direction and sense by the diagonal of the parallelo- 
gram drawn from the point. 


Let two forces be represented in magnitude, direction and 
sense by the two adjacent sides АВ and. AD of the parallelogram 
ABCD. Then their resultant will be represented in magnitude, 
direction and sense by the diagonal АС of the parallelogram 
‘(see fig. 4). 


Note 1. The parallelogram law can be verified in the 
laboratory. 
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2. A proof of the law has been given in chapter V of the 
Dynamics portion of the book. 

3. B, AC, AD all represent directed line segments, 

$2:33. Two forces of magnitudes P and a acting at a point 
are inclined with each other at an angle'«, То express the 
resultant force of the two forces in terms of P, о and <, 

Two forcess of magnitudes P and о are represented by the: 
two adjacent sides АВ and Аб of the parallelogram ABCD and 

"mZBAD-«. Then by the parallelogram law of forces the 

diagonal AC of the parallelogram represents magnitude; direction 
and sense of the resultant R of the forces P and о. Since the 


D QD G 
eT A) Nr 
LE сэш 
А Р B E A Ph Е в 
Fig. 4 


two directed line segments AD and BC are equal and parallel, so 
both of them represent the same force and thus BC represents 
the force a. From c draw a perpendicular CE on АВ, 


CE intersects AB produced in fig. (i) and АВ in fig. (ii) at E. 


"Now;,in figure (i) ; А 
т / СВЕ = соггеѕропііпв / ОАВ =. 
In fig. (ii), m / CBE--m / РАВ = 7. 
1, m/CcBE-T—m/ ОАВ--7-, 


Again, in fig, (i) сЕ--вс. 25 -га sin« 
Ч вс 
and БЕ-вс25-асовх. 
вс 
35: СЕ К 5 

Tn fig, (ii) сЕ=вс.2с=а sin (7—x)=Q sin x. 

BE 
and BE-BO. es a cos (7—«) = —Q cos x, 
Hence in fig. (i), АЕ = AB--BE— P--Q Cos x, 


and in fig, (ii), AE=A8—BE=P—(—a cos <) 
—P-FQ cos «, 3 
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Now in both figures we obtain from the right-angled ACAE, 
AC? = AE? -- CE? 

ог, R?=(P+Q cos «)2+(q sin «)? 
— P? --2pQ cos <+a2 сов --02 sin?« 
—P?-F2PQ cos «--Q? (cos?«-+sin2x) 
=рР?-„о?-Е2ро cos <. 

s. R= /БЕРаг дар cos х. 
Naw, if the resultant force makes an angle Ө with the sense 
of the force Р, then in both the figures, 


TRI gne EL Qsin« : 

ч AE Р+О соѕ < 
Ө=їап-1 «абш 
PHQ cos < 


Hence the magnitude of the resultant is JP2--a?-E2Pacos х 
and the direction of the resultant is inclined at an angle 


Ө=ќап-1__ ОМ «ith the sense of Р. The sense of the 
P+Q cos < 


resultant is from А to с. 


Cor. 1. If Pp and Q are known, then the value of R will be 
greatest when the value of cos « is greatest, 


Now; we know that the greatest value of cos « is 1 when 
*—0'. Hence the greatest value of R is JP?+0?+2pal 
эв „(Рај =P-+0Q and then р and о are inclined at an angle 0* 
i.e., the forces act along the same line in the same sense. 

Сог. 2. If the magnitudes p and Q are known, then the 
resultant R will be the least in magnitude when cos « is least. 
We know that cos « is least when « is 180* and the least value 
is —1. 

Hence the least value of в is М2 ға -E2Pa( —1) 
= ,/\P—a)?=Pp—a (taking P>qQ) and that P and а are inclined 

at an angle of 180° with each other, i.e., the forces act along the 
· same straight line in opposite senses. In this case, if P=Q i.e. if 
the forces be equal in magnitude, then the magnitude of the 
resultant is zero and the forces are in equilibrium, Hence if 
two equal forces acting at a point act along the same straight 
line in opposite senses, the forces balance each other. 
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Example. The greatest and least resultants of two concurrent 
forces of given magnitudes аге 12 kg. and 2 kg. Find the 
magnitudes of the forces, 

Let the forces be P and о (P0). 

Hence according to the question, 

the greatest resultant 2P--Q—12 Кр... (1) 

and the least resultant =P—Q =2 Кр... (2) 

Solving the equations (1) and (2) we obtain 

P=7 kg. and a—5 kg. 
Cor. 3. If «—90', i.e., if the forces act at right angles, 
then cos « 2cos 90* «0, 

Hence R?—P?-FQ?, or, R= Jp?lg2. 

Сог. 4. If the forces be equal in magnitude, ѓе, if P=a, 

then R? -Р2--Р2--2РР, cos «--2Р2--2Р2 cos x 

—2P?(l4-cos х)--2Р2 2 cos? $* 

Example. Ifthe lines of action of two equal forces be 

inclined at an angle 2«, then their resultant is к. If the lines 


of action be inclined at an angle 26, the resultant is 2R, Prove 
that cos B=2 cos «, 


Let each of the two equal forces be of magnitude Р. 
So, when the forces are inclined at an angle 2x, 


2. R=2P cos $ 


their resultant R —2P cos Mae COS X: (1) 


Again; when the forces are inclined at an angle 28, 
their resultant is 28 —2P cos e —2P cos б. (2). 
Dividing (2) by (1) we get, 


2905 В 


2 cos 8 —2 cos x, 
cos х 


Cor. 5. The resultant force is nearer to the greater force. 
Let P>c. Then in fig. 4, aB>Bc. 

<. тИ САВ<т / АСВ. i.e, m / CAB«m / DAC. 

Hence the resultant is nearer to P, i.e., the greater force. 


Cor.6. As R= Jp?-ra? +2ра cos < and the value of cos x 
decreases as « increases, so the resultant of two forces of given 
magnitude decreases as the angle between the forces increases, 
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: In fig, 4 as the two directed line segments Аб and BG are equal 
and parallel having the same sense, so, they will represent the 
same force, Now from the parallelogram law of forces, we know 

* that the resultant of the forces represented by AS and д5 is 

л represented by AC. So, АС represents the resultant of the forces 

"AB and BC. Hence if two forces acting at a point are 
represented by the two sides АВ and БС of a triangle taken in 
,Order, then their resultant will be represented by АС i.e., by the 
‘third side taken in the reverse order, In vector notations, 
this is experessed as АВ--ВС--3С, 

. Ex. 1. If the magnitude of the resultant of two equal 
forces of magnitude P acting ага point be also P, Find the 
angle between the equal forces, [P.U. 1930] 

* «4 Let the required angle be «, 
` ‘From the formula, к2--Р2-Ка2--2Ро cos x, 
we get P? —P?--P?--2p.P cosx [Here each of P, 
^ov 7 T22P*(1-4-cos «) 


Q, Ris P] 


ges эра = 1 +008 <, or, 1+cos а=} 
V. cos «= — = соз 120°, SS «=120°, 


Ех. 2. - Prove that the line of action of the resvitant of two 


.. equal forces acting at a point bisects the angle between the lines 
- of action of the forces. 


Let each of the equal forces be P and < be the 


them. Now if 0 be the angle which the line o 
.^. resultant makes with the line of action of one forc 


angle between 
f action of the 


€ P, then 
1 : Ta 
Чай а= LS x .. sme (282 cos < É 
P+P соѕ < I-+cos< —.— —Z7— —tant 
2 cos? $ 2 


8-3 Hence the line of action of the resultant bisects 


‘the:angle between the forces. 

T “АТ In fig. 4. if the equal forces be represented by the sides 
^ AB ütid-AD. of the parallelogram ABCD, then 
^ AB=AD=Bc... So from ДАВС; 


COMPOSITION & RESOLUTION OF CONCURRENT FORCES 13 


ДСАВ= / АСВ. But /AcB-alternate / CAD. 

2. ZCAB= / CAD. So AC, the line of action of the resultant 
bisects the angle between the forces. 

Ех.3. Ifthe square of the resultant of two equal forces 
acting at a point be equal to twice the product of the forces, 
then find the angle between the forces. 

Let each of the equal forces be P and R be their resultant. 
So, к? —2P?. If be the angle between the forces, then 


R=2pcoss 02, 2P?=R?=4P? cos? E 
ах 1 с n s 
2 cos Ds eT ERES 45 
3-45 S. ж=9@. 


Непсе the angle between the forces is a right angle. 

Ex. 4. The resultant of two forces P anda acting at a 
point is (2K -- 1)4/p2-E 92; when the forces are inclined at an 
angle x and the resultant is (2K—1)4/p2-r G2 when the forces 


are inclined at an angle 90°—«. Prove that tan iE 
[B. H. U. 1946] 
From the formula R?=p2+Q?2+2Pq cosx we obtain, in 
the first case, 
(26+ 1)*(P? +02) 2 P? -- a? --2PQ cos « 
or, (Р +02){(2к+ 1)? —1}=2Pa cos « 
or, (Р2--а2)4к2--4к--1-41)-42Ра cos х 
or, 4K(K-+1)(P2-+02)=2Pa cos «-----(1) 
In the second case, 
QK—1)9(P?-- 02) » P202 --2Pa cos (907--) 
ог, (P?+aQ?){(2«K—1)2—1}=2pPa sin x 
or, (P?--o?)4Kk?—4k--1— 1)—2PQ sin < 
or, 4k(K—l)(P?-4-0?)—2Fo sin <«...... (2). 
From (2) = (1), we get 
К-1 sin«. к-1 


— > — _,, Le, tan x=. 
K+1 cos« K+ 
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Ех. 5. Of two forces acting at a point one is double the 
other and the resultant is inclined at right angles to the smaller 
force. Find the angle between the forces. 

Let the two forces be P and 2P and the required angle be «. 
Qsin« 
PQ соѕ < 
Here P=P, а--2Р, 6=90°, х isto be determined]. 


[Here the formula tan 6-- is to be used. 


2P sin« 
Р--2Р cos q ° 
Now, tan 907 is undefined. So, P--2P cos «=0, 


According to the problem, tan 90°= 


-Р 1 ° 
=-—=—;=со 1 
ог, cos« ЭБ 5=°05 20°, 


« = 120" i.e., the forces are inclined at ап angle 120°. 
Ex. 6. The resultant of two concurrent forces P and о is 
„За and is inclined at an angle 30° with the force P, Show 
that either P2-Q or Р-20, 
From, Trigonometry, we know that 
b2-.c2 —g2 
2bc f 
[See Fig. 4] So, in ДАВС, 
cos A— ^C?-F AB? — Bc? 
2AC.AB. 
Here a=30°, Ac— /За, an=p and вс-а. 
9.30? +Р2 — 92 48 P24-292 
008 dO EE ESCAS Qn DEFE а 
2J8&.QP ' 20 2 2 /8Ра” 
or, Р2 +202 = 3РО ; ог, Рд-3Ра--202--0 
ог, (P—a)(P—2a)=0. 7 P=Q, ог, P=2q, 
Ex. 7. The least resultant of two forces of given magnitude 
is 31 kg. and the resultant is 41 kg, when the forces are at right 
angles. Find the manitudes of the forces, 
Let the forces be P kg. and a kg. and Po. 
Hence their least resultant is P—Q-3]1--..-- (1) 
Again, when the forces are at right angles, y p? +а?= 41, 
ог, Р2+02 =412...... (2) 
Now from (1), (2—0) = 312, or, Р2-02--2Рра--312 
ог, 41?—2PQ—31? [From (2)] 


COS А = 


| 
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ог, 2Pa=412—312=(41431)(41—31)=720. 

J. (Р+а)? - P?-F a? +2Ра=412 1-720 = 1681 4-720 — 2401. 

P+a= /2401--49---(3) 

[The magnitude of the resultant force cannot be negative ; 
so the negative sign is neglected] = 

Now solving the equations (1) and (3) we obtain P —40 and 
4-9: ; 
Hence the given forces are of magnitude 40 kg. and 9 kg. 

Ex.8. The resultant of two forces of magnitudes P and о, 
is inclined at right angles to the force P,. Forces of magnitudes 
Р. and а, act respectively along the lines of action of the forces 
P4 and o, and their resultant is at right angles to the force Qu. 
Show that P,P,—040,. 

Let the angle between the forces Ру, Q} or P,, Өс be x. 


Q, Sin« 
: 90°= 1 (1 
Hence in the first case, tan 90 Брате (1) 


Po Sin 4 
T. gui bg Sue 2. 
and in the second case, tan б Р cows (2) 


Now аз tan 90 is undefined, 

so from (1), Py +Q; cos «—0, ог, P, =—Q, cos +:..(3); 

and from (2), Qa +Pa cos «—0, or, P,cos«- -0,--4() 

From (3) x (4) we get, PP, cos «—Q,0, cos < 

от, P,Pg-—Q,Qs. j 

Ех. 9. Two forces acting at a point are inclined to each 
other at а right angle. The smaller force is 8 lbs. and the sum 
of their resultant and the larger force is 288 lbs. Find the 
resultant and the larger force. fH. S. 767 XComp.)] 

Let the larger force be P and the resultant be R: 

So, P+R=288---(1) ё 

Again R is the resultant of the forces P and 8 Ibs, acting at 
a right angle. 

R? =P? +82? or (288—p)? =p? 14-82 [from a 
or, 2882 +Р2—2р.288=р2 + 8° 
ог, 2882—82 =2р,288 


ог, (288+8)(288—8) =2p.288 
? 
or, рь206:80 js. R=288—1438 = 1441. 


2.288 
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Again, if the resultant be inclined at an angle 0 with the force 
auri 2 
143% 1295 °° 1295 


Ex. 10. Four equal forces each equal to P act along the 


Р, then tan б= 6—tan^! 


=> — > > 


sides AB, CB, AD and DC ofthe square ABCD. Find the resul- 
tant of the forces. [U. Р, 1954] 


The resultant of two equal forces Р, P acting along АВ and 


ал 
AD is a force P4/2 acting along 
AC. Again, the resultant of the 


forces P, P acting along DC and 
> : 
CB is a force P „/2 acting along 


> 
СЕ, the bisector of the angle 


between Dc produced and cB. 
Now the required resultant is А B 
the resultant of the two equal Fig. 5 
> -» 

forces Р ,/2, P „/2 acting along СЕ and cF. Now / ЕСЕ--90”, 

Hence the required resultant is 2.РА/2 cos 45° 2р, 

The line of action of this resultant will bisect the angle ECF 
i.e., the resultant acts along De. 

Ex. 11. A body is suspended by two cords of equal length 
attached to two points in the same horizontal line. Show that if 


the length of the cords be increased equally, then their tension 
will decrease. 


Let T be the tension of each cord and the angle between the 
cords be <. Since the body is in equilibrium, its weight w= 
resultant of the two tensions=2T cos y 

w х 
= sec 5 
Now, if the lengths of the cords be increased equally, then 


x and hence sec 3 will both decrease. Hence the tension will 


also decrease. 
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Ex. 12. The resultant of two forces P and Qa acting at a 
point and inclined at an angle 60° with each other is R. Prove 
that 20 -4-P —4/4g2 —3p2. 

As R is the resultant of the two given forces P and о, so 

R? —p?-rFa?-F2Po cos 60° 
—pP?-rFo?-rFro. [.' cos 60°=¥ 

4R? — 4P? - 40? --4PQ « 

4R?— 3p? =P? -- 40? +4РО = (2a +p)? 

С. 20+P=V4R2—3p2, 

Ех. 13. If к be the resultant of two forces P and о acting 
at a point at an angle «, show that 
tan? < (P-F Q-- R)(P-Fa—R) 

2 (P—a+rR)(Q+R—P) 
As R is the resultant of the forces P and a, so 

R? 2 p?-F o? --2PO cos < 
R3—p? —Q? 

D opu 


1—cos« 2РО--В2--Р2--02 
l--cos« 2PQ+R?—P?—Q? 


Or, cos«-— 


or, [By Div. & Comp.] 


e: 
28074 (ьа) ge 


i 2 cos? 5 RUSO 


_(P+a+ R)P+Q-=R), 
“фр-акв(в-а-р) 

Ех.14. The greatest and ‘least resultant of two forces of 
constant magnitude acting at a point are F and с. Prove that 
if the forces be inclined àt an angle 2« with each other, then 
their resultant is 4/(F? cos? «-rG? sin? х), [G. О. '67] 


< 
2 
or, tan? 9 


Let the constant magnitude of the forces be P and а (P2). 


Hence their greatest and least resultants are Р+а and p—q 
respectively. 


.. F=P+aQ and G=P—Q. 

Now, F? cos? <+G? sin? 4=(P+a)? cos? X-F(P—Q)? sin?« 
= (P? -- Q?)(cos?« -F sin?) -- 2Pa(cos? «—sin?«) 
=р? фо? +2РО cos 2x. 
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Again if R be the resultant of the forces when they are in- 
clined at.an angle 2« with each other, then 
R? — P? -- Q?--2PQ cos 2x, 
R? =F? cos2«+G? sin?«. 
Le, R= JF? cos?«--G? sin?«. 


Exercise 2A 


1. The resultant of two forces of magnitudes P and Q 
inclined'at ап angle < is R. If, 

() P=6kg., a=10 kg. and « «0, find R. 

(ij) P=22 lbs., a=9 lbs, and «--90), find R. 

(iii) Р=10 kg., a=6 kg. and R—14 kg., then find <, 

(iv) P=28 kg.; R=53 kg. and «=90°, find a. 

2. (a) Two equal forces act at a point, If the square of the 
resultant of the forces be three times the product of the forces, 
find the angle between the forces, ЇР, U. 1930] 

(b) If the resultant of two forces acting on a particle be at 
right angles to one of them, and its magnitude be one-third 
ofthe other, show that the ratio of the larger force to the 
smaller is 3 : 2 ,/2. [U. Р, 1944] 

(с) Тһе resultant of two forces P and a acting at a point 
is R. Ifthe sense of P is reversed, then the new resultant 18 
perpendicular to R, Show that P=a (in magnitude) 

ГН. 5. 264] 

(d) If one of two forces acting at a point be doubled, then 
the resultant of the forces is also doubled ; show that the angle 


between the forces is соѕ-1 (58). 


(e) The resultant of two forces acting at a point is .„/10 lbs 
when they act at right angles, When they act at an angle 60”, 
then the resultant becomes ,/13 lbs, Find the magnitudes of 
the forces, (0, Р, B. 1950] 

3. The least resultant of two forces of given magnitude and 
acting at a point is 34 kg. and the resultant is 50 kg. when the 
forces are at right angles. Find the magnitudes of the forces, 
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4. The greatest and least resultants of two concurrent 
forces of given magnitudes are 100 kg, and 58 kg. respectively 
in magnitudes, Find the magnitudes of the forces. 

5. (а) The magnitude of the greatest resultant of two con- 
current forces of given magnitudes is 17 Кр. If the forces be 
inclined at right angles, the magnitude of the resultant becomes 
13 kg. Find the magnitudes of the forces, 

(b) The least resultant of two forces acting at a point is 
4 units and when the forces act at right angles to each other, 
their resultant becomes 20 units, Prove that the greatest resul- 
tant of the forces is 28 units, Also find the magnitude of the 
resultant when the forces are inclined at an angle 60° with each 
other, 

(с) The resultant of two forces P and a acting at a point 
is perpendicular to P; the resultant of two forces P and Q' 
acting at the same angle is perpendicular to а. Prove that 
Р2=аа’. 

6. The resultant of two concurrent forces of magnitudes 
3P and 2P is R in magnitude, If the magnitude of the first 
force is doubled, then that of the resultant is also doubled. Find 
the angle between the forces. [C. U. 1932] 

7. The resultant of two forces P and а in magnitude and 
inclined at a given angle is also P in magnitude, Prove that if 
two forces of magnitudes 2P and а be inclined at the same | 
angle, then their resultant is perpendicular to the line of action 
of a. 

8. The magnitude of the resultant of two forces of magni- 
tudes Р+а and P—a is „/2(р2 фаз), Find the angle between 
the forces. ` 

9. P and R are the magnitudes of one of two forces and 
their resultant. If the forces be inclined at an angle 60°, show 
that the magnitude of the other force is, 

J4R2—3P2—P 


10. The magnitudes of the resultants of two forces P and a 
in magnitude are R and mR when the forces are inclined at 
angles of 120° and 60° respectively, Prove that, 
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Р-56.3м8:114-,/5:28) 


TP 
and a J3m2 —1— 4J3—m3y 


11. The resultant of two forces P and о acting ata point 
is R į if the magnitude of the second force be doubled, the 
resultant is also doubled. Again, if the sense of the second 
force is reversed then also the resultant is doubled, 

Show that P: Q: R= J2: J3: J2. [Bombay, 1934] 

J2. R is the resultant of two forces P and о inclined at an 
angle «. If the magnitude of each of P and a is increased by 
R, show that the tangent of the angle at which the line of action 
of the new resultant is inclined with the line of action of the 

(P—aq) sin « 
P+Q+R+(P+Q) cos « 
[P. U. 1943 ; B, H, U. 1943] 


old resultant R is 


13. Ifthe resultant of the forces P and о acting at a point 
be equal to that of P--s and a—s acting at the same angle 
(S#a—P), find the magnitude of the resultant, 


14. The resultant of two forces P, Q acting at a certain 
angle is x and that of P, R acting at the same angle is also 
X. The resultant of О, R (aR) acting at the same angle is Y. 
Show that p= „(х2 ак) = 289+) 

а? +2 —ү? 
Also if P-+a+R=0, then show that x=y. [P. U.] 


15. The resultant of two inter-secting forces P and a is R, 
nR and (n+2)R according as their angles of inclination are 905; 
б and 90°—9 respectively. Prove that (7-1) tan 0—n-4-3, 


16. If the greatest possible Tesultant of the forces p and a 
acting at a point be m times the least, show that the angle < 
between them when their resultant is half their su: 
2 +2 
2(n2—1) 


m is given 
by cos <= — 


17. Of two forces P and с acting at a point, P is given 
in magnitude and direction. If the magnitude only of а is 
known, find the locus of the extremity of their resultant. 
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524. Breaking up a given force into two Components. 
A given force can be resolved into two components in two 
given directions. 


— — 
Let R be a given force and AB and AD be two given 
directions. The force R is to be broken up into two components 


s 
along ^B and AD. Let the directed line segment АС represent 
the force R and m/BAD—« and m/BAC-0 (See fig. 4). 


— — 
Since АВ and AD as well as Е are given, so « and 0 are known, 


With AC as diagonal and adjacent sides along АВ апа AD. 
complete the parallelogram АВСО. Now, by the parallelogram 
of forces R is the resultant of the forces represented by the 
directed line segments AB and AD. In other words, the directed 
line segments АВ and Аб represent the components of R along 


— -» 
AB and AD. Let these components be Р апа о. 


Now in ДАВС, the lengths of the sides are proportional to 
the sines of the opposite angles. 


ABUS ПВС 7. “АС 

Sin ВСА sin ВАС sin ABC 

2. 6 02 a Am 
> sin («—60) sin@ sin(z—«) 

[. mZBap=« and т/ВАС=0; .'. m/ZcaD=<—8, 
4. MLBCA=4—6. 
Again, “2 АО1ВС, .. m/BAD+m/ABC=7, 
or, т/АВС-тт-т/ВАО-т-«1 

Dem sin (х-0) and а= Sin 2 

зїп « 5 sin « 


Note. As with AC las diagonal an infinite number of 
parallelograms can be drawn, soa given force can be broken up 
into two components in an infinite number of ways. 

Example. Resolve a force of magnitude 200 kg, into 
components making angles 45° and 60° with the line of action 
of the given force on opposite sides, 

Let the components be P and о. 

Here R=200 kg. ; 0=45° and «= 60*--45?— 105°. 


~ 
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peek sin («—6). 200 x sin 60° 


sin « sin 105° 
. 200 x:8660 .,200 x 8660 
7 sin 105° cos 15° 


200 х 8660 
— oe 179-32 
qesg 717932 kg. 


sin « sin 105° 
.,200x-7071 2007071 


cos 15* 9659 
= 146-42 Kg. Fig. 6 


$ 2:5. Resolved Part. 


When the two components of a given force are inclined at a 
rightangle, then each component is said to be a resolved part 
of the given force in the direction of the component, 


If the lines of action of 
the components are at right Y 
angles, then in the formula of 
$ 24, <= 90". 
paR sin («— 0) 
sin « 
=R sin (90'—0) 


sin gg ^R 0080. 


and а= Sin 0. R sing 
sin < sin 90° P-Rcos6 
=R sin б. Fig. 7 


Hence a given force к can be resolved along a given direc- 
tion and its perpendicular direction into two resolved parts 
R cos 6 and R sin 0 respectively, clearly, 0 is the inclination of 
the direction of R with the given direction. 


Example. A force of magnitude 20 kg, is inclined at an 
angle of 60° with a given direction, Find the resolved parts of 
the force in the given direction and its perpendicular direction, 


The resolved part of the force in the given direction is 
20 cos 60°=20 х 5 =10 kg. 
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The resolved part in the perpendicular direction is 


20 sin 60^ — 20, = 10v3=10x 1°732=17°32 Kg. 


8 26. Theorem. The algebraic sum of the resolved 
parts of any two forces acting at a point in a given direction 
is equal to the resolved part of their resultant in that 


direction. 


> 
Let Р and a be two given forces acting at a point and ox a 
given direction, Represent P and о by the two directed line 
segments OA and cB and complete the parallelogram ОАСВ. 
Hence the directed line segment OC, will represent the 
resultant R of the forces P and o. 


Draw AL, BM, CN perpendiculars on ох. 
Hence the directed line segments OL, OM and ON will 
respectively represent the resolved parts of P, a and R in the 


MT. sh OL 
direction of ox. (As Lom COS / AOX. etc.). 


c 
B 
K 
а Р h 
A hel y 
O M IL ND DE 
(i) Fig. 7 (ii) 


Now in fig, (i) all the resolved parts are positive in the 
direction of ox (as the senses of the directed line Segments OL, 
Am -» 

ОМ, ON are the same as that of OX). Tn fig. (ii) the resolved part 


. H zm H 
of а in the directlon of OX is negative (as OM and Ox have 
opposite senses). In both figures draw AK perpendicular to CN, 


Now in both, figures the A BMO and ACKA are congruent, 
2. OM=AK=LN, 


12 
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Now in fig. (i); ON=OL+LN=OL+0M 

and in fig. (ii), ON=OL—LN=OL—MO=OL—(—OM) 
—OL--OM. 

Hence the algebraic sum of the resolved parts of P and a in 


=$ 
the direction of ox is equal to the resolved part of their resultant 
R in the same direction. 


Corollary : Оп repeated application of the above theorem 
one can prove that the algebraic sum of the resolved parts of 
any finite number of forces acting at a point in any given 
direction is equal to the resolved part of their resultant in the 
same direction. 


$27. Determination of the resultant of any finite 
number of co-planar forces acting at a point. 

Let o be the point of application of the co-planar concurrent 
forces Py, Pos Рз, Раул - We ате to determine the resultant 
of these forces., 


: : » 2 
Through o draw two straight lines xx‘ and yy’, at right 
angles to each other. Let the lines ofaction of P4, P5, Pa, Р, 
be inclined at angles «,, «,, «,, 
— 
«уст respectively with ox. Let 
also R be the resultant of the 
forces and let its line of action be 
— 
inclined at an angle 0 with ox, 


Now the resolved parts of 
Ру, Po, Pg; Pass and R in the 


= 
direction OX are P, cos ху, Y 
Pg COS'45, Рз COS X5, Р, COS &,,--- Fig. 8 

and R cos 0 respectively. Again the resolved parts of Pis Po- 


ыг: 
Р,» Pat and R in the direction ov are P, sin X, Po Sin X93 
Pg Sin 45, Ра Sin «4,77 and R sin 0 respectively. 


Hence, R соз #=Р COS Хү--Р, COS <Р; COS «, 

+P, COS «, 4 — x (say)-----.(1) 
and R sin 0=P} sin <; Po sin «Рз sin 4g 

+P, Sin «, 4- -- =Y (зау)с (2). 
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Now squaring equations (1) and (2) and then adding the 
results we get R2— x2-ry2...... Р „хү? 


Again, dividing (2) Бу (1), we get, tan 0-1, ог, б=їап-1У, 


Corollary: ТЇ the forces be in equilibrium, then the 
magnitude of the resultant force will be zero i.e., we shall get 
R=0. 


Hence from (3), we obtain x=0=y, i.e. the algebraic sum of 


. шил — 
the resolved parts of the forces in the directions ox and ov will 
be separately zero. 

Example. 1. Р, Q, R are three coplanar concurrent forces 


and «;8, у are the angles between (О, R), (R,P) and (Р, а) respec- 
tively, Prove that the magnitude of the resultant of the forces is 


WP? E Q? к X-2aR cos «-Е2ЕР cos 85250 со 75 


Let the required resultant be ғ and its line of action be 
inclined at an angle 0 with the direction of P. Resolving the 
forces in the direction of P and its 
perpendicular direction, we get by x ? 
Ц 


the theorem of $ 2:6; 


A 
F cos 0=P +Q cos У +R cos (<) Q 
=P+Q cos ¥-+R cos (27 —£) 
=P+Q cos y+R cos £ ; « NE 
and F sin 0-0 sin y+R sin (x+y) FerAl 
=Q sin +R sin (27 — 8) R 
=Q sin y—R sin f, 
F? cos29+F2 sin?0 c 
=(P+Q cos y+R cos В)? Fig. 9 


+(Q sin » —R sin £)? 
Or, F#(cos29-+sin29)=p2+4Q2 cos2y+p2 со828 
+20R cos В cos y --2RP cos B--2PQ cos y 
+Q? sin?; +R2 8128-4206 sin B sin 7, 
Or, F? =P? Бад(с082»4-5029) 4-8 со898- sin5) 
+2aR(cos В cos y—sin 8 sin у) 
+2RP cos 8-Е2РО cos y 
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=р2 фо? +2 4208 cos (8-+7)+2RP cos 8--2РО cos 7 
=p2+02+R2+2aR cos(22 —x)+2PR cos f --2Pa cos У 
-Р2-02--82--208-с08 <+2RP cos 8--2РО cos 7 


F=/p2+02+R2+2QR cos «-Е2ЕР cos Ё--2РО cos У. 
Ex. 2. A force 400 kg. acting vertically upwards is broken 
up into two components, One of the components, of magnitude 
200 kg. acts in the horizontal 
direction. Find the magnitude and 
direction of the other component. 
Let the other component be P, 
inclined at an angle x with the 
vertical direction, 
400 sin « 
200= ain («- 90") 
(according to $ 2:4). 


— 400 sin « _ 409 tan <, 
cos « 
200 1 2 
`2. ап «==, Qu = 
2.41005 са 


. other component P= 400 sin 90 ,., 400, .. 400 


sin (90°+«) cos« 2 


the other component is 200 ,/5 kg. 


Ex. 3. 7 equal forces each of magnitude 100 kg, act at an 
angular point of regular octagon, one side of which is horizontal. 
The forces are directed to the other angular points. Find the 
magnitude and direction of the resultant 
force. © 

Each internal angle of a regular осїароп 


is of magnitude Bue -135. 


Hence each force is inclined to the 


next one at an angle of xs ог, 221° 


Let the resultant of the forces be F Fig. 12 
inclined at an angle 0 with the horizontal side of the octagon. 


Hence resolving the forces along and perpendicular to the 
horizontal side we get 
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F cos 0=100 cos 0*4- 100 cos 223*-- 100 cos 45° 
+100 cos 673°+100 cos 90”--100 cos 112} 
+100 cos 135° 


-100(1--9239--:7071--:3827--0--43827--27071) 
=100 х1:9239--192:39 kg. 

and F sin 0— 100 sin 0?4- 100 sin 221° +100 sin 45° 

+100 sin 673°+100 sin 90°+ 100 sin 1123? 4- 100 sin 135° 
--100(0--:3827--:7071--:9239--1--:9239-4-:7071) 
--100(4:6447)--464:47 kg. wts. 
F= „/(100 х 19239)? +(100 x 4:6447)2 kg. wts, 
=100x ,/25:2648 = 100 x 5:0266— 502°66 kg. wts, 
\ 0 "645 5 o 

and tan вт Teal С. 0=67°5° (nearly). 

Ex. 4. R is the resultant of two forces P and а acting at a 
point, A transversal cuts the lines of action of P, Q and R at 
L, M and N respectively, Prove that 

Берсе [C. U.] 


> 
From О, draw ОК, perpendicular to LM, 


Now the algebraic sum 
of the resolved parts of P 


25, 
and а in the direction ок 
is equal to the resolved 
part of R in the same 
direction, 


P cos KOL+ о 
Q cos КОМ--Н соз KON. Fig. 12 
ок 
ог, P.K фа. ОК. p OK ог, 2 + Оа ы 
OL ом ON OL OM ON 


Ex. 5. Prove that a force acting in the plane of a triangle 
can be resolved into three componsnts acting along the sides, of 
the triangle. 

[Construct the figure yourself]. Let F be a force acting in 
the plane of a triangle and its line of action intersect BC at D. 
Join AD. Now Е can be resolved into two components P and Fi 


Е -» x 
along DC and DA respectively, 
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Again, F, can be resolved into components а and R along 
— — 
АС and АВ respectively. 
Hence the given force F can be resolved into components P, 
-» > — 
— Q and R along BC, CA and АВ respectively. 


ї €x + . H р хэ = 
If the force does not intersect BC, it will intersect AC or AB 
and we can proceed similarly. 


Ex. 6. А Ting placed at the centre of a regular hexagon 
has been kept in equilibrium by six cords tightly attached 
to the six angular points of the hexagon. The tensions in four 

. consecntive cords are 2, 7, 9 and 6 lbs. wt. Find the tensions of 
the other two cords. 


Let the hexagon be АВСОЕР and the ring is placed at its 


" — > > — 
centre o. The tensions of the cords OA, OB, OC and OD are 
respectively 2, 7, 9 and 6 lbs wt, 


Let T, and Ta be the 
tensions of the cords ОЕ and E D 


ОЕ respectively. 

Now as the forces are in à 
equilibrium, resolving along F О С 
and perpendicular to OC we 
get, 


9--6 cos 60*-- T, cos 120° А в 
-ЕТ, cos 180°--2 cos 240° 
+7 cos 300”--0, 


or 9--6.2-T,(- 3-794. —1)4-24( 1) 8-7. 0. 
T 
or, Ay —T,-0 or, Ty+2T,=29---(1), 
and 0+6 sin 60^-- T, sin 120^-- T, sin 180°+2 sin 240° 
+7 sin 3007--0 
ES 13 ( A3 3 
ог, 6. 7 +т,. yo tTa0+2 x )+7 (743) =о 


3 
ог, Tu eio ог, T,-—32lbs wt, 


So, from (1) we get 2T, —26 ог, T4,—13 lbs wt. 
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Hence the tensions of the other two cords are 3 lbs wt. and 


13 Ibs wt, 

Ех. 7. If the line of action of the resultant of two forces 
P and а acting at a point (Рэ0) divides the angle between 
them in the ratio 1:2, show that the magnitude of their 


and the angle between them is 3 cos} (2) 
Q 


[B. H. U. ,47] 
Let the angle between the forces P and Q be 3x, Hence by 
question, the resultant R of the forces is inclined at angles « 
and 2x with P and Q respectively. 
[Note as P>a, so R is nearer to Р]. 
- САѕ in 8$ 24 
Page a R 
sin 24 .sin« sin 3« 


2 2 


resultant is Е 


P.sin2« 23 < COS x _ 4 cosx 


+ KOS a= +(1) 


Hence 2 =Р2 +02 4-2РО cos 3x › 
=P2+Q2+2pa(4 cos?«—3 cos.«) 


pei: 3p 
=p? 2-2 Баг. 
пот еа ra 
2 рд dics RS ої 
эрд фа? ——3p?=aQ?+—,—2P?2 
а? а? 
at+pt—2p2q? EVE : 
a vta 
Р2—а? 


R 


Q 
1 "зо гр 
Again from (1) < =соѕ-! 23 , 


2. The angle between the forces P and a 
Бү 
=3<=3 cos! (2). 
р 20 
Ex.8. Two forces P and о acting along two straight lines 
eg with each other, havea resultant R ; two 


king an angl i à 
bows da’ acting along the same lines have a 


other forces P'an 
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resultant R'. Prove that if ф be the angle between the lines of 
action of R and R', then 
PP'+aa'+(Pa'+P'a) cos 0 = 
RR 
e Pa Pa) sin 6 
RR' 


cos ф= 
sin 


Let the lines of action of R 
and R' be inclined at angles « 
and «' with the line of action 
of.P or Р, As R is the 
resultant of the two forces 
P and о acting at а point, so 
resolving along and perpendi- 
cular to the line of action of Fig. 14 
P we get, 


R cos <=P-+Q cos 0:::(1) 
and R sin «—Q sin б... (2) 


Again as R'is the resultant of the forces P' and a’ acting ас 
a point, so resolving the forces along and perpendicular to the- 


line of action of P' we get 


R’ cos «' —P'--Q' cos 6---(3) 
R' sin < 2Q' 5іп 0-:--..... (4) 


Now the angle $ between the lines of action of R and R' is. 


given by $—«—«'. 


.', соз $—cos («—«) = cos x cos «'--sin < sin «' 


.P-acos0. P'--Q' cos 949 820 Q'sin6 
R п3 БО > АЕ 


= {PP'+(Pa'+P'a) cos 0--аа” сов20--00” 81201, 

.,PP'--aa 4 (Po'--P'Q) cos ө 

Ы RR' 

['. аа’ соѕ20 +аа’ sin20— аа’ (соѕ20-- ѕіп?0) = aa] 
Again sin ¢=sin («—«')—sin < cos «'—cos X sin x’ 

=Qsinð P'-Fo'cos0 Q'sin6 P+a cose 

R R [e R 
—(Po' P'Q)sin 0+aa' (cos 0 sin 6—sin 9 cos 0) 
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RR 


_ (Pa —P Q) sin 6 


RR 
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Ex. 9. The line of action of the resultant of two forces P--Q 
and P—q acting at a point is inclined at an angle 0 with the 
bisector of the included angle of measure 2« between the forces, 
Prove that P tang=aQtan«. - ЇР, U. 731] 

Let the sides АВ and Ар of the parallelogram ABCD represent 
respectively the forces P+a 
and Р—0. .', the diagonal 
AC of the parallelogram will 
represent the resultant of 
the forces, 


=. H 
Let, AE be the bisector 


of / BAD. 
т / ВАЕ =< and m / CAE —0, Fig. I5 


: Since the resultant is nearer to the greater force, so AE is 
situated within / CAD, 

2. mZBAC=%—6 and m / CAD—«--0, So m / CB «4-0, 

Now, according to the formula of § 2-4. 

_P+a __Р-а or P+a_sin(«+6) 

sin («4- ) sin (x—o) ' рР—а sin («—6) 

p+a+P—Q_ sin («4-6)--sin (х--ө) 


or, : Е 
P+Q—P+Q sin («4-6)—sin (х6) 
[Ву сотро. & Divi.] 
P 2si 
ог, Р= sin < cos 9. tan « Pantera tne 


Ex. 10. Ifthe resultant R of two forces Р and o, inclined 
at an angle of given measure, be inclined at an angle ө with the 
force P, then prove that the resultant of forces P+R and о 
inclined at the same angle will make an angle 19 with the 


direction of the force P+R. [B. U. 26, 29: В. U. 32) 
Let « be the angle between the forces, Hence by $244, 
a P Ёс: P+R 


sno sin(«—e) sin sin (ө) « 
Let the resultant of the forces P+R and a be inclined with 
the force P+R at an angle 9, 


SM Ome eU ERIS 
Hence by 8 24, 5-3 sin (4-3) Q) 
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Now, from:(1) Pin. sin (x— é)+sin < 


sin Ө 
and, from (2) —— Pa Е Nee Уу 
sin Фф 
sin pe « sin («— Ф) 
sin Ө sin $ 


or, sin ф{5їп (« —6)--sin <}=sin Ө sin («—4) 
sin ¢{sin < cos 9—cos « sin 6+sin «| 
=sin 9 (sin 4 cos $—cos « sin w 
or, sin « sin ¢=sin 4 (sin Ө cos $—cos Ө sin 4) 
sin $—sin(0—4) .. 9-0-9Ф 


ог, 26-0 .. 8-8 


Hence the resultant of-the forces P-+R and о is inclined at 
an angle 4 ọ with the force P+R. 


Exercise 2B 


1. Forces of magnitude 2 kg, wts., 4 kg, wts., 6 ‚/8 kg. wts, 
and g kg. wts. act at a point, The angles included between the 
first and the second; the second and the third, the third and the 
fourth forces are 60", 90° and 150° respectively, Find the 
magnitude and direction of their resultant. 


2. Find the components of a force of magnitude 20 kg. in 
the directions making angles 30? and 45° with the direction of 
the force, 


3. А force 300 kg. acting vertically upwards is resolved into 
two components, The magnitude of a component is 150 kg. 
and its line of action is in the horizontal direction, Find the 
magnitude and direction of the other component, 


4. А truck-car is'at rest on a rail line. А horizontal force 
of magnitude 100 Ibs, is now pulling the car ina direction 
making angle 60° with the rail line, Find the force which will 
pull the car in the direction of the rail line, І 


5. The line of action of a force of magnitude 100 kg, bisects 
the angle between two given straight lines. If the angle between 
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the straight lines be 607, (1) find the components and (ii) resolved 
parts of the force in the direction of those straight lines, 


6. A force 50 kg. is acting towards north, The force is 
broken up into three components, опе of magnitude 25 ,/2 kg. 
in the north-west dlrection, a second of magnitude 35 kg. 
towards west. Find the third component. 

7. A force equal to the weight of 20 Ibs. acting vertically 
upwards is resolved into two forces, one of which is horizontal 
and equal to the weight of 1015, Find the magnitude and 
direction of the other component. [H. S. *66] 

8. Three forces of magnitudes 1, 2 and ,/3 act at a point 
along the sides AB, AC and the perpendicular DA on the side Bc 
of an equilateral triangle ABC. Find the resultant of the forces, 

9. Forces 2, 4/3, 5, 4/3 and 2 165, wt. respectively act at 
one ofthe angular points of a regular hexagon towards the five 
other angular points, Find the direction and magnitude of the 
resultant of the forces, [H. S. 73] 

10. Three coplanar, concurrent forces of magnitudes P, 2P 
and 3р are inclined at angies of 120? with one another, Find the 
magnitude and direction of the resultant of the forces. [C. U.] 

11. Forces R—S,R,R+S act at a point in directions 
parallel to the sides of an equilateral triangle taken in order. 
Find their resultant, 

12. A force F is resolved into two components ; if one of 
them be equal to F and act in a direction perpendicular to ғ, 
find the magnitude and direction of the other component, 


12. (а). The resolved part of the resultant к of two forces 
P and а in the direction of P is of magnitude a. Show that 


the angle between the forces is 2 5071 Ja 4 


13. One of two forces acting on a particle is double of the 
other. The resultant of the forces make an angle 0 with the 


greater force. Show that 225 
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14. A transversal cuts the lines of action OA}, ОА», OAs; 
тн, OAa ОЁ forces Рү, P5, P5,---, P, at the points Ау, Ас, Aat 
An respectively. If the forces are in equilibrium, show that . 
pep Rae Es c ЖР M f 
OA; OA ОА; OAn 

15. Of two forces acting on a Particle, one is doubled and 
the magnitude of the other is.increased by к. Prove that if the 
direction of the resultant force remains unaltered, then the 
magnitude of the second force 18 к. 


16. (а). Three forces, each of magnitude Р, act on a particle 
in the direction and sense of the sides of a triangle taken 
in order, Prove that the magnitude of the resultant of the 
forces is 


P4/3—2 cos A—2 cos В--сов С. 

() Forces act through the angular points of a triangle 
perpendicular to the opposite sides and are proportional to 
the cosines of the corresponding angles, show that the resultant 
is proportional to 

A/1—8 cos A cos В cos c. 


(6) Forces P, Q, R act at a point along the sides of an 
equilateral triangle taken in order ; show that the resultant of 
the forces is (P? -- 0? +82 — 208 —28Р—2ра). 

17. The length of each side of a regular hexagon is a, Fiye 
forces acting at the point A can be Tepresented by Ав, 


Ё : АС, 2Аб, 
5AE and 4AF. Find their resultant, 


18. А, В, С are three points on the circumference of a circle, 
Two forces inversely proportional to AB and BC act along АВ 


and. BC. Prove that the line of action of the resultant force is 
tangent to the circle at the point B. [U. P. 1941] 
19. The resultant F of two forces p and Q inclined at an 
ingle «(557) is inclined at an angle 0 with the line of action of 
P, The resultant F' of two forces P and Q’, acting respectively 
along the same lines as P and О, is inclined at an angle ¢ with 
the line of action of P, Prove that F’ sin (<—4)=F sin (x— 8). 
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20, Fisthe resultant of two forces R and s acting along - 
two given straight lines inclined atan angle 0. Е is the 
resultant of two forces R' and S' respectively acting along the 
same two straight lines. If $ be the angle between the lines of 
action of F and ғ’, then show that (1—cos Ф)(1 +-соѕ Ф) 

(R?s'?—2RR'sS' --R'?s?)(1— cos 6)(1 4-cos 0) 
F?p' à 


[C. U. 1946] 
21. Two forces P and Q are inclined at an angle 0. If the 
lines of action of P and а are interchanged, show that the line 
of action of the resultant is rotated through an angle ¢ such that 
Ф P—a 0 
їап ante tan 2 
$28. The lines of action of two forces acting at a point 


E xy 
О are along OA and ОВ and their magnitudes are 70A and 
n.O8 respectively. The segment АВ is divided at C in the 
габо л: т. Join OC. Prove that the line of action and 


=> 
magnitude of the resultant of P and Q are OC and 
(m+n). OC respectively. 

[^ force of magnitude, т times the magnitude of the force 


= 
represented by АВ and acting along АВ is expressed as т AB.] 
Through О draw a straight line хү parallel to АВ. Draw АХ 


and By parallel to co intersecting ХҮ at x and v respectively. 
Hence xoca and voca are two parallelograms, 
Now, according to the parallelogram law of forces, the force 
represented by the directed 
line segment OA can be А n C m B 
resolved into components 
represented by OC and 
ox. Hence the force т.ОА 
can be resolved into 


components тос and 3 Үс 5 
m.ox. | 
Similarly, the force Fig. 16 


л.СВ can be resolved into conponents п.ОС and n.ov. Hence the 
esultant of the forces P and Q is the same as the resultant of 
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АЕ. -— гд = -> => -» — 
the forces т.ОС, т.СХ, п.ОС and nov along oc, ox, oc, OY 
respectively, 
Now, as Ac 2. т.АС=п.ВСс, ог тОх=л.оү. 
BC m 


Hence the forces т.ОХ and п.бу balance each other (for, they: 
have the same line of action but Opposite senses) Hence the 
resultant of the forces P and Q is the resultant of the forces 
т.СС and п.ОС i.e., (т-Еп).ОС. 

Cor. In the above theorem putting m=n=1 we get, if c be 
the middle point of АВ, then the resultant of forces represented 


d - — — 4 -» 
by OA and Св along ОА and ов is a force along oc represented. 
by 2.0С. 

Ex. 1. If о be the centroid of ДАВС, the resultant of forces. 
acting at the point о and represented by OA, OB, ОС is a force 
acting at о and represented by 3.06. 

The resultant of forces represented by Ов and бс is a force 
represented by 2.00, where eo al, ог, BD=CD ie, D is the 
middle point of Bc. Again, the resultant of forces represented 
by OA and 2.0D is a force represented by (1 +2),0G= 3.66, 
where G is a point on Ар such that аы? ie; the point а is 
the centroid ofthe triangle ABC. 


Ех. 2. О is the circum-centre of the triangle Авс. Prove. 


Gr dm ЕС 7 
that the resultant of forces along oA, OB, OC and respectively 


proportional to the lengths BC; CA, ^B passes throught the in- 
centre of the triangle. 


. Let ВС--а, CA—b, АВ--с and the forces be к.а, K.b and К.с 
in magnitude. 
Now these magnitudes can be written as 
Ka K.b K 


с -. Ka Kb 
~.0A, ——.0B; 5.06, ie, КА o, Kc 
OA "OB "oc ^*^^ Кр ОВ and ROC 


[as 0A— 0B— OC —R, the circum-radius of the triangle.] 


Now resultant of the forces C бв and бб acting at o 


А K -5 Ер : 4 
is a force E +с).05 along ор, where р is a Point on вс such. 


that BO 
[e] 
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5 
Hence if Ар is joined, then AD is the bisector of / BAC. 


Again, the resultant of forces 50-00 OD апа Ca. acting 


along OD and oA respectively is a force К Б (a+b+c). Сї acting 


l K(b 4-c) 
— 
at o along oi, where | on Аб is such that да нй 20:60 
Di Ka a 
R 


AB. AC. АВ-БАС ШАЛ Ын) 
BD со во+со BC а” 


Now, — 


ААВ. vh , 
EJ ES .. Alis the bisector of $ 
DI BD 2086 


So, | is the in-centre of ДАВС and the resultant passes 
through the in-centre of the triangle. 

Ex. 3. 115 the in-centre of a triangle ABC and о isa point 
in the plane of the triangle. Prove that the resultant of forces 


n рт ял o n 2. —. C» 
OXsin A; OB&.sin B and OC.sin с acting along OA, OB, and ОС 


Я : ne AIG oe. M 
respectively is a force 4oi.cos 2 008 5 008 5 acting along Ol. 


The resultant of forces O&.sin B and OC.sin c acting along 
< -» 3 из” Д 
oe and oc respectively is a force (sin Зар с).,0б acting along 


_ sin C_ c= AB 


or where О is a point in ВС such that ВР = 31 
р p P = sinB 5 АС 


TÈ . 
.'. АО bisects / BAC. 
Again, the resultant of forces sin А.ОА and (sin B--sin С).00 

— — 
acting along oA and op is a force (sin A+sin B+sin C).Ot 


wee 
acting along О!' where |’ is a point on AD such that 


АГ, sin B-Fsin CN bte 
Dr Sin A DL 


: BD. АВ (АГ 
Again;.',' ==; so — = (as in Ex. 2 
E co ac ОГ 80 3 ) 


I 
.. Al 15 the bisector of / ABC. 
\' is the in-centre of AABC.. .°, Im. 
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Also from Trigonometry, 
sin A+sin B+sin c=4 cos 5 cos 5 cos 5 (This is an identity) 
Hence the resultant of the forces is a force 


4 cos 5 cos 5 cos 5 Oi acting along oi. 


Ex.4. Find the position of the point within a quadrilateral 
ABCD, so that forces represented by БА, PB, PĒ and PD will 
keep a particle placed at the point in equilibrum, 

Let M and N be the middle points of Ac and BD. Now PA4- 
РС--2БМ and Р3-ЕРБ=2Би. 

So if the forces 2БМ and 2PN be equal and opposite, then 
the particle placed at P will be in equilibrium. Now 2PM and 
2PN will be equal and opposite if P be the middlepoint of MN. 

Ex.5. Three forces P, О, R are represented by АВ, АС 
and Аб respectively where D is the middle point of вс, Show 
that R2 — HP? --92--2pa cos A). 

Аз the forces P and а are represented by АВ and АС 
respectively, so their resultant is represented by (1+1) Аб-- 
2АО, where D is the middle point of Bc. 

Hence the resultant of the two forces P and a is 2R. 

.. (2в8)2--Р2--а2--2Ра cos A. 

or 482 =рР? +02 +2РО cos А 

ог 2 = (Р? +02 4-2Ра cos А). 


Exercise 2С. 


1. Prove that the resultant of forces Fw 
COSA cosB 


— -» НЭЭ 
along CA and св is a forces k(tan A+tan B) acting along CF 
where the points А, B, C are the vertices of the triangle ABC 
and F is the foot of the perpendicular from c on АЗ. 

2. Prove with the help of the theorem of 82:8 that if a 
transversal intersects the lines of action of two forces P and а 
acting at a point o, and their resultant R at the points L, M 


acting 


Ё Рано WR 
N respectively, then --4-1--1. 
and P " OL OM ON 
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3. Pisa point in.the plane of a hexagon АЗСОЕР, Prove 
that if o be the circum-centre of the hexagon, the resultant of 
the forces represented by БА, Pa, PC, PD PE and PF will be 
represented by 6 РО. 

4. AB and CD are two equal and parallel chords of a circle. 
Pis a point on the circumference equidistant from A and B. 
Prove that the resultant of the forces acting at the point P and 
represented by PA, РВ, PC and PD is of constant magnitnde, 

[C. U. 1943] 

5. Pars isa quadrilateral. Prove that the resultant of 
the forces completely represented by the directed line segments 
Ра, GR, PS, S8 is represented in magnitude, direction and sense 
by 25R and that its line of action bisects as. [C. U. 1941] 

6. АВС is a right angled triangle and в is. the right angle, 
BE is perpendicular an cA. Prove that resultant of the forces 


A K Б 2% >. K - 
~~ and —- acting along BA and вс is a force < along BE. 
BA BC BE 

7. Show that the resultant of forces represented by PA, РВ, 
PC, AQ, BG, Са, is represented by 3Pà and it passes through the 
centroid of the triangle asc. 


8. Forces of magnitudes proportional to cos A, cos B act 
along the sides CA, СВ of a triangle asc, Prove that their 
resultant is proportional to sin c and its line of action divides 
the angle c into two portions 1(c--8— A) and 3(c--A—B). 


9. The points o and H are respectively the circumcentre 
and orthocentre of the triangle ABC. Prove that the resultant 
of the forces: represented by (i) OA, OB, OC is represented by 
CH (ii) HA, HB, HC is represented by 2НО and (iii) AH, HB, HC 
is represented in magnitude and direction by the diameter 
through A of the cricumcircle of the triangle, 

10. Pisa moving point in the plane of three fixed points 
A, В,С. The resultant of the forces represented by Pa and PB 
always passes through the point c. ‘Prove that the locus of 


the point c is the straight line бо where D is the middle point 
of АВ. 

11. Pisa moving point in the plane of the quadrilateral 
ABCD such that the resultant of the forces represented by pa, 
PB, PC and PD is of constant magnitude, Prove that the locus 
of the point P is a circle. 


12. If the forces represented by (m—n) ОР, (п—) бё and 
(п—1) CR be in equilibrium, prove that the points P, Q, R are 
collinear. 
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CHAPTER THREE 


CONDITIONS OF EQUILIBRIUM OF 
CONCURRENT FORCES 

$31. Theorem of Triangle of Forces. If three forces 
acting at point can be represented in magnitude, direction and 
sense by the three sides of a triangle taken in order, then the 
forces are in equilibrium. 

Three forces P, a, R acting at a point О are represented in 
magnitude, direction and sense by the three sides BC; CA, A8 
of a triangle АЗС taken in order. To prove that the forces are 
in equilibrium, 

Proof. Complete the parallelogram ВСАО, Now as BO 
and СА are equal and parallel and СА represents the force Q so 
BD will also represent a, 


(i) Fig. 73 (ii) 

Now, the two adjacent sides 86 and Вб of the parallelogram 
BCAD represent the two forces P and о іп magnitude, direction 
and sense, So by parallelogram of forces, the diagonal ВА 
drawn from B will represent the resultant of the forces P and Q. 
Again the force R acting at the same point is represented by 
^B. Hence the resultant of the forces P and a is equal and 


opposite to the force R acting at the same point and so they 
balance each other. Hence the 


nd forces P, о, R are in 
equilibirum. 


$32. Converse of the theorem of triangle of forces: 
If three forces acting at a point be in equilibrium, then the 
three forces can be represented in magnitude, айоо апа 
sense by the th ce sides of a triangle taken in other, 
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See the figure of $ 3°1. The three forces P,Q, R acting. at 
а point О are in equilibrium, To prove that the three forces 
сап be represented in magnitude, direction and Sense by the 
three sides of a triangle taken in order, 

Let according to a certain scale the directed line segments 
BC and СА represent the forces Panda. Join AB and complete 
the parallelogram BcAo. 2 

As BD and СА are équal and parallel, so the directed line 
segment ВО also represents the force a in the same scale. Now 
the two adjacent sides BC and B5 of the parallelogram ВСАО 
represent the forces P and о acting at a point, Hence their 
resultant is represented by the diagonal! SA of the parallel 
Now since the forces Р, а and в are in equilibrium, 
force R must be equal and opposite to the resultant of P and а. 
So, as the resultant of P and а is represented by BA, R 
can be represented by АВ. Hence the forces Р, 0, R can be 
represented in mangnitude, direction and sense by the : 
sides BC, CA, AB of the triangle АВС taken in order, Hence 
the theorem is proved completely. 
. Note. The sides of any other triangle parallel to the sides 
of the traingle' can also represent the forces according to 
a suitable scale. For, the triangles are similar and the lengths 
of corresponding sides will be proportional. 


Example 1. The magnitudes of three forces are in the 
ratio 4: 5:8, If the three forces act at a point, can they 
keep the point in equilibrium under any circumstances? In 
this question if the magnitudes of the forces be (1.4 1:559. 01, 
(ii) 4:5: 10, then discuss the equilibrium of the forces, 


the 


Since the sum of any two of 4, 5 and 8 is greater than the 
third, so the three forces can be represented by the three sides 
of a triangle taken in order, Hence in that case the forces 
will be in equilibrium. 

(i) As 4+5=9, so the three forces cannot be represented 
in magnitude, direction and sense by the three sides ofa 
triangle taken in order, But if the forces of magnitudes 
proportional to 4 and 5 act along the same straight line in the 
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same sense and the other force, act along the same line in the 
opposite sense, then the resultant of the first two forces will 
balance the third force, Hence the three forces will be in this 
case in equilibrium, 

(ii) As 4+5<10, so the three forces cannot be represented 
by the sides of a triangle nor any force can be balanced as in 
(i) above by the resultant of the other two. Hence in this 
case the forces cannot remain in equilibrium under any circum- 
Stances, | 


Ex. 2. The magnitudes of three forces are in the ratio 
2:48:43-1. If the forces act at a point and be in 
equilibrium, find the angle between the forces whose magnitudes 
are proportional to 2 and 4/3 -- 1. 

Since the three force acting at a point are in equilibrium, 
so the forces can be represented in magnitude, direction and 
Sense by the three sides of a triangle A3C taken in order. Let 
the forces proportional to.2 and (4/34-1) are represented by 
BC and Са respectively, Hence if à be the angle between these 
forces, then т / AcB(=c)=7—0. 
a2 4-52 —.2 
on T 
sides of the triangle, so let a=2k, b=( ,J54-1)k and c= V/2k ] 

=FR) -EG/31?—(/2)9] 4434142 ,/3—2 

k*.2-24(/34-1) Viana 34-1) 


= O42V3 223031) - J3 s 
ACERT) aU gees ey cos 30 


Now, cos c= [Here a, b, с are the lengths of the 


С= 30°. 2, o i.e, the required measure of the angle 
is 180°—30°=150°. 

Ex. 3. Two weightless cords of lengths 2:5 meters and 3 
meters are respectively attached to two points A and B of a 
horizontal rod and are.knotted with each other at the point C. 
^ weight of 10 kg. is suspended from the point с, The 
distance АВ is 4 meters and the weight is in equilibrium. Find 
the tensions of the string. 

Let the tensions of the’ strings be T, and Tə. Now the 
three forces Ту, To and the weight 10 kg. acting at the point C 
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are in equilibrium. So these forces can be represented by the 
three sides of a triangle taken in order. Let on a certain 
Scale xvz be the. triangle of forces and ZY, YX and xz 
respectively represent the forces Ti, Tg and 10kg. іп 
magnitude, direction and sense 2, YX, ZY and XZ are 
respectively parallel to C8, CA and CE. 

m / YZx —m / АСО--0 (say) and ту vxz— / BCD 

= 4 (say). 

Now in ДАВС, AB—4m, BC—2:5m and СА= 3m. 


5 -295:532-4(25)2 25 . ‚ы ° 
и СОЁ AS quom Зан 7815 — cos 38°27 
x 
Т2 
Y: 
10kg 
T: 
z 
Fig. 17 


2. A-3827; 2. 0-90--3827-513У, 
Similarly в =48°30' and ф=90°—48°30'=41°30' 
m Z Хү2--180"--(04-9)-:86757". 
Now, from Axyz, es 
But xz=10("," it represents the force 10 kg. weight ) 
YX =7°8 ( nearly ). : 
Similarly from Gaon. 
Ү2--6:65 ( nearly ). 
Hence the required tensions are 7°8 kg. wts, and 6°65 kg. wts, 
Ex. 4. If three forces acting at a point be proportional 
to the three sides of a triangle taken in order and their 
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directions be perpendicular to the sides of the triangle ( all 
inwards or all outwards ), then prove that the three forces are 
in equilibrium, 

Rotate tke triangle through a right angle in such a way 
that the sides of the triangle become respectively parallel to 
the forces, Since the magnitudes of the forces are proportional 
to the sides of the triangle, so in the new position, the three 
sides of the triangle taken in order, will represent the forces 
in magnitude, direction and sense, Hence by the theorem of 
triangle of forces the three forces will be in equilibrium, 

Ex. 5. Fand E arc the middle points of the sides АВ and 
АС respectively of the triangle АВС. Find the magnitude and 
direction of the resultant of two forces acting at a point and 
represented by BE and FC. 

The force represented by BE is the resultant of the forces 
represented by BG and CE. The force represented by FC is 
the resultant of the forces represented by FB and BC. So the 
resultant of the forces represented by BE and FC is the resultant 
of the forces represented by 28€, СЁ and FB. Now, СЕ-4 
CAand FB=y АВ. .'. GE--FB— 1(СА +АВ) = 368. Hence the 
required resultant =28¢ + ]C8 = 28C— 486 = 8C 

Ex. 6. Е is the middle point of the side pc of the 
parallelogram АЗСО. If three forces acting at the point A be 
represented by ^B, AC and 2ДЁ, show that their resultaut is 
represented by ЗАС. 

From the theorem of triangle of forces we get 

AE-FÉD- Аб and AE-FEC— AC 

2. ZAÉ-FEO-FEC-—AD--AC > + (1) 

Now as E is the middle point of со, so Еб--ЕС--0. 

So from (1) we get 2АЁ--Аб-НАС, 

Again, as AD and 85 are equal, parallel and of the same 
sense, 50 AC —&C. 

2, 2KE=BC+AC, 

2. 2RE--AB--AC-—BC--AC-F AB+AC= AB --BC-- BC --AC — AC 
4-ÀC КАС = ЗАС. 
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Ex. 7. R and s are respectively the least and greatest 
resultants of two forces acting at a point and of given 
magnitudes P and a. If the forces P, a and ,/Rs acting at a 
point be in equilibrium, then prove that two of these later 
three forces are perpendicular to each other. [Nagpur 1940] 


As R and s are the least and greatest resultants of the 
forces P and Q; 

So R=pP—O and s=P+aQ ( talking P>a ). 

s. RS=P?—0? or, JRS= JP2—a?, 

Now the three forces P, aand /RS acting at а point are 
in equilibrium, so they can be represented in magnitude 
direction and sense be the three sides of a triangle ABC. 


Let BC — P, CA=Q and АВ = JRS. 
*. ABg2— RS — P2— 02 —BC?—CA? or АВ? --Ac? =BC?. 


So, the triangle ABC is right angled and / ВАС is а right 
angled. So АВ and CA ie, ‚/#5 and а are perpendicular to 


each other. 


Exercise 3A 


1. The magnitudes of three forces acting at a point are 
proportional to (i) 5, 6, 8; (ii) 5, 6, 11 and (iii) 5, 6, 12. 

In which of the above cases the forces can remain in equi- 
librium ? S 

2. The magnitudes of three forces acting at a point are 
proportional to 3:2:1. State whether equilibrium of the 
forces is possible under any circumstances. [C.U. 19431 

3. Three forces of magntiudes а, а, ./2a act ona particle. 
If the three forces remain in equilibrium, then prove that the 
equal forces act at right angles. 

4. One end of each of two thin, light wires is attached .to 
the points A and B of a horizontal rod АВ, and the other two 
ends are knotted at the point с. A weight of mass 80 kg. is 
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Suspended at the pointc. If AB—50 cms, and the lenghts of 
the wires be 40 cms, and 30 cms. deter- : 
mine the tensions of the wires when the 5m 
System is in equilibrium. 

5. The length of the НЬ of а crane 
is 6 meters ; the chain or tie of the crane Б 
is 5 meters long and is attached to a point 
ofthe post 4 meters above the bottom 
of the post, If the jib cannot bear pressure Fig, 18 
more than 200 kg, then find the greatest weight that the crane 
can bear, 


6. A weight 10 kg. has been kept in equilibrium on an 
inclined plane of inclination 30* with the horizontal bya hori- 
Zontal string, Construct triangle of forces to determine the 
tension of the string and the reaction of the inclined plano, 

7. Three forces P, С, R acting at a point are in equilibrium. 
The angle between Panda is 105° and that between P and R 
is 120°, If the magnitude of the force P be 10 kg. wts, 
determine а and R. 

8. АВСО is a parallelogram and P is a point inside it, 
Prove that for any position of P inside the quadrilateral, forces 
represented by БА, БС, Bē and DB will be in equilibrium, 

9. ABCD isa parallelogram, Prove that the resultant of 
the two forces Tepresented by the diagonals AC and BD acting 
8t a point is represented by 28С. 

10. АВСО is a parallelogram, Prove that four forces 
acting at a point and represented by АВ, CD, AC and DB is 
represented by 255, 

ll. D, E, F are the middle Points of the sides BC, CA, AB 
respectively of the triangle ABC. Prove that the three con- 
current forces represented by АБ, BE and GF are in equilibrium. 


$33. Polygon of forces. 
If a finite number (here more than three) of forces acting at 


a point can be represented in magnitude, direction and sense 


by the sides of a closed polygon taken in order, then the forces 
are in equilibrium, 
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Let the forces P, G, R, S, T acting at a point О be represented 
in magnitude, direction and sense by the sides АБ, BO, CD, 
DE and ЕА ofthe closed polygon ABCDE taken in order. Join 
AC and AD. 


, Fig. 19 

Since the forces P and Q are represented in magnitude, 
direction and sense by АВ and BC, so AC will represent the 
resultant R} of P and о in magnitude, direction and sense, 

Similarly the resultant R, of the forces Ку and R will be 
represented by AD, and the resultant of Rọ and s will be 
represented by AE. Hence the resultant of the forces P, О, R 
and s are represented by AE. 4 

Again, the remaining force T is represented by EA. Now 
the forces represented by AE and EA having the same magnitude 
and direction but opposite sense are in equilibrium. | 

Hence the forces P, О, R, S, T are in equilibrium, 

Note: If magnitude, direction and sense of several forces 
acting at a point are known and the forces are represented in 
magnitude, direction and sense by the directed line segments 
АВ, ВС, CD etc, then the directed line segment АЕ joining the 
initial point of the first line segment and the terminal point of 
the last one will represent in the same scale the magnitude, 
direction and sense of the resultant of the several forces, 


$3'4. Converse of Polygon of forces : 

If a number of forces (more than three) acting at a point be 
in equilibrium, then the forces can be represented in magnitude, 
direction and sense by the sides of a closed polygon taken in 


order. 
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iber of forces be five and the forces be PB,O,R,S 
Represent on a certain scale the forces Р. Q. R, s by 
d line segments АВ, BC, Cb and BA taken іл order in 
magnitude, direction and sense. Join 24. 
Now the directed linc segment AE will represent the resultant 
of the forces p, Q, R, S, and since the forces Р, О, R,Sand т 
аге in equilibrium, so the force т is equal and opposite to 
this resultant force. 


Hence the force T is completely represented by the directed 
line segment Ez. 

Hence the forces P,Q, R,S, T are completely represented 
by the sides of the closed polygon ABCOE, taken in order. 

Similarly the proposition can be proved for any finite 
aumber of forces, 

Note: Since if the corresponding sides of two polygons be 
parallel,.then the sides of the two polygons are not necessarily 


Proportional, so any polygon with sides parallel to the given 
forces cannot represent the forces, 


$35. Lami's Theorem : 


If three forces acting at a point be in equilibrium, then each 
force is proportional to the ы 
А р [m 
sine of the angle between the үх ! 
other two. X 
Let three forces р, o, в в 
acting ata point о be in equili- Qua л” 
М a > Y 
brium and ox, OY, OZ be the 0 
respective lines of action of the 
forces. To prove that 
Popetr cO SHR 
WIR ING хүл леке SS 
sin YOZ Sin ZOX sin xov 
Let the line segments OA Fig. 20 


-» -» 
and ОВ of ох and ov respectively represent the forces P and a 


on 2 certain preassigned scale. Complete the parallelogra tn 
OACB, Join oc, | 
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m law of forces, the directed liae 


segment GC 9 resultant of the forces P and о 


in magnit 


Now since the forces P,Q, R arc in equilibrium, so this 
resultant and R willbe in equilibrium and hence they must 


have the same magnitude, direction and line of action but 
opposite sense. 

Hence Сб will represent R and the three points C, O, 2 must 
lie in the same straight line, 

Again, AC snd O8 are equal and paralleli. 

Hence АС will also represent the magnitude, direction and 
sense of the force a. 

Now, from AOAC, 

ОА Aot. УУСС 


ЯВ Жи. ага = 


Jin OCA Ain GOA sin САС 
Now, OA, AC and co represent the magnitudes of the forces 


P, о, R respectively and 
sin OCA=sin СОЗ sin (180'—voz) = іп voz 


sin COA=sin (180° —zox)- sin zox 
sin OAC =siu (180°—xoy)=sin Xov. 


P Qu 98 


“5 sin YOZ sin zox sin XOY 


— — 
Alternative method: Let oL be perpendicular oa ох. 


Now, since the forces are in equilibrium, so the algebraic 


Ee 
sum of the resolved parts of the forces along OL is zero. 
So, Q sin XOY—R sin xoz-0 
a R 


or, = — Ha. 
' sin XOZ SiN ХОҮ 


Similarly resolving the forces along a direction perpendicular 


to OY, we obtain ——© 
weo 10 -----2-0-55-2 
S on sin YOZ 


P a R 


Ч = -a 


55 sin YOZ sinzox sin XOY 
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83:66. Converse of Lami's Theorem : 


If the sense of three forces acting at а point be such that 
each of the forces lies within the angle opposite to that in which 
the resultant of the other two forces lies and each of the forces 
is proportional to the sine of the angle between the other two, 
then, the forces are in equilibrium, 


-> -> => " ы р 
Let, Ох, OY, OZ be the lines of action of three forces acting 
ata pointo and -5 --92 =R sruli) 
sin YOZ sin ZOX sin XOY 
[ See the figure of $ 3:5 | 


To prove that the forces are in equilibri um. 


-» E P 

Produce zo and from produced zo cut off the line segment 

OC so that according to any chosen scale, the length CO 
represents the force R. 1 


Now complete the parallelogram ОАСВ with GC as diagonal 


ч z зал -» — 
and adjacent sides OA and ОВ along ox and oy. 
Now, from AOAC, 
OA AC ос R 


Sin OCA sin АОС sin ОАС sin OAC’ 
Again, sin OCA—sin Boc —sin (180*—voz)—sin YOZ 

Sin АОС = sin (180°—zox)=sin ZOX 

and sin oAC— sin (180'— xov) 2 sin xov 


OA 
Г БСС СОЛЕНИ 9 (2) 
Sin YOZ sin zox sin xov 


From (1) and (2) we get P=OA, Q— OB. 
Hence the directed line Segments ОА and СВ represent the 
ces P and о respectively in magnitude, direction and sense. 


Hence by parallelogram of forces OC will represent the 
resultant of the forces p and а. 


for 


Again, CO represents the force R acting at the point o. 

Hence the force R and the resultant of the forces Р and а 
are equal and opposite i.e.; the resultant of P and a balances 
the given force р, 


Hence the three forces P, О, R are in equilibrium. 
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Ex. 1, The point 1 is the in-centre of A ABC and three forces 


P, Q, R acting along 1А, 18; IC 


are in equilibrium. Prove that 


LAT CI RE 
А в c pre 1753. 
^ coss cos 
cos 3 5 


2 i B С 
As the three forces P, O, R Fig. 21 
acting at the point | are in equilibrium; hence by Lami's 
Theorem, іва Q - > R 
sin BIC Sin CIA sin AlB 
E E A 5 Бү, S с 
sin (o0 +) sin (90 +3) sin (90 +$) 
[. 1 is the in-centre of the triangle] 
о; Er ae Ёс. 
соѕ 5 Cosg COS 5 


Ех. 2. The point o is the circum-centre of the ДАВС and 
А E => > > 
three forces Р, О; R acting at the point О along OA, OB; OC 
respectively are in equilibrium. 
Р а R 


Р - - 
ON that, a(b? 4- c2—a?) b? (c? +a2—b?) c?(a? 4-62 —c?) 


> > 
Since the forces P, Q, R acting at a point O along OA, OB 


and ос are in equilibrium, hence by 
Р Lami's Theorem, 
p" А Зая r UR 
CIS « © Sin ВОС sin COA Sin АОВ 
P a R 


OT, ——— сэ” тээд 
' sin2A sin28 sin 2c 


[. ois the circum-centre of 
Ф the triangle and on the same arc, the 
Fig. 22 angle at the centre is twice the angle 


at the circumference.] 
от E - Q = R 
> ZsinAcosA 2sinBcosB 2sin С cos C 
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2ш 
radius of A ABC} 


В I - © 13 
9s 2-а") Ё (c? ра? c?(a? +b? cè) 
pee ЖЕ Vl A аата 
abe abe 
p L a R 


ог; s 


асат) 022 а? 69) "саз 9—78) 


Ex. 3. А СУ is suspended by two cords from the 
point of the ection. One of the cords is inclined at an 
angle 30° with the vertical ; what should be the inclination of 
the other cord with the vertical so that its tension may be the 
least? Determine the tension of both the cords in this case. 


й үй, 
Let АБ and AG be the two cords and the line EF through A 


. Tepresent, the vertical direction and c F 
„Т ВАЕ: 30”, Uer porre E 
à ! 
Let ту and T, be the tensions of Ta „| Mt 
j LOO NS 
the two cords and m / CARs f, 2 
4, In ZBAEZ 1807-4307 = 150° - [А 
Т / CAE = 180°-—0, and m /&AC г 
=30 H0. AE 
Now the three forces Ty; Ty and Fig. 23 


W acting at the point A are in equilibrium. Hence by Lami's 
Theorem, 


Тас m Mio CH М 
Sin CAE sin BAE Sin BAC 


Ti T. W 


or, - =~ 2 a 75 — - 
sin (180—6) sin 150" sin (30* - 0) 

2 — Sin (180°—60)уу sino 

ГЕ sin (30°-++6) sin Box" 
w 

Э sin (30740) 
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Now, T, will be least when sin (30* 2-6) wili be greatest i.c., 
11.65: 30”--0-4907, 2, 0-60* 

Hence in this сазе, 

sin 60° /3w 17 
174599 7 53 aNd Te ep a gy 

Ex. 4. А body of mass 10 lbs. is suspended by two cords 
7 and 24 inches long, their other ends being fastend to the 
extremities of a rod of length 25 inches. Jf the rod be so held 
that the body hangs immediately below iis middle point, find 
the tensions of the cord. [U. Р, 1943] 


E 


Let the rod be ав and the cords be CA and GS so that the 
weight is suspended from c. Let also D be the middle point of 
5 E 
ХЗ; so CD is a vertical line. B 
Now A8—25", Bc — 24" A 
and АС= 7”. 2 


Again 252--249-172. D LAE 
J. AB?-BC?-RAC? VA 
and so /ACB is a right angle. 7 / 
"| CD— ЗАВ =ВО= AD Ау 

Z DBCS и DCB ` т, Ye 
and / DAC= / DCA. Y 10 los. 
Now thc weight w acting verti- | 


cally downwards and the tensions Fig. 24 


> 253 
ту and T, of the cords along СА and св ай acting at. the point 
с are in equilibrium. Hence by Lami's Theorem, 


m shi E Ta — 10 Ibs. wt. 
sin (180°— pca) sin (180°—рсА) sin ACB 
ch Ti ee эг ТОБУ 
' sin DCB sin ОСА sin 90^ - 
of, Т = T9. ..10 bs wt. 
sin DBC sin DAC 
тар 
от, -7 34 10 158 wt. 
25: 25 
T= 2х 10 Ibs wt. = 2 Ibs wt. and 
ПЛ К 10 Ibs 23: ]bs wt. 
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Ex. 5. A particle whose weight is w may be supported on 
a smooth inclined plane by a force P acting horizontally or by 
a force а acting along the plane. If R and s be the pressures 
on the plane respectively in the two cases, show that 


1 1 1 
Rs=w? and — ——-—,. 
Р ng gs pat ye 


Let the inclined plane be inclined with the horizontal at an 
angle «. 


Fig. 25 
Let the particle be at the point c on the inclined plane. Now 
in the first case, the three forces viz, the weight of the particle 
acting vertically downwards, the force P acting horizontally 
and the reaction к of the inclined plane all acting at the point С 
are in equilibrium. Hence by Lami's Theorem, 


Med ү B. 
sin (180—4] sin 090844) sin 90° 


B уу 
DE ccm me +. SW fan « and R = $ес х. 

In the second case, w acting vertically dowhwards, the force 
Qacting along the plane and the pressure s of the inclined 
plane, all acting at the point c are in equilibrium. Непсе by 
Lami's Theorem, 

Trao Wie m 8 
51п (180 —x) sin 90° sin (90°+-«) 
ом SS 


sinx l cos« 


a=W sin < and S=W cos <. 
RS=W sec «.W Cos < w?. 
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and E. re СОСКЕ cot2«, 
а? p* WE w2 
1 © 2 1 1 "e MET py 
=—, (cosec?«— cot?«) = = = 2 
wif RE ) уу? WE `` С? р? t 


Ex. 6. A uniform lamina in the form of a rhombus is kept 
in equilibrium by two forces P and a (P0) acting at the centre 
of the rhombus along its diagonals. If one angle of the rhombus 
is 120° and one of its sides is horizontal then prove that 
P?=3Q?. : 

Let ABCD be the uniform lamina in the form of a rhombus 
and the side AB be horizontal and also 
m/BAD=120. Let the diagonals 
of the rhombus intersect at О and уу 
be the weight of the rhombus. Then 
уу acts at the point О vertically 
downwards. If the line, of action 
of w intersects АЗ at Е, then 
m/AEO-—90'. Now, as m/BAD 
=120°, so BD is the longer diagonal Fig. 26 
and P and о act along AC and ББ. Now the three forces, P; а 
and w acting at the point o are in equilibrium. Hence by 
Lami's Theorem, 


E E 
Яп EOD sin COE -sin COD 

Now as m/BAD=120°, 2, m/EAo-60* 
m / AOE =30° ; again m / AoD=90". 
m / EOD —120* and m/ coE —150" ; 

for, m / СОЕ= m / СОВ +m / BOE = 90^ - 60^ — 150° 


2 Риа. uo Рут 
From (1) we obtain sin 1205 ^ sin 150° or, AB 
2 


ГЫ [ә] 


Ex. 7. Two particles are placed on two smooth inclined 
planes having a common height, The particles are kept in 
equilibrium by a string attached to them and passing over a 


smooth pulley lying on the line of intersection of the planes, 


14 


56 STATICS 


Prove that weights of the particles are in the ratio of the lengths 
of the inclined planes, 


Let the smooth inclined planes be АБ and AC and their 
inclinations to the horizontal 
be x and # respectively. As 
the pulleyes are smooth, so 
the tensions of the string on 
the two sides of the string are 
equal, 

On each particle act three 
forces viz (a) its weight (b) the 

Fig. 27 tension T of the string and 
(c) the reaction of the inclincd plane. So, if the weight 
of the particle on the plane АБ be w, then considering its 
eqilibrium we get by Lami's Theorem, | 
МИЗУ т : + , 
ain ОТВ =н) WS ee HJ 


Similarly if w' be the weight of the second particle, then 


уа СРЕД пай 2 
in 90° ain (ROA) 95 Wa М, je (2) 


From (1) and (2) we get 


W = Sin xsin Й. As 
wo ==—=— ЇЕ A y 
WAP RTM nsinix P ARTS From AABC | 
sin f 
Hence the ratio of the weights is equal to the ratio of the 
lengths of the inclined planes, 


Ex. 8. A light string is fastened to two points A and р in 
the same horizontal line, the length of the string being greater 
than the distance Ap, Particles 
of weights 2 165, and 1 Ibs. arc 
fastened to it at two points в and 
с respectively. If АВ, ec, ср make 
angles х, 8, у respectively with the 
horizontal, 

‘show that tan «—2 tan 7+3 
tan fj. 


< 
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| First let the point B is beiow the point C and the tensicas 
of the portions AB, BC, СА of the string be тү, Ts, Ts 
eapectively, 


Now, the particle at B is in equilibrium under the action 
of the forces (i) the tension тү along БА. (ii) the tension T» 


along Bc and (iii) the weight 2 165, of the particle acting 
vertically downwards, Hence by Lami’s Theorem we get 


EMT. TT __ Or LOT e 2 
sin (9074) sin (180'—«—5) ° cosa sin (« 4-8) 
2 cos« x we (1) : 


Цин (5-0) 
Similarly considering the equilibrium of the particle at the 
point с we get by Lami's Theorem, 
pee EC Д а or Тш 
sin (90°+y) sin (180"—¥+A). ° созу sin @—A) 


= 008 У ... ... 
Талд (7--8) (2) 
So, from (1) and (2) we get, 
2 cos.« _ cosy $e sin (<+8)_ 2 sin (»—5) 
sin.(x-FB) sin (»—P) Кү: cos У 


от tan x cos В-Е51п f —2 tan у соз 8—2 sin £ 


or, tan <+tan £—2 tan »—2 tan 8 
ог, {ап <=2 tan y—3 tan f, 
Again, if the point с be below the point B, then similarly 
2:cos«: - Cos 2608» | 
2 Sin (х--8) sin (8+7) 

ог tan «=2 tan 7+3 tan 6. 

So, tan « 22 tan 7 4-3 tan £. ) 

Ех. 9. Forces acting at а point are represented in 
magnitude and direction by 238; 382, 205, DA, СА and OB. 
Show that the forces are in i ee ГН. 5,566 1 
act along the sides АВ. 
зс, Ob, DA and the diagonals CA and ps respectively of the 


quadrilateral asco, 
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Now; 276 +350 --2CD --DA--CA--DB Р 

-(А8--8С--05--бА)-(А8--8--СА) 

(1) 

Now according to the 
polygon of forces АВ--ВС--СО 
+БА=0 and also by triangle 
of forces AB+BC+CA=0 

and 56+С5+58 =0. 

Hence from (1) 2АВ--38С 

+205 +5A+0A+55=0 
La 2AB B ie. the forces ате in 


Fig. 29 equilibrium, 


Ex. 10. ABCDE is a regular pentagon and forces acting at 
a point are represented in magnitude and direction by ^B, AC, 
Аб, АЕ, BC, BD, BE, CD, CE and BE, Prove that their resultant 
and is represented Бу 4АЕ--280. pe, Ui 
By the polygon of forces D 
FE+BC+CO+DE=Ac. By the 
triangle of forces, AC--CE— АЕ, 
AD БЕ = ДЕ and BE--ED —BD. E С 
AB+BC+CD+DE+AC+ 
CE+AD+DE+BE+ED=3AE+BD. 
Now the forces БЕ and ЕО 
cancel each other > 4 B 


АЗ--8С--С0--0Ё-НАС-- Fig. 30 
CE--AD--BE = 3AE--BD 
Or, AB+BC+CO+DE+AC+CE+AD+BE+AE+B8D 
=3АЕ-ЕВБ-ЕАЁ-ЕВБ (Introducing the forces AE and Вб 
on both sides ). 1 
= 4AE +250. 
Ex. 11. A body of weight 30 lbs. has been kept in 


' equilibrium on a smooth inclined plane of inclination 15° by 
a string on the plane. The string cannot bear a load more 
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than 151bs. The inclination of the plane with the horizontal 
is gradually increased. Determine when the string will break, 
Let the body is in equilibrium when the inclination of the 
plane to the horizontal is 15°. The 
forces acting on the body at this 
time are (i) the tension T of the 
string along the plane (ii) the 
weight 30 Ibs. of the body acting 
vertically down-wards and (iii) the 
reaction of the smooth plane acting 
along the normal to the plane, As Fig. 31 
the body is in equilibrium under the action of these forces, 
so we get by Lami's Theorem 


т 30 Ibs T 
—— 3 2 = 3 А 
зїп (180°=в) sin90* C sina" ^) lbs 
Т. 


sin 0= ; Here the maximum value of т= 15 Ibs, 


30" Ibs. 
The maximum value of sin 0 before the string breaks is 
1-8Шш 30° 2, 60-230" 

As 15°<30°, so at the begining the body was in equilibrium 
and will remain in equilibrium till the inclination of the plane 
is 30°. If the inclination of the plane then increases slightly, 
the string will break, 


Exercise 3(B) 


1. АВСР is a cyclic quadrilateral ; forces X, Y; Z acting 
> — — 
along AB, AD and ‘ca are in equilibrium. Prove that 
X:Y:Z-CD:CB:BD. 
2. O is the circum-centre of the ДАВС and D, E,F are the 
feet of the perpendiculars from А, B, C respectively on the 


an MS 1 = 
opposite sides. Three forces Р, О, к acting along 0A; o8 and oc 
are in equilibrium. Prove that, 
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3. Prove that three forces acting at a point-and repre- 
sented by the directed line segments joining th€ vertices of the 
iriangle with the middle points of the opposite sides remain in 
equilibrium, 

4. The extremities of a fine string of length / are attached 
to two points in the same horizontal line at a distancec, A 
smooth ring can slide along the string and a weight w is 
suspended freely from the ring. Show that the tension of the 


siring in 


5. Three weightless cords are knotted with one another to 
form an equilateral triangle, From the point a is suspended a 
weight w. Both the triangle and the weight are kept in 
equilibrium! by two other strings knotted at в and с and 
inclined at angles of 135° with BC. If 55 remains horizontal, 


show that the tension of Bc is г8- 43). 


6. Three forces acting ata point are in equilibrium, If 
ihe forces are equally inclined with one another, show that the 
forces are equal in magnitude. 

7. ^ weight is supported on a smooth plane of inclination « 
1o the horizon by a string inclined to the vertical at an angle 
7. If the slope of the plane be increased to бапа the slope 
ef the string is unaltered, the tension of the string is doubled 
to support the weight. Prove that cot «—cot 7=2 cot В. 

(C. U. 1945] 

8. Three forces acting at a point within a triangle along 
straight lines perpendicular to the sides of the triangle are in 
equilibrium. Prove that the forces are proportional to the 
corresponding sides of the triangle. 


9. The three equal coplanar line segments OA, СВ and GC are 
got all on the same side of any straight line passing through О. 
4 > 5 > 
Forces P, О, R Act respectively along oA, on and 00) If 


—€— fn ERN: 
ага ӨВС” ан GOA” Bien AGE 
prove that the forces are in equilibrium. 
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10. Three forces acting at the point О are in equilibrium. 
A circle with centre О intersects the lines of action of the forces 
at A, B and с. Prove that the forces are proportional to the 
sides of the triangle Aac. 

11. Two extremities of two strings are knotted with each 
other at the point О and from О is suspended a weight 65 Кр. 
The length of the strings are 50 cms. and 120 cms. The other 
twa extremities of the strings are at a distance of 130 cms. and 
аге in the same horizontalline. Find the tensions of the two 
strings if the system remains in equilibrinm. 


12. The extremities A and B of a string are tied to two fixed 
points in the same horizontal line ; from a given point c of the 
string is suspended a weight w. Prove that if the system remains 
in equilibrium, then the tension in the portion CA of the string 


is aA +-a°—62), where a, 8, с are the lengths of the sides 

с 
and A the area of the triangle asc. 

13. The ends of a string of length / are attached to two 
points A and в on a fixed horizontal beam at a distance a (a«l) 
apart. A smooth ring of weight w slides on the string and is in 
equilibrium under horizontal force P when w is vertically below 


в. Prove that p= 9, [Н. S. Comp. '67] 


14. "Three forces P, Q, R acting at a point о are in equi- 
librium. А transversal cuts the lines of action of the forces at 
the points A, 8. C respectively. Show that with a convention 
regardinp siga БЭЛ err Аш 

OA.SC ОВ.СА ОС.АВ : 

15. А body is supported on a smooth plane inclined at an 
angle « to the horizontal by a force P, acting along the plane 
together with a horizontal force Pa. The body is found to be in 
equilibrium when both the forces P, and P, as also the 


inclination « are all halved. Prove that Pie Po=2 cos? 1 Beith 


16. А series of equal weights are knotted at different points 
of a string, the two extremities of which are tied to two fixed 
points. Proye that if the system remains in equilibrium, the 
tangents of the inclination to the horizontal of the Successive 
portions of the string will form an arithmetical progression. 

17. А body of mass 80 lbs. is suspended by strings whose 
lenpilis aro 6 and 80, respectively, from twa points ina 
"horizontal line whose distance apart is 10 ft, ;. find the tensions 
of the strings: ажээ 


CHAPTER FOUR 
PARALLEL FORCES 


$41. Parallel forces: ЇГ the lines of action of two or 
more forces be parallel, then the forces are said to be parallel 
forces. Iftwo parallel forces have the same sense; then the 
forces are said to be /ike parallel forces and if they have opposite 
senses, then the forces are said to be unlike parallel forces. In 
the previous chapter we have discussed concurrent forces which 
act on a particle or at a single point of body. Two or more 
parallel forces cannot act on a particle or at a point of a body; 
because then they will be intersecting. 


In the next two articles we shall determine the resultant 
of two like parallel forces or two unequal and unlike parallel 
forces, Two equal and unlike parallel forces constitute a couple. 
We shall discuss couples in Chapter six. 


$42. To find the resultant of two like parallel forces : 


Two like parallel forces P and о respectively act at the point 
A and в ofa rigid body. To find the resultant of the forces. 


Join AB. Introduce two equal and opposite forces F and F 
25 
at the points A and B along АВ 


and BA respectively, Since the 
equal forces act along the same 
line in opposite directions, they 
balance each other and will have 
no effect on the body, [See the 
axiom of § 14]. 

Let according to any predeter- 
mined scale the directed line 
segments AL and AD respectively 
represent the forces P and Е AED 5 
acting at А and BM and БЁ` Fig. 32 
represent respectively the forces О and r acting at B. 


Complete the parallelograms ApHL and BEKM. Hence by 
the parallelogram law of forces the directed line segments АН 
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and БК respectively represent the resultants of the forces P and 
F acting at А and of the forces a and F acting at B, 

Let these resultants be ку and Re. 

Let the line segments AH and BK when produced intersect 

> 
at o. Through o draw co parallel to the lines of action of 
E — H . 

Р апа a and let co intersect АВ at C. Now shift the point 
plication of the forces R} and е to the point О according 


of ap 
to the principle of transmissibility of forces and draw эт through 
o parallel to АВ. 

Resolve the force R, acting at О into two components Р 
along co and r along от parallel to AL and АВ. Also, resolve 
the force Ra acting at о into two components Q along со and 
F along os parallel to ВМ and ВА respectively. 


Now the two equal and opposite forces F and F acting at О 
balance each other and we are left with two forces P anda 


= 
acting at о both along co. Since these forces P and Q 
have the same line of action, direction; and sense, so their 


су 
resultant is a force R=P+Q along co. Now, shift the point 
of application of this resultant force R —P--a to the point c on 
its line of action. 

Hence the resultant of the given like parallel forces P and a 
acting at the points A and B respectively is a like parallel force 

Я . — 202 

Ра acting at the point c on АВ along со. 


Let us now determine the position of c. The triangles ADH 
and АСО are similar. 


Ds, . ST o Or, P.AC=F.CO (сс (1) 
DH 
Again the triangles BEK and BCO are similar. 

Bg 80 . 5.80, ог, agc-rco .. (0) 
So, = ELE а co 
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From (1) and (2) we obtain, Р.АС--С.8С. 
Op зр i.e. the line segment АВ is divided at c in the 


BC 
inverse ratio of the forces, 


Note. 1. A e so the resultant is nearer to the 
greater force. 


2. If P=c, then c is the middie point of Ай. 


Q ü Р A : 
3. As, АС _ cm 2 Ors PTA к and this is 
Bo P BC АС ВС+АС 


the working formula. 
One can remember this formula as follows : 
P 
distance between the other two forces 
ө, a 
~ distance between the other two forces 


ы R 
distance between the other two forces 


4. The magnitude and point of application of the resultant 
force depends on the magnitudes and points of application. of 
the two given forces and not on their direction and sense 
‘provided tiey are like), 


5. Jn this article, the principle, of transmisibility of forces 
has been used assuming that the peints of application concerned 
are rigidly connected. 


343. To find the resultant of two unequal and unlike 
Parallel Forces. 

P and о (P>Q) are two unequal and unlike parallel forces 
acting at points A and B of a rigid body. То find the resultant 
of the forces. Join АЗ, Introduce two equal and opposite 


=s e3 
forces F and F along АВ and BA acting at the points A and B 
respectively, As these equal forces are acting on a rigid body 
g ihe same line in opposite senses, so by the axiom stated 


NT 
dio 


in E 1:4, the forces will balance each other and their introduction 
will not alfect the state of the body, 
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Let according to any pre-determined scale the directed iine 
segments AL and AÖ respectively represent the forces P and Е 
acting at A and the directed 
line segments BM and BE 
respectively represent the 
forces a and Е acting at B. 
Complete the parallelograms 
ADHL and BEKM. Hence 
according to the parallelo- 
gram law of forces the 
directed line segments AH 
and BK will respectively 
represent the resultants Ry 
and Rə of the forces P and 
F acting at A and the forces Fig. 33 
а and F acting at в. Hence the resultant of the io 
acting on the rigid body is the same as the resi 
forces кү and Ro acting on the body, 


Ралі с 
ant of the 


— > > 
Produce HA and BK to intersect at o. Through o draw oz 


<> 


parallel to the lines of action of Р and a to intersect ag at the 
point c on BA produced, Now shift the points of applications 
of ву and Ra to the point o on their lines of action (by the 
principle of transmissibility of forces) Draw ST through О 
parallel to A8, 

Now resolve the force кү acting at О into components P and 


r3 — 
F parallel to AL and AB along oc and or respectively, Also, 
resolve the force R, acting at o into components a and ғ parallel 
-» — 

to BM and ВА and along co and os respectively, 

Now, the forces F acting at o along ST and TS are equal 
and opposite and so they balance each other and we are left 

— > 

with two forces P and о acting at О along oc and co respectively. 
The resultant of the two forces is P—a along OC, since they act 
along the same line in opposite senses and P>a. Now transfer 
the point of application of this resultant force to the point c on 
its line of action by the principle of transmissibility f forces, 
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Hence the resultant of the two given unequal and unlike 
parallel forces acting at the points A and B of the ЕЕН Бойу 18 


a parallel force R=P—Q acting at a point C on АВ having the 
same цэг as the greater force Р. Let us now find the position 


of соп 38. The triangle ADH and АСО аге similar. 


. Ар АС or ra or, Е.ОС=Р.АС c (1) 


me Ix 
Again, from the similar triangles BEK and BCO we obtain, 
ВЕ ВО gr FL.BOÓ ог, poc-oBo эе? (2) 

EK CO а ос 

Now, from (1) and (2) we get, 


Р.Ас-ос or 22-03. 
š ВС P 


Hence c divides AB externally in the inverse ratio of P and Q. 


Note. (1) Itis evident that the resultant is nearer to the 
greater force. 


(2) Ав AC OQ 4 P.O _. Р R 
BC P BC АС ВС-АС АВ 


and this is the working formula. This formula also сап be 
remembered as; 


P 
distance between the other two forces 
Spe ea PV-— 
distance between the other two forces 


m. R 
distance between the other two forces 


3r Ша this article also whereever we have used the principle 
of transmissibility of forces, we have assumed that the points 
of application under consideration are rigidly connected 


4. If P=a, then АН and BK will not intersect. 


Неге P4a; If Р=0, then the forces constitute a couple. 


444. Resultant of more than two parallel forces. 


Suppose we are to determine the resultant of forces P Q; Rs 
S etc. s 
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Now there are two possibilities. (i) All the forces are like 
and (ii) some of the forces are like to one another and others 
are unlike to this group but like to one another. 

Now (i) if the forces are all like, first determine the resultant 
P--Q of the forces P and a. Next determine the resultant 
P--a--R of the forces P+aQ and R, then the resultant 
P--Q--R--S of the forces P+Q+R and s and so on. 

Continue this process till all the forces are exhausted and 
finally the resultant of all the forces F—P-FQ--R--S-c--- will 
be obtained, 

(ii) Determine the resultants F, and Fo of the two groups 
in the process shown in (i) above. 

Evidently F} and ғ, are two unlike parallel forces. 

Now, if Е, =F and if they act along the same straight line; 
then they will cancel each other and the given forces will be 
in equilibrium, 

If F} =F, and if their lines of action be different, then the 
forces will constitute a couple. 

If Еү=Е» and (a) F,7 Fs, then the resultant force will be 
F,—F;s; a force, like parallel to the forces in the first group. 

If (b) Е; <Fo, then the resultant force will be F5 —F,, a force 
like parallel to the forces of the second group. 

Note. If the system of parallel forces possesses a resultant, 
then the magnitude and point of application ‘of the resultant 
will depend on the magnitude and points of application of the 
forces of the system and not on the direction of the forces, 

Example 1. Two parallel forces 14 kg. and 10 kg. act at 
two points at a disiince of 36 cms. Find the magnitude and 
point of application of the forces if (i) the forces be like and 
(ii) the forces be unlike. 

(i Since the forces are like parallel, their resultant is a like 

parallel force 14+10=24kg. The point of application will 
divide the line joining the points of application of the given 
forces in the ratio 10:58 Hence the point of application of 


E 5 5 " 
the resultant force is at a distance 547 х 36 cms,=15 cms, from 


the point of application of the force of magnitude 14 kg. 
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(i) Let the points of application of the forces 14 kg. and 
10kg, be A and в respectively. Since the forces are unlike 
à is like 


10:14 ог, 5:7 ie. = 


вс 7 
АС 5 
or. ==, ог, =5aB+5 
MIU г, 7АС-5АВ--5АС 
ог, 2АС--5АВ, Or, дох 2.30 cms, 290 cms, 


2 


Hence the point of application of the resultant force is at 
distances 90 cms. from A and 90--36--126 cms. from B. 

Ex. 2. Two like parallel forces act at the extremities of a 
rod of length 100 cms. The resultant of these parallel forces is 
15 kg. and its point of 
application divides the 
rod in the ratio 233. 


75kg: Find the magnitudes of 
the forces, 
Fig. 34 Let p and Q be the 


like parallel forecs acting at the extremities aand B respectively 
of the rod aB. The resultant of the forces is P-+Q= 75 Кв... (1). 


АС_О : 
Also, EG so by question, 


Solving equations (1) and (2) we obtain 
P245 kg. and a=30 kg. 


Hence the required forces are 45 kg. and 30 kg. 


Ex. 3. The magnitudes P and а (P0) of two unlike parallel 
forces are each incrcased by F. Show that the magnitude of 
their resultant will remain unaltered but its point of application 
will move farther from the force Р. 

Аз each of the forces is increased by F, so the increased 
magnitudes are P+F and a+F. Hence after increase the 
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resultant is (P+-F)—(Q+F)= Баи of the original 
forces P and Q. 

Hence the magnitude of the resultant is not changed, 

Now let the resultant of the forces P anda act at C before 


they are increased in magnitude and D be the point of application 
after each in increased by F. 


al : Q*F. 
Cie) WA Ї DC A 
P-Q {Р P-Q P+F 
Fig. 35 

AC Олох»? ang! Арчар (2) 

BC P : BD P+F 
From (1) we get, Р.АС--О.8С--С(ВА-НАС) 

(Р—О).АС=ОВА -- --(3) 


From (2) we get, 
(P-FF).AD = (a-- F).8D = (a-- F)(BA-- AD) 


ог, (P—Q).AD=(Q+F).BA -- --(4) 

So, dividing equation-(4) by equation-(3) ` 

we obtain, Ай=@ РЕ „%* АБАС: 
АС а 


Hence the point of application of the resultant is moved . 
farther from А. 


Ex. 4. Two persons carry between them a uniform rod of 
length 10 metres and weight 42 kg ^ They were carrying the 
rod at distances 1} metre and 3 metres from the two extremities 
respectively, Determine, how much weight each. person was 
carrying. 

Let the rod be as 


М 
Since the rod is uniform, its АКС e pest в 
weight 42 kg. act at its middle | | 
point О. ЇР 42kg. Y^ 
Let ac=1} m. and BD=3m. : Ч 
and one person was carrying а Fig. 36 


weight P at С and the other was carrying 3 weight Q at D, 
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P+a=42kg. -- --«(l) 
and P.CO — Q.DO soe 0). 
Now ao=5m. .. co=5 m.—1} m.=3} m. 
and 00-45 m.—3 m.—2 m. 
P 
31-02 » с=т c (3) 
Р.3$=а ог дэл (3) 


Solving equations (1) and (3) we obtain, 
Р= 15ү kg. and a—264& kg. 

So, the two persons were carrying weights of 15,3, kg. and 
26.8, kg. respectively, 

Ex. 5. A uniform see-saw plank, 16 ft. long, weighs 16 cwt, 
Find the position of the support when two children weighing 
44 155, and 68 Ibs, respectively sit at the two ends. [P.U. 1945] 

Let the plank be АВ and its length and weight are 16 ft, and 
1 cwt.=112 Ibs, 

Let с be the middle point of the rod. So the weight 112 lbs. 


of the rod acts at c vertically downwards. Let the two 
children of weights 68 Ibs. 
and 44165. sit respectively А DOC B 


at the extremities A and B. : 
Hence these like parallel 112158. 44158 
forces 68 Ibs. at A, 44 lbs, 

at B and 112 Ibs. at c are Fig. 37 

acting on the plank. The support is to be placed at the point 
on the plank in which the resultant of these forces act. 


Now, let the resultant 68+44=112 Ibs, of the weights of 
the two children act at the point D on AB. 


68Ibs exse] 


d AD 44 |l Or. BD. 17 
АБО 68 17 ^ AD ЇГ 
BD 17 AB 28 
Giu к=] BE 59 
> ДӨ nt! or, Хоол 


AD= 15 x A8 31 x 16 ft. = 62 ft, 
++ CD=8—62=12 ft, 
Now, the resul 

forces 112 Ibs. at 
of cp. t 


tant 112-- 112—224 Ibs, of the like parallel 


D and 112 lbs. at с act at the middle point О 
Hence the Support is to be placed at o. 
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Now, о0-44с0--13--2--5 ft, 
AO — AD-- DO — 62-5 — 71 ft. 

Hence the see-saw plank is to be supported at a point o 
which is at a distance 7} ft. from the extremity in which the 
heavier child weighing 68 lbs. sit. 

Ex.6. A man was carrying a weight of 24 kg. at the 
extremity of a stick, 4 meters long which jis placed on his 
shoulder ; the other extremity was within his hand. 

Find the pressure on his shoulder when (i) the weight is 


1 metre behind his shoulder and (ii) the weight is 13 metre 
behind his shoulder. 


() Let the man exerta downward pressure p by his hand 
and the pressure on his shoulder be с. ; 


Р--24-0 -= (1) 

and Px4=ax1; or о=4р -- .-(2) 
From (1) Р+24=4Р; or, 3p=24 

or P=8kg, 2. Q=32 kg. 


(ii) In the second case, let the pressure of the hand and the 
pressure on the shoulder be P, and Q, respectively, 


P,+24=aQ, (I) 
: Py 3 
andp,.4—Q,xL'5; ог, 1-2, 
ау 8 


Р|--24-44Р, 2, -gP,=24 ог 
Oy —3P 7 5 x f= 152 = 382 Kg. 
Ex. 7. The extremities of a weightless straight bamboo pole 
8ft. long rests on two smooth pegs Panda. A heavy load 
hangs from a point R of the pole. If PR —3Ro and the pressure 
at a be 325 165. more than that at P, find the weight of the load. 
[C. U. 1941] 
Let the weight of the load be w and the pressures at P and 
а be ү; and w, 4-325 lbs. respectively. 
W=W; +W; +325 Ibs. =2w, +325 lbs.. 
Also W,.PR=(W, +325 Ibs.)aR 
ог, W,-30R=(W, +325 Ibs.)aR. 
ог, 3W,=W +325 Ibs. , їе. 2w, = 325 lbs. 
Hence w=2w, +325 Ibs. —325 155.--325 lbs. — 650 165. 


15 
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Ex. 8. Three like parallel forces Р, О, R respectively act at 
the angular points A, B, c of a triangle ABC. Ifthe resultant of 
the forces passes through the circumcentre of the triangle for 
all directions of the forces show that, 


БТ) ce. R 


sin2A sin28 sin2c. 
Let о be the circum centre of the triangle АВС and join АО. 


2 
Let AO produced intersect BG at р. 


Now the resultant a+R of the parallel forces a and R 
acting at B and C respectively acts 
at a point E of BC such that 
Q.BE—R.CE ...(i) 

Again, the resultant of the like 
parallel forces P ад and Q+R at 
E is a like parallel forces P+a+R 
and acts at a point o' of AE, such 
that Р.АО”-(0--8)ЕО” ...(i) 

Now, as the resultant passes . Fig. 38 


e 
through o, so the line of action of this resultant is оо. Hence 
хэ» 


ОО” is parallel to the direction of the parallel forces. So 
whatever be the direction of the forces P, О, R their resultant 


will always act along оо". This is possible if and only if o and 
O' are the same point (for, the point o' is independent of the 
direction of P, О, R). 


.. О and о’ will be coincident and so D and Е will also 
coincide. 


pc 
А а DC ор 
хог we get, -— = 
om (i) we get, БО ББ 
ор 
sin сор 
Sin ОСО 
“п вов [Е'от Acon and Двор] 
sin OBD 


Now as 0 is the circumcentre of the triangle, 
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So, mZoBsD=m/ocb. .'. sinocp-sin OBD. 
Q. sin сор sin (180°— ZAOC) sin / АОС 


R sinBOD віп (1807— / АОВ) sin/ AOB 
Again, / A0C —2/8 and / 408-27 c. 
ГА angle at the centre is double of the angle at the circum- 
ference]. 


Q. sin 28 ORE 
R sin2c  ' 8828 sin 2c 


Similarly it can be proved that 


БИ? Mo à pcc S MR. 
sin 2A sin 28 `“ sin 2A sin 2R sin 2c 


Ex. 9. If the points of application A and B of two like 
parallel forces P and a (Р>а) acting on a rigid body be inter- 
changed in position; show that the point of application of the 
resultant will be displaced along АБ through a distance d, 

P—a 


da E . U. 19 
where pa^ ЇС 50] 


Let at first the point of application of the resultant be c. 


Бе жб; , OF, да. АС, ог, apresi 
BC AC Р BC p BC 
P+Q_ АВ 


от, ===, or, 


Let now, the points of applications of Р anda be changed to 
в and A respectively and the resultant act at the point D on АВ, 


RE Он. РАБА ok 


AD 
cun EC ог, rn -41-2--1 
АО BD' а BD’ 2 am ui 
ог сс AH ape DAS 
Q BD P+a 
Now, asP>aQ .. вс>вр. 


Hence the displacement of the resultant force 


Р a 
=d=BC—BD= —— ~ap—_2 , AB=——, AB 
Р+а pito P+a 


Ex. 10. Three like parallel forces P, О, R act at the 
angular points of a triangle. If the resultant of the parallel 
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forces always pass through the in centre of the triangle, prove 
P a Rus ог AD ALR : 


that — = 
sinA sinB sinc 


If the resultant of the like parallel forces a and R acting 
at B and c respectively act at the point D on BC; then 


вш ту, 


Now, the resultant of the like parallel forces P at A and 
Q+R at D will pass through point 1’ on AD such that 
АГ OER 


Now, as the resultant of the forces P, O, R pass through 
the incentre 1 of the triangle, the resultant which. is parallel 
to P,a,R will act along u’ what ever be the direction of P, О, 
R. But this is possible if and only if 1 and 1’ coincide, So | 


and 1' are the same point. _,",. AD is the bisector of / ВАС. 
BD AB c Sin C 
DC АС b sin B 


Sd ffrom (1), a SSC cie. Ол Ru 
а sinB ’ sinB sinc 
Similarly it can be proved that EA 
sin A sinB 

EDI © R 

sin A sinB sinc 

P Q R : А 
ог, TERI [Where R'is the circum— 

Sut u^ au radius of the triangle.] 
our uo ia 

382 


Ex. 11. Three like parallel forces Р, О, R act at the 
angular points A, B, C of a triangle ABC. If the resultant of 
these forces always pass through the ortho centre of the triangle; 
then show that Us aE 28 


tan А tang tanc 
ог, P(b*-Ec?—a?)— Q(c2 --a2 — — b?) R(a? +b? — c2). 


Let O be the orthocentre of the ДАВС. Let AO produced 
intersect BC at D, Then AD is perpendicular on BC. 
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Now the resultant of the like parallel forces o and R acting 
at B and c respectively is a like parallel force +R acting at a 


point E on Bc such that 9—CE......(1), 
: j R BE 


Again the resultant of the like parallel forces Р and Q+R 
acting at А and E respectively is a like parallel force P+a-+-R 


acting at a point O' on AE such that 2 - STR 56 (2). 


As the resultant of the forces Р, О; R passes through О, во 
OO' is the line of action of this resultant which is parallel to 
P,Q, R 

So, whateyer be the direction of the forces, the resultant 
will act along 00’ and this is possible if and only if o and o' 
coincide. So О and o' are the same point and so p and E 
coincide. 

R_BD_AD cot B. tanc 


.. From (1 ia] 
( а “рс АО cot С їапв 
(Qu. SLE 
tanB tan C 
Ага P P a 
Similarly, it can be proved that - 


{ап А tanB 


Ра Цол БН 
{ап А tanB tanc 
Gu tb eR cpu 
SinA sinB sinc 
COSA С088 COSC 
P a R 
ог, - 2 
de Y 1 b 1 С 1 
2к' b?-pc?—a? 2R''c?-Ea?—B59 2ь' ‘а? +275 
2bc 2ca 2ab 


[Where R' is the circum-radius of the triangle, ] 


Р(82--с2--а2) c(c2 +a? —b?) _ R(a2+4+52—¢2) 
abe abe abe 


ог, P(b?-rc?—a?)— c(c? +a2—b?)=R(a24+52—c2), 


ог, 
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Exercise 4 

1. In each of the examples find the magnitude and point 

of application of the resultant of the given like parallel forces. 
(i) Magnitude : 4 kg ; 6 kg. distance : 30 cms. 
(ii) Magnitude ; 600 gms ; 200 gms ; distance : 80 cms. 

(iii) Magnitude: 3 Ibs, ; 11 lbs, ; distance : 56 inches. 

2. Ineach of the examples find the magnitude and point 
of application of the unlike parallel forces whose magnitude and 
distance of the lines of action are given. 

(i) 73 kg. and 13 kg. ; 96 cms, 
(ii) 4 kg. and 16 kg. ; 90 cms. 
(iii) . 1000 Ibs, and 800 Ibs. ; 450 ft, 


З. (а) Two like parallel forces 8 kg. and 16 kg. act at an 
extremity and the middle point of a rod. Find the magnitude 
and point of application of the force that will balance the rod. 

(b Find the magnitude and point of application of the 
force in the above example, if the forces be unlike, 

4. Find the line of action of the resultant of two unlike 
parallel forces, the distance between whose lines of action is 
18 cms, and whose magnitudes are in the ratio 4:5. 


5. The magnitudes of the smaller of two unlike parallel 
forces and their resultant are 12 and 8 dynes respectively, If 
the distance between the lines of action of the smaller force and 


the resultant be 18 cms, find the magnitude and line of action 
of the other force. 


on the shoulder. 


7. A man carries а 
placed horizontally over hi 
his hand and his shoul 
9n his shoulder change > 


bundle at the end of a Stick which is 
8 shoulder ; if the distance between 
der be changed; how does the pressure 
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8. А 2:5 metre long uniform rod weighing 24 kg. is placed 
on a table so that 0°25 metre of the rod is outside the table. 
Find what maximum weight can be suspended from the 
extremity, that is outside the table, so that the rod will remain 
in equilibrium. 

9. The distance between the points of application of two 
unlike parallel forces P, c(P>a) is 3 metres and their resultant 
is 5 kg. Ifthe point of application of the resultant force be 
at a distancc of 2 metres from that of the larger force, find the 
magnitudes of P and a. 

10. A heavy uniform rod is placed on two smooth pegs 
whose distance is 2 metres, If the pressures on the pegs be in 
the ratio 1:2, find the distance of the pegs from the middle 
point of the rod, 

11. Two persons have to carry a stone of weight 300 Ibs, 
by suspending it from a 6 ft, long weightless rod, The weaker 
of the two persons cannot carry more than 100 pounds, From 
which point of the rod, the stone should be suspended so that 
the weaker person can carry his maximum share. 


12. A mass 50 kg. is placed on a weightless horizontal 
plank, 10 metres long at a point 1 metre from one end. The 
plank is then supported at its two ends, If the weight is now 
placed at the middle point of the plank, determine the change 
of pressure at each end, 

13. Two like parallel forces P and Q act at given points 
of a body ; if a be changed to = orthe forces are simply 
inter-changed, show that the line of action of the resultant is 
the same in both the cases. 

14. If the line of action of the resultant of two like parallel 
forces P and а is unaltered, when the points of application of Р 
and о are interchanged, prove that P=c. 


15. A heavy uniform rod, 4 metres long is placed 
horizontally on two smooth pegs at a distance of 1 metre. The 
rod is on the point of overturn if weights 10 Кр. and 4 kg. are 
placed at the two ends in succession. Determine the weight of 
the rod and the distance of the pegs from the centre of the rod, 
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triangle. Show that in bo 
the centroid of the triangle. 


19. R is the resultant of two like parallel forces P and Q. 
If P is moved parallel to itself through a distance d, show that 
R is displaced through a distance ae 
ery pair of like Parallel forces 
(ii) P+R and Q+s and (iii) а 
and R passes through a fixed Point of АВ, then CERA ЧЕ 
—a 


20. Ifthe resultant of ey 
acting at A and B (i) P and o, 


=в—5. 

21. The resultant of two parallel forces p, 
acts at C when the forces аге like and acts at p 
are unlike, If parallel forces whose 


Q acting at A, B 
when the forces 


22. "Three like parallel forces of magnitude. K.BC, K. 


n ABOC, К.т ACOA and K. ^ АОВ act 


at the vertices of the triangle, Show that the resultant of the 
forces Passes through the Point о. 
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pegs be 6 metres and one end of the rod is placed on one of the 
pegs; show that the pressure on one peg is twice that on the 
other. 

25. о isa point between A and B on the line segment. AB, 
Two like parallel forces P and о act at the mid points of Аб and 
BO and their resultant passes through the point o. Prove that 
if the points of application of P and а are mutually inter. 
changed, then the resultant force will pass through the middle 
point of АВ. 

26. Pand о (p>q) are two like parallel forces and their 
resultant is R. Find how much the magnitude of Р must be 
decreased so that the distance of the line of action of the resultant 
from that of P will be equal to the distance between the lines 
of action of the forces к and о. 


CHAPTER FIVE 
MOMENT 

$5:1. The moment of a force about a point is the product 
of the magnitude of the force and the perpendicular distance of 
the point from the line of action of the force. 

ON is perpendicular from the point o on the line of action 
of the force P. If ON=p, then the moment of the force P about 
the point О=Р.ОМ=Р.р. 

Since moment is the product of two factors, so the moment 
vanishes if any one of the factors is zero. Hence if P or the 
perpendicular distance of the point 
from the line of action of the force 
is zero, i.e., if the point lies on the 
line of action of the force, then the 
moment is zero. Hence if the 
moment of a force about any point 
vanishes, then the line of action of Fig. 39 
the force passes through the point and conversely the moment 
of a force about any point on its line of action vanishes. 

Since the moment is the product of a force and the per- 
pendicular distance of the point from the line of action of the 
force, so the unit of moment = unit of force x unit of length. 

In the С.С,5, system the unit of moment is gramme-weight— 
Centimetre where as in the ЕР.5, system it is pound-weight— 
foot. In the M.K.S. system the unit of moment is 
kg.-weight-metre. 


§ 5:2. Physical Concept of moment.’ 

Suppose a plane lamina is fixed at the point О on a table 
with the help of a ріп. Now apply a force P at any point A of 
the lamina, You will find that 
the lamina undergoes a rotation 
about the point о. It will also 
be found that if the line of 
action of the force Р passes 
through the point o, then the 
lamina cannot undergo any 
rotation. In Fig. 40 the line of 
action of P and the position of O 
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have been shown. In this position the lamina undergoes a 
rotation in the counter-clock wise direction. But instead of 
the force P if the force а along the line shown in the figure 
is applied on the lamina; then it undergoes a rotation in the 
clock-wise direction, 

Let us now consider the case when both the forces P and а 
are applied on the lamina simultaneously. The forces P and а 
will have tendencies to rotate the lamina respectively in the 
counter clock-wise and clock-wise directions. Let p and q be the 
perpendicular distances of the lines of action of the forces P and 
Q respectively from the point o. It will be found that if 
P.p>a.q, then the lamina will rotate in the counter clock-wise 
direction, If P.p—o.g; then the lamina will not undergo any 
rotation. Let now Р=0. It will be found what the lamina 
undergoes rotation in the counter-clock-wise or clock-wise direc- 
tions according as p>q or p<q. Similarly if p=q, then the 
lamina undergoes rotation in the counter clock-wise or clock- 
wise directions according as P7 Q or Р<а. Thus, we find that if 
а body is fixed at a point, then the body can be rotated about the 
point by the application of force. This rotation may be in the 
counter clock-wise or clock-wise directions, The amount of 
rotation depends upon the product of the force and the per- 
pendicular distance of the point from the line of action of the 
force. This product is the moment of the force about the point. 
If any of the factors of the moment increases or decreases; then 
the rotation will also respectively increase or decrease, Hence 
if a point of a body is fixed; then the body undergoes rotation 
about the point and the amount of rotation depends upon the 
moment of the force about the point. 


85'3. Sign of moments. 


In the previous section we have seen that if a point of a 
body is fixed and if a force is applied on the body, then the 
body undergoes rotation and the rotation may be in the counter 
clock-wise or in the clockwise directions. Conventionally, when 
the rotation of the body is in the counter clock-wise sense, then 
the moment of the force about the point is taken to be positive 
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апа the moment is negative when the rotation is in the clock- 
wise direction; 

85'4. Geometrical representation of moments. 


In the figure, the directed line segment АБ, represents the 
force P in magnitude; direction and sense, The perpendicular 
distance of the point О from АВ is ON—p. Join ОА and ов. 


Now, the moment of the force P 


T about the point О is PON=P.p. 
22 Again, P.p = AB.ON —2.].AB.0N 
P =2m AAoB. 


Hence the magnitude of the 
moment of a force about any point 
Fig. 41 is twice the area of the triangle 
constzucied with the point as vertex and the line-segment 
repzesenting the force as base, 


fem = з 


$55. Varignon’s Theorem. The algebraic sum of the 
moments of any two forces (which do not form a couple), about any 
point in their plane is equal to the moment of their resultant 
about the given point, 

Р and а are two given forces and o is a given point in their 
plane. To prove that the algebraic sum of the moments of the 
forces about the point o is equal to the moment of their resultant 
abort the point. Since the forces do not form a couple, so the 
forces are {й concurrent or (ii) like parallel or unequal and un- 
like pazalie? ferees. 

() First let the forces be concurrent, 

Here there are two possibilities, 


The point О may be (a) on the same side [Fig. (i)] or (0) on 
Opposite sides of the forces P and a [Fig. (ii)]. 


> > 
Let ax and AY be the lines of action of Р anda respectively. 


? e 
Through o, draw the straight line oz parallel to AX. Let oz 


3 S 
осер "AY" At С. Now, choose a scale (unit force ^c), so 
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that the directed line segment AG represents the force с. Let 
the directed line segment AB represents the force P according 
to the samc scale. 


(i) Fig. 42 (ii) 

Complete the parallelogram ABDC. Hence by the parallelo- 
gram of forces the directed line segment AD will represent the 
resultant R of the forces P and a. 

Now; 2mAoas, 2mAoac and 2m/^O^0 are respectively 
the moments of P, Q; R about the point o. 

Now, in Fig. (i) since the point o 18 оп the same side of all 
the forces P, О, R, so the moments of the forces about o are all 
of the same sign and are positive according to Fig. (i). 

Hence the algebraic sum of the moments of P and a about o 


—2mAOAB--2mAOAC. 
—2mAABO--2m/AOAC ['; the triangles ABD and oas lie 


on the same hase AB and between 
the same parallel straight lines AB 
and CD, so mAOAB =M Л ABD]. 
=2mAacD+2mAoac [as the diagonals ofa parallelogram 
bisect the parallelogram, 50 
mAABD=mAAcD]. 

= 2т ЛОАО = шотепї of the force R about О. 

Again, in Fig. (ii), the forces Р and R and the force о are on 
opposite sides of the point О. 

According to this figure, the moments of the forces P and R 
about О are positive and that of the force а about o is negative, 
Hence the algebraic sum of the moments of P and a about 
the point 0 —2m/A0AB—2m/AOAC 

=2mAaBD—2m AOAC 
=2mAACD—2m AOAC . 
—2mA АОО = moment of the force R about the point о. 
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(H) Now, let the forces P and а be parallel. Here we prove 
the theorem taking P and а as like parallel. The theorem can 
similarly be proved when the forces are unequal and unlike 
parallel, 


From o, draw a straight line OA, perpendicular to the lines 


е t а V 
of action of the forces P and О. ОА intersects the lines of action 
of P and а at A and в respectively. Let the line of action of the 

< 
resultant R=P+a of P and о intersect AB at C. 
2 .AC — Q.BC- 


REP 
1 
|- R=P+Q 40 d ря fo 
A C B AraC B 


(i) Fig. 43 (ii) 

First, let the point О be on the same side of the forces P and 
о. So, о is on the same side of all the forces P, a and R and 
the moments of the forces about the point o are of the same 
sign and are positive according to fig. (i). Now, the algebraic 
sum of the moments of the forces P and а about О--Р.ОА--а.ов 
= P.(0C—AC)--a(0c--cB) = P.6c—P.AC 4- Q.0C -- Q.CB 

=Р.ОС—Р.АС-ЕО.ОС-ЕР.АС [*- P.AC — С.08] 
=P.0C+0.0C=(P+0).0c=R.0¢. 
= moment of the force R about the point о. 


© 


Next let the point О be situated on the opposite sides of the 
forces P and о. In the figure (Fig. ii) the moment of the force P 


about o is negative and those of the force a and R are positive. 
Now, the algebraic sum of the moments of the forces P and а 
about the point O = —P.OA+Q.0B 
= —P(Ac— 0c)-4- o.(BC-- 0C) 
= —P.AC--P.0C-- Q.0C 3- O.BC 
=P.0c+a.0c [^ P.Ac-O.BC] 
=(Р+а).0с= R.OC 
= moment of R about o 
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Cor. 1. If the point o lies on the line of action of the 
resultant force, then the moment of the resultant about the 
point o will be zero, so the algebraic sum of the moments of P 
and o about o will be zero i.e., the moments of P and о about 
O will be of the same magnitude. but of opposite signs. Hence 
one can say, the moments of any two forces (not constituting a 
couple) about any point on the line of action of their resultant 
are of the same magnitude but of opposite signs ie, the 
algebraic sum of the moments is zero. 

Cor. 2. If the algebraic sum of the moments of any two 
forces about every point in their plane be zero, i.e. if the 
moments be of the same magnitude but of opposite signs, then 
the point is situated on the line of action of the resultant of the 
forces or else, the forces are in equilibrium (for, if the 
magnitude of the resultant is zero; its moment about any point 
is zero.) 


§5°6. Generalisation of Varignon’s Theorem. 


If a finite set of coplanar forces have a resultant, then the 
algebraic sum of the moments of the forces about any point in their 
plane is equal to the moment of their resultant about the point. 


Let Ру, Py, Ps, be a finite set of co-planar forces and О 
be any point in their plane. 

Now, the algebraic sum of the moments of P, and Р, about 
the point o = moment of Rj, the resultant of P, and P, about О. 
Again, the algebraic sum of the moments of R, and P} about 
O=moment of the,resultant R of Py, Ps, Рз about C. 
Proceeding similarly until all thé forces are exhausted, the 
theorem can be proved. 

Cor.1. Ifa finite set of co-planar forces havea resultant, 
then the algebraic sum of the moments of the set of forces 
about any point on the line of action of their resultant is zero, 


Cor. 2. If the algebraic sum of the moments of a finite 
set of forces about any point in their plane be zero, then the 
point will lie on the line of action of their resultant or else the 
forces will be in equilibrium. 
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8557. Determination of the moment of a force acting 
at a point (X, 8) about the point (h, К). 


Let the co-ordinates of the point of application A of the 
force P be (X, В) and one has 
to determine the moment of P 
about the point o' (h, К). 

Let x, Y be respectively the 
resolved parts of P along the 
directions parallel to the x and 
y-axes. 

Hence the force P is the 
resultant of the forces x and Y 
and the algebraic sum of the Fig. 44 
moments of x and Y about o'— moment of P about 0’. 


Now, draw perpendiculars О'М and o'n respectively on the 
axes of x and y from o. Let o'M and о'м intersect the lines of 
action of x and v at M' and N' respectively. 


From A draw AK and AL perpendiculars on the axes of 
x and y respectively. 


Now, о'м'=о'м—М'м=О'м—АК=К—В 
O'N'—O'N—N'N—0'N—AL —h—«. 

Now the moment of the force P about point o'— Algebraic 

sum of the moments of x and v about o* 
= X.0 M' —Y.O'N' = x(k—B) —v(h—x). 

Example 1. In each of the following cases the magnitude 
ofa force and the perpendicular distance of the line of action 
of the force from a point o is ‘given. Determine the 
magnitudes of the moments of the forces about the point, 

(i) 4kg.; 5 meters. (ii) 100 gms, ; 1000 cms, 

(i) Required moment= magnitude of the force 

x perpendicular distance kg, wt. metre. 
=4х5 kg. wt. metre=20 kg. wt. metre, 

(ii) Required moment= 100 x 1000 gm. wt. cm. 
= 100000 gm. wt. cm. 
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Ех. 2. The weight of a uniform rod is w and it is hinged 
at the end A. The rod is kept ina position inclined at an 
angle 45° with the horizontal Бу a string attached to the end в. 
If the string be inclined at an angle 30* with the rod, flnd the 
tension of the string. 


Let AB be the rod, the string be BC and its tension be T, 
Also let а be the mid-point of the rod. 


Now, the forces acting on the rod are (i) the weight w of 


the rod acting at its centre of 
gravity G, vertically downwards, 
(ii) the tension T of the string 
acting at the end B and (iii) the 
reaction R of the rod at the point 
A (not shown in the figure). 

Since the forces are in 
equilibrium, there is no rotation of 
the rod about the point A ; also as 
the reaction R acts at the point A, Fin. 45 
so the moment of R about A is zero, Hence the moments of 
T and w about the point A are equal in magnitude but are of 
opposite signs, Draw perpendicular AL and AM respectively 
on the lines of action of w and т. 


W.AL — T.AM UL (1) 
Now. АБ URL ә 1 
ow, —=cos 45°, ,', AL-—AG cos 45°= АС. ——. 
ка 2 


Again, AM sin 30°, or, AM=AB sin 30°=2 AG.4=AG. 


Hence Їгоп (1), we get w.ac. tuam e 
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Ex. 3. A uniform plank as, 10 metres long, is of weight 
50 kg. The plank has been kept in the horizontal position on 
two supports c and о. The supports C and D are respectively 
at distances 2 metres and 4 metres from the ends Aand B, А 
boy started walking along the plank from the support р towards 
the end в. If the weight of the boy be 25 kg., how far can the 
boy walk safely ? 


16 
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Suppose the boy can walk safely upto the point E between 
D and g and let DeE=x, When the boy will come to this point, 
the plank will be about 2 z 
to over-turn and the це e p ay B 
plank will be about to ЇЕ 
lose. contact with the 50ка. 25kg. 
support c ; so the reac- 4 6 
tion at the point c will Fig. 46 
be zero, Let к be the reaction (not shown in the figure) at 
the point о. The other two forces acting on the plank are 
(i) the weight 50 kg. of the plank acting vertically downwards 


atits midpoint @ and (ii) and the weight 25 kg. of the boy 
at the point © acting vertically downwards. 


Since the plank is in equilibrium, the algebraic sum of the 
moments of the forces about the point D is zero. 
“| 50xcGD—25xbE-0. 


ог, 25хх=50х1. [`` BG-5 metres and BD —4 metres 
so GD=1 metres 1, 


S. xX-2 meters. 


_ Hence the boy can walk safely upto the point E, ata 
distarce 2 metres from the support D. 


Ex. 4. A man, standing on the ground tries to uproot a 
pillar with the help of a rope of length 20 meters, by fastening 
one extremity of the rope at some point of the pillar and pulling 
at the other end with a force of given magnitude. Find at 
what height from the foot of the pillar the rope must be 
fastend so that the man may uproot the pillar most 
conveniently. 


Let the pillar be АВ and the rope CD be fastened at the point 
c. Also let m/ CDA-—0 and АМ be в 
perpendicular on the rope CD. 


Г. AM AD Sin 0 © М 

=CD соз 6 sin 0 P 

-4 cp sin 20 

=} х20 sin 20=10 sin 20. Ls 

Now, the magnitude of the A D 
moment of the force of 'given Fin. 47 


magnitude P (say) alon со = = i 
кше g about А=Р.АМ=Р.10 sin 20— 
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Hence it will be most convenient for the man to exert force 
when 10 P sin 20 will be greatest in value. Now this value is. 
greatest when sin 20 is maximum i.e, 6= 45°. 

т/АСО= 45°. 2. AC-AD-CD cos 45° 


=20x T 10 ,/2 meteres. 


Hence the rope is to be fastend at a height 10 ./3 metres. 
from the ground. 


Ex. 5. A uniform beam, 4 metres long is simply supported 
at the ends. It carries a concentrated load of 1°Stonata 
distance of 1 meter from the left end and another load of 2 tons. 
at a point 2 meters from the right end, The weight of the 
beam is 0:8 ton and there isa unifromly distributed load of 
1 ton per metre on a length of 2 metres from the right hand 
end, Find the reactions at the supports. 

[State Council, W. Bengal 1975] 


The point c is at a distance of 1 metre from the left end A 
and the point Е is at 
a distance 1 metre 
from the right end 
B of the uniform 
beam as. The 
point Dis the mid- Fig. 48 
point of the rod. Now the forces acting on the rod are, 


(1) The reaction R, acting at A vertically upwards, 


(2) the concentrated load 1:57 acting at the point с 
vertically downwords. [2 for ton] 


(3) the weight 0:8/ of the uniform rod acting vertically 
downwards at the point р. 


(4) the weight 2: acting at the point р vertically 
downwards, 

(5) the resultant force 2t of the uniformly distributed load 
І ton per metre on a length of 2 metres from the right hand 
end acting at the point E vertically downwards. 
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(6) the upward reaction R at B. 
Now since the forces are in equilibrium, so 
the resultant of the downward forces=the resultant of the 
upward forces. 
(1:5+2+0:8+2):= RAF R5 
or, RatRa=6'3t et (1) 
Again, since the forces are in equilibrium, so the algebraic 


sum of the moments of the forces about every point of their 
plane is zero. 


Hence taking moments of the forces about the point A, we 
gct Ra X4—1'5X 1—(2+'8)x2—2x 3=0 


48,--1:54-5:5--6. 2. Rasy t= 3281 (nearly ) 
From (1) we get R,=(6'3—3'28)t=3'02 tons. 
Ex. 6. The forces P and а are represented by the perpendi- 


cular chords AB-and AG of a circle. AD is a diameter of the 
B circle. Prove that the moments of 


the forces about the point D are 
f equal. 
A D Join BD and со. 
7 Now, АВСО is a rectangle 
н. 22) mÁAABD-mAACD, 


] c or, 2тДАВО =2т ДАСО. 
Fig. 49 Now, 2mAASD and 2 m/\AcD 
represent. respectively the moments of P and a about the 
point D. 


Hence the two moments are equal. 


Ex. 7. A uniform plank of length a and weight w is placed 
ina horizontal position on two pegs c and p. The greatest 
weights that can be placed at the extremities successively; 
without upsetting the plank are ё and a respectively. 


If cos, prove that 2Р “үза „27 
W+P м+а a` 
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[Draw the figure yourself]. 

Let the plank be АВ and a its mid-point, 

First, let the weight Р be placed at the extremity A, Since 
P isthe greatest weight that can be placed at A, so all the 
pressures will act at c and the reaction at D will be zero due 
to loss of contact. Hence taking moment about c we get, 


P.AC—W.CG—0, or, P.AC=W.CQ > (1) 


Similarly when the weight a is placed at the extremity B, 
then taking moments about D we obtain Q.BD=W.DG >. -- (2) 


ca P ca P 
) t Zs —+1=— 
From (1) we ge RG wi Of Gp wr! 
CG-FAC P-FW or AG PHW 
AC уу? > AC w 
a 
8 _P+w .. w a 
Apure Pw 
Similarly from (2) we obtain, вр= — 4 
y (2) we obtain, wrod 


or, 


or, 


Now, from (1) and (2) 
P.AC+0.8D=W(CG+DG)=w.cD=w./ 
or; (2 + QW. ) эн 


P+wW Q+Ww 
waj Р QW “| ae ates 
m T wtar) 7 ^ 9 RFW айл a 


Ex. 7(а). A unifrom rod 5 metres long and weighing 4 kg. 
can turn freely about a point on itat a distance of 1 metre 
from one end from which a mass of weight 10 kg. is suspended. 
Find the weight that should be suspended from the other end 
to kcep the rod horizontal, 

Let the required weight be w and P be the point about 
which the rod can turn freely. Ifthe rod remains horizontal; 
then the algebraic sum of the moments of the forces acting 
on the rod, viz. w, the weight 4 kg. of the rod and the weight 
10 kg. about the point P must be zero, 

S6 4x13+Wwx4=10x1 ог, 4w=10—6=4, 


2, Wel kg, wt. 
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Ex. 7(b. An weightless rod of length 20 metres rest on 
two smooth pegs at a distance of 10 metres from each other. 
Two weights of mass 8 kg. and 12 kg. are suspended from the 
two ends, If the pressures on the two pegs be equal find the 
distance of the pegs from the two ends. 

Let x-metres be the distance of the peg A nearer to the end 
from which the weight 8 kg. has been suspended. Now the 
four forces, viz., the two reactions of the two pegs A and B and 
the two suspended weights are in equilibrium, Let the two 
equal reactions be R. 

R+R=8+12 or, 28-20 2. R=10 kg. 

Now taking moments about A we get, for the equilibrium 
of the forces 8x +0410 х 10—12.(20 —x) 20 

Or, 20x4-100—240 —0 ; ог, 20x=140. .. х-41. 

So, the peg nearer to the end from which the weight 8 kg. 
has been suspended is at a distance 7 metres from this end. 
Similarly it-can be shown that the distance of the other peg 
from its nearer end is 3 metres. 


Ex. 7(c A uniform rod weighing 120 Ibs. is 14 ft, long. 
The rod is supported on two smooth props at distances 5 ft 
and 3ft. from the two ends, If no prop can support weights 
more than 200 lbs., then what maximum and equal weights can 
be placed at the two ends ? [C. U. 1938] 


' Let P and a be the two props and equal weights w and w 
be placed at the two ends A and B. The resultant 2w of these 
weights act at the middle point с of the rod. Hence the 
resultant force acting at c is. (120--2w) vertically downwards. 
This is equivalent to the resultant of the two pressures T, and 
Tg acting at P anda respectively vertically down wards. 

а Т 120+ уу. 


Now. Pc c2 ft. and oc24ft. Now as the rod is in equi- 
librium taking moments about с, we get Т,-РС--Т,.ОС 
ог, ту.2=т„.4 ог, T,-—2Ts. 


As no prop can support a weight more than 200 lbs, so 


the maximum values of T, and T, will b 
ada 1 2 e 200 158, and 100 155, 
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Now T,+T,=120+2w ог, 3тд--120--2уу, 
ERE. meses T 
Now as maximum value of T, = 100 Ibs, so 300=120+2w 
ог, w=90 Ibs. 
Hence the maximum weight that can be placed at each 
end is 90 lbs. 


Ex. 8. A carriage wheel of weight w and radius r is to be 
dragged over an obstacle of height A, by a horizontal force 
applied at the centre of the wheel, Show that Е must be slightly 

„т, 
r—h 

Let o be the centre of the F 
wheel and PM be the obstacle. NJ 
PM being perpendicular to the [LZ fe 
horizontal ground. Let ON be AM 
perpendicular from 0 on PM and 
PK be perpendicular from P on 7 
the vertical radius OA. .', PK=ON. Fig. 50 

So, PM=h, MN=r. 2, PN=MN—PM=r—h, 

Again, ON— „/оР2 РМ = М (7—0) = A2rh — h3. 

Now if the obstacle can be overcome by the application of 
a horizontal force F, then the moment of the force F about P 
must be slightly greater than the moment of w about the point 
P and their signs should be opposite. f 

2, Е.РМ>\У.РК, Or, БРМУ.ОМ 

or F(r—h)>W J2rh—h?- 

2 


є»" vv шан 


r 


greater than уу. 


w 


or, 


Ex. 9. The forces P, Q, R act along the sides BC, CA, AB 
of the triangle ABC taken in order, Prove that, if their resultant, 


() passes through the centroid of the triangle ABC, then 


P cosec А-2 00860 B+R cosec 0-0: 
(ii) passes through the orthocentre of the t'iangle ABC; 
then, P sec A+Q 860 B+R sec c=0; 
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(iii) passes through both the centroid and the orthocentre; 


then eS то == E 
sin 2A sin (B—C) sin 28 sin (c—^) sin 2csin (A—B) 


— >, c» 

The forces P, О; к act along the sides BC; CA, as of the 
triangle ABC taken in order. Let the resultant of the three 
forces be F. 

(i) Let abe the centroid of the traingle and draw GL, GM, 
ам perpendiculars respectively on BC, СА, AB. Let the lengths 


5 > ө © 
of the perpendiculars from A, B, С ON BC; СА, AB be Py, ро, Рз 
1 respectively. 


тэ! ap, =2т ^ac =2 A (зау) 


_2A i je 
d'o "dpi 970 GL=3- 


29. E AN 287) 
Similarly ом= т апі ам= 5. 


Since the resultant of (ће forces passes through the point G; 
so, the algebraic sum of the moments of the forces about the 
point a is zero. 


2, P.GL+Q.GM+R-GN= 0 


x 


NIN ACW CORDIA 
or, Pay. 7 +о.з- b HR =0 
or, РЁ+@+®=о, 
dA C 
P a R 


or 


2R'sin At oR’ sin Bt 28' sin oo 


(2 Ман га зєн) Fig. 51 
' sina sinB sinc 1B 


where R' is the circum-radius of the triangle АВС] 
org ea за 


, 


( елы et R = 
ИША Ta s hs 


ог; P соѕес А-О cosec B+R cosec С--0. 


(ii) Draw AL; BM; CN perpendiculars from the vertices 
A, B, C respectively on the opposite sides. The perpendiculars 


intersect at the point О. Hence o is the orthocentre of the 
triangle. 
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Now, from the AOCL, cents ось 


ог, OL-LC tan OCB- AC cos ACL tan OCL 
=b cos c tan (90°—в) [. ASNB is right-angled, 


s. ту/мсв-т/8--907) 
=b cos С Cot B 
=b cos С cos B Z 2R' cos C COS B FS 2 -ав| 
sin B sın B 
=2R cos A cos B COS C SEC А 
Similarly, 


OM —2R' cos A cos B cos C sec B 
and ON —2R' cos A COS B COSC ѕес С. · 

Now, since the resultant of the 
forces passes through the centre O, 
so the algebraic sum of the moments 
of the forces about the point O is Fig. 52. 
тето. 


P.OL+0.0M+R.ON=0. 
or, P.2R' COS A COS B COS C sec A+Q.2R’ cos A COS B cos C sec B 
+R.2R' cos A COS B COS C Sec c=0. 

ог, P.sec A--Q.sec B+ В.е c=0. 

(iii) As the resultant of the forces passes through both the 
centroid and the orthocentre of the triangle; so we obtain 
respectively from (i) and (ii) above, 

P cosec A+Q cosec B+R cosec c=0---(1) 

and P sec A+Q sec BR sec c=0---(2) 

Now, from (1) and (2) by cross-multiplication we obtain, 

ee s 
coset B sec С--00560 С sec B 
Ж, а 
= созес с sec A—cosec А sec С 
das аж RS 5. ы, 
= созес A Sec 8--860 А COSEC B 
Р а 


= ЕЕЕ 


eb еп Lr rM 
Sine соѕ с sin С cosB п COSA Sin ACOSC 
a 

b 1 


Jc ER 
sin A COS B sin B cos А 


96 STATICS 


P a 
Sin С cos B—sin B соз С sin A cos C—sin C COS A 
sin B sin C cos B cos c sin C sin A cos C COS A 
x, R 
~ Sin B cos A—COS Б Sin А 
sin A COs A sin B cos B 


ol 


ог. Р = a Us AAR = 
' 4sin(c—B8) 4sin(a—c) 4 sin (B—A) 
sin 2B sin 2c sin 2A sin 2С Sin 2B sin 2А 
Р pè a 
от, —sin2Asin(B—c)  —sin28 sin (C—A) 
зїп 2A sin 2B sin 2С Sin 2A sin 2B sin 28 
S R 
“зїп 2c sin (A—B) 
sin 2A sin 28 sin 2С 
Р а = R 
or = 


' Яп 2A sin (B—c) sin 2B sin (СА) sin 2С sin (A—B) 
Ex. no ie ооа P, о, R acting along the three 
medians А, БЕ and cr of a triangle АВС are in equilibrium, 


Prove-that the magnitudes of the forces are proportional to 
the lengths of the three medians of the triangle. 


(b) Ifthe resultant of the forces /.8C, т.СА and m.AB pass 
through the centroid of the triangle asc, prove that /-+m-+n=0. 

(a) From the point A draw perpendiculars on BE and СЕ 
and let y and z be the lengths of these perpendiculars. 

Now, BE.) = 2 ABAE = ДАВС 

Газ each median bisects the triangle]. 

Similarly, cF.z = Д АЗС. 

5. ВЕгу--СЕ.2 - ++ (1) 

Now; as the three forces are in equilibrium, so taking 


moments about the point A, we obtain C.y—R.z —0 
о, GY=R.Z ++ -.. (2). 


Now, from (1) and (2) we get, аел 
ВЕ СЕ 
Similarly taking moments about the point B,we get — Р = 


СЕ 
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‚ Balak ie, The magnitudes of the forces are 
AD BE CF 


proportional to lengths of the medians. 
(b) Let @ be the centroid of the triangle. Then the distances 
У 2л 2л 2А Р 
of а from BC; СА, AB are 3-7» 3759 37с respectively. 
(See Ex. 10 (i). Now if the resultant of the forces pass 
through o, then taking moment about а we get, 


2^ 2A 2A] 
Lac. EST TURCA. зет TAB. 5.2 = 0. 


ог, 2л0+т+т) =0 [. вс=а, СА=, asec} 


с, l+m+n=0. 

Ex. 12. A man tries to uproot a tree with the help of a 
rope of length 30 feet, by fastening one extremity at some point 
of the vertical stem and pulling at the other end from the 
ground. The least moment about the foot of the tree necessary 
to uproot it is 1200 ft. Ibs. Find the least force that the man 
has to apply. 

Let the tree be AB and A be its lower end. Also let the 
rope be cD one end of which is tied to the tree at the point С 
and the man is pulling at the end р. Socp=30 ft. From A` 
draw AH perpendicular on CD and let / ADC—0. LetP be the 


force applied along CD. 
The moment of the force P about А=Р.АЧ=Р.АО Sin бэх 
Р.СО cos 0 sin 0—P.30.5 sin 20—15 Р sin 20. 
Now for uprooting the tree the moment required is 
1200 ft.Ib. 
^ 1200 80 
=120 =~ ==, 
15 p sin 20= 1200 07, P= рб sin 25" sin 20 
Now, P will be least when sin 20 is greatest i.e., 1. 
50,, R= 80 Ibs. 
Hence the least force required is 80 Ibs. 
Ex. 13. Of four co-planar forces in equilibrium, one is given 
completely, 8 second and а third, (which are not parallel), have 
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their lines of action given, while the fourth has its magnitude 
only given. Prove that the line of action of the fourth force 
must touch a fixed circle. [С. U. 1934) 
Let the forces P, @, R, S be in equilibrium. The force P is 
. completely given ; the forces a and R are not parallel and their 
lines of action and the magnitude of the force s are known. Let 
the lines of action of the forces @ and R intersect at tbe point 
о. 2 Ois a fixed point. 

Since the forces are in equilibrium, so the algebraic sum of 
the moments of the forces about any point in their plane is zero. 
Let the perpendicular distances of the point o from the lines of 
action of the forces P and s be p and s respectively (p is known 
and s is unknown). 


Hence taking moments about the point О we get Р.р+ 9-5 =0; 


or, з= РР 


. Now according to the given condition, P; P 


and s are of constant magnitude. 


PP is constant. Hence the distance of the line of action 
S 


of the force s from the point o is constant. Hence the line of 
action of s is a tangent to the circle drawn with centre o and 


radius PP. 
8 


Ex. 14. АВС іза right-angled triangle, the sides 8C, СА, АВ 
being 13, 12 and 5 units of length respectively, The moments 
of a force F about A, B, C respectively are 0, 25 and 144 units. 
Find the magnitude, direction and iine of action of the force F. 

Е [C. U. 1936) 

Since the moment of the force F about the point A is zero; 30 

the line of action of the 

EINA FM force passes through the 


— e 
Aem point A. Again since the 
ү E moments of the force about 
ЕЕ C the poiats Band с аге of 
B : Oa Л 
the same sign (here positive) 
Fig. 53 so the points в and с are 
on the same side of the line of action of the force F. Draw BL. 


and cm perpendiculars on the line of action of F and let 
m (БА «0. 


[e] 
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m / оАМ= 90 —0. [. Z8^cisa right-angle as 
BC? —cA? АВ? ] 


Now, BL АВ sin 6255 sin б. 
and CM=CA sin (90°—6) =12 cos 0. 


Since the moment of F about the point 8 is 25 units 


A s hyd A, 
r.8L—25, or, F.5 sin PES гас 


Again, since the moment of F about the point c is 144, 
F.cM=144, ог, F.12 cos 0= 144. 


12 

F= Cos ô 

F= 5 = 12 =з 5212? US тў 
sin Ө cos cos?0 --sin?6 

sin в= de ру sin ©, 2. 0-0. 


Hence the line of action of the force F is a tangent to the 
circum-circle of ДАВС at the point A and the magnitude of the 
force is 13 units. 


-» -» 

Ex. 15. ox and oy are two straight lines at right angles, 
and a force acting in their plane at О has moments а and а’ 
about the two points whose co-ordinates are (х, y) and (х,у) 


— -» 
respectively with repect to the lines ох and OY as axes of co- 
ordinates. If (ху —ху)=*0, prove that the magnitude R of the 


> 

force and the angle 0 between its line of action and ох are given 
by во (хех)? + ye — y'o)? and tan 02870, 
(ху —xy?* ха-ха 

(C. U. 1946] 


The resolved parts of the force along ох апа ov are respec- 
tively к cos 0 and к sin 6, Now, the algebraic sum of the 
moments of these two resolved parts about every point of the 
plane= moment of the force about the same point. 


Hence taking moments about the point (x, y) we obtain 


y.R cos 0— X.R sin б=все с (1). 
Also taking moments about the point (x', у) we get 
ун cos 9—x'R sin 8-2) ds 
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Solving equations (1) and (2) we get; 


ха'– ӘБ 03) 


R ços 9— — — 
5 ху'—х'у 


and m sin =e жайсыз (4) 


Squaring and adding both sides of equations (3) and (4), we 
(xa'— x'a)? + ye —У9)?, 


obtain R? = 


(ху ху)? 
Again dividing equation (4) by equation (3) we get, 
уа уа, 
tan 6 = EG 


Ex. 16. ^ uniform plank weighing 200 Ibs is 24 ft. long 
and 8 ft. of it project over the side of a platform, What least 
weight must be placed on the end of the plank, which is on the 
platform, so that a man whose weight is 150 lbs may be able to 
walk to the other end without overturning the plank ? 

Let the plank be AB and the portion cB be outside the plat- 
form. Also let а be the middle point of the plank. So ac — 4 ft, 
Let w be the weight placed at the end А. Now as the man 
starts valking from A, he will reach B without overturning the 
plank if the algebraic sum of the moments of the forces w acting 
at A and the weight 200 Ibs of the plank acting at G about c 
be greater than or equal to the moment of the weight 150 lbs 
of the man when at B. 

i.e., if w x16-4-200 x 42150 x8 

ог, уух162400 ог, w>25. 

So the least value of w is 25. 


Hence the weight that is to be placed at the end A is 25 165. 


Exercise 4 


1. In each of the following cases, the magnitude of a force 
and the perpendicular distance of the point o from the line of 
action of the force is given. Determine the magnitude of the 
moment of the force about the point o. 


(i) 100 kg., 50 meters ; (ii) 65 Ibs, 42, ft. 
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2. In the figure below a weightless rod АВ has been kept 
in equilibrium in the horizontal position. c is the mid-point of 


Fig. 54 
АВ. Find the magnitude and sign of the moment of each force 
about each point as shown in the figure, 


3. A3cisan equilateral triangle and each side is of length 
10 cms, Forces of. magnitudes 2, 4 and 8 kg. act along the sides 


> > — 
АЗ, BC and cA respectively. Find the moment of each force 
about the opposite vertex. 

4. Show that, if two forces be represented in magnitude, 
direction and sense by two sides of a triangle taken in order, the 
algebraic sum of their moments about every point of the base 
is the same. 

5. Masses 1 kg., 2 kgs., 4 kgs., 6 kgs., 8 kgs. and 10 kgs. 
are suspended from six consecutive points A, C; D, E, F and B 
respectively of a weightless horizontal rod АВ, 10 meters long. 
The points are at distances of 2 meters ; find the point of the 
rod, the algebraic sum of the moments of the forces about which 
is zero. 

6. A uniform rod 15 meters in length and of weight 30 kg. 
is supported on two smooth pegs at its ends, А weight 160 kg. 
is placed on the rod at a point, 8 meters from one end. Find 
the pressure on the supports. 

7. The wire passing round a telegraph post is horizontal 
and the two portions attached to the pole are inclined at 60* 
with each other, The post is supported vertically by a wire 
attached to the post at its middle point by a wire inclined at an 
angle 60° to the horizon ; show that the tension of this wire 
is 4 J3 times that of the telegraph wire. 


8. A uniform rod 6 meters long and weight 2 kg. is 
supported at its ends on two smooth pegs. Each peg can bear 
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a maximum weight of 13 kg. Determine the portion of the rod 
in which a weight of 16 kg. can be placed without breaking any 
of the supports. [State Council (W. B.) 1976] 

9. A heavy uniform rod of weight 50 kg. is suspended їп. 
a horizontal position by two vertical strings each of which can 
sustain a tension of 40 kg. How far from the centre of the 
string must a body of weight 25 kg be placed so that one of 
the strings may just break ? 

10. A rod, 16 inches long, rests on two pegs 9 inches apart, 
with its centre midway between them. The greatest masses that 
can be suspended in succession from the two ends without 
disturbing the equilibrium are 4 165. and 5 lbs. respectively. 
Find the weight of the rod and the position of the point at 
which its weight acts. 

11. A uniform rod, 5 meters long and simply supported at 
its ends is acted on by the following forces ; 

(i) a weight 3 tons at a point 2 meters from the left end. 

(ii) a weight 2 tons at a point 2 meters from the right end. 

(iii) a uniformly distributed load of 1 ton per meter on a 
length of 3 meters from the right hand end, If the weight of 
rod be 1 ton, find the reactions of the supports. 

12. At what height from the base of a pillar must the end 
of a rope of given length be fixed so thata man standing on the 
ground and pulling at its other end with a given force may have 
the greatest tendency to make the pillar overturn ? 


13. The horizontal road way of a bridge 12 meters long 
and of weight 5 tons is supported on similar supports at its 
ends, What is the pressure on each support when a truck of 
weight 3 tons is at a distance 8 meters from one end ? 


14. Find the magnitude and direction of the resultant of 
E =» => 
the force R; 2R, 3R and 4R action along the side A8, BC, CD 
5 
and DA of a square ABCD, Find also the point of intersection 
of the line of action of the resultant with AB. 


15. A man and his son were carrying a load of weight 
60 kg. with the help of a uniform rod, 5 meters long and o 
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weight 15 kg. At what point of the rod, the load must be 
placed so that the man will bear 2 kg, weights more than his 
son ? 

16. Forces of magnitudes 1, 2, 4 and 5 pounds act along 
the sides of a square taken in order, Prove that the resultant 
of the forces is parallel to a diagonal of the square. Find the 
point at which the line of action of the resultant intersects the 
line of action of the first force. [C. U. 1937] 


17. The lengths of the sides BC, CA; AB of the right-angled- 
triangle ABC are 5, 4 and 3 units of length respectively. The 
moments of a force about the points A, B and c are 0, 25 and 
144 units of moment respectively. Find the magnitude, 
direction and line of action of the force. 


18. The moments of a force about the points (0, 0), (8; 0) 
and (0, 4) are 20, —12 and 32 gramme-centimeters respectively. 
Find the point at which.the line of action of the force intersects 
the x-axis and also the resolved parts of the forces parallel to 
the axes. 


19. The weights of two heavy uniform rods AB and вс of 
lengths а and b respectively are proportional to their lengths. 
The rods are rigidly connected at B and 4.АВС is a right-angle. 
The connected rods are hung from the point А. Prove that if 
9 be the inclination of AB with the horizontal, then 

b? 

a? +245 

20. Three forces P, а, R act in the same sense along the 
sides BC, CA, AB of a triangle ABC ; show that if their resultant 
passes through the in-centre of the triangle, then P--a--R-—0, 


cot 0— 


21.. In the previous question if the line of action of the 
resultant passes, 


(i) through the circum-centre of the triangle, instead of the 
in-centre, show that, P cos A+@ cos B+R cos c0, 
(ii) through both the in-centre and the circum-centre, then 


show that. 
Р e R 


=== = lM 22 a 
cos B—COSC COSC—COSA С05 A— Cos B 


17 
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22. In question 20, if the line of action of the resultant 
passes f 
(a) through both (i) the in-centre and (ii) the centroid of 
Я Р (27 R 
See Ес. 
the triangle then prove that, дра) q-5 
(b) through both the ortho-centre and the circum-centre, 


Ex b ifa = @ — = R *- 
(b2—c?) cos A (c2?—a?)cosB (a?—5?)cosc 


then prove that 


85:8. Moment about an axis. 


Let АЗ be a fixed axis of a body and P be a force acting ou 
the body. 


S х» 
Let ON be the shortest distance between AB and the line of 
action of P. Through N draw a 


P straight line parallel to АВ ; Let this 
parallel straight line is inclined at 


О d an angle 0 with the line of action 
> ЈА of P. 
N Now; Р.ѕіп 6.ОМ/18 said to be the 
B j magnitude of the moment of the 
; NE s 
Fig. 55 force P about the fixed axis АВ. The 


sign of the moment is determined as in the case of moment 
about a point. Again as in Varignon’s theorem, if a number 
of coplanar forces acting on a body have a resultant, then the 
algebraic sum of the moments of the forces about any fixed axis 


of the body is equal to the moment of the resultant force about 
the same axis. 


CHAPTER SIX 
COUPLE 
$61. Couple. Two equal and unlike parallel forces 
constitute a couple if the forces do not 
act along the same straight line, The 
perpendicular distance between the lines Р 
of action of the forces is said to be the 
Arm of the couple. If P, P be the forces rd 
constituting a couple and p be its arm, p 
then generally the couple is indicated as 


М 


(Р, р). y P 
$6'2. The algebraic sum of the 

moments of the forces constituting a Fig. 56 

couple, about any point in their plane is constant. 


Let (P, p) be a couple and о be a point in their plane. Draw 
from o a perpendicular 

| ' onthe lines of action of 
Р 5 the forces constituting 


о 1 2 
^—5—P Ар заа a the couple, Letthis per- 


pendicular intersect the 


di li diy EL lines of action of the 
forces at the points A and 
Fig. 57 B. Hence Аз is the arm 


couple and let AB =p. 

First let the point о be situated on the same side of the 
forces [fig. (ii). Now the algebraic sum of the moments of 
the forces about the point o=P.oA—P.OB=P.(OA—OB) 

5 = —P.AB = —P.p = constant. 

Next, let the point o be situated on the opposite sides of 
the forces. In this case the algebraic sum of the moments of 
the forces 

= —Р,ОА—Р.ОВ= —P(OA+08)= —P.A3 = —P.p —constant 


Сог. Since none of P and p is zero, ., P.p#0. 


Hence the algebraic sum of the moments of the forces cons- · 
tituting a couple about any point in their plane cannot be zero. 


$63. Moment of a Couple. The product r.p of the 
magnitude P of one of the two forces constituting a couple and 
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the arm of the couple is said to be the moment of the couple. 
Hence from § 6:2 one gets that the algebraic sum of the 
moments of the two forces constituting a couple about any 
point in their plane is constant and isequalto the moment of 
the couple. The moment of the couple is said to be positive or 
negative according as the algebraic sum is positive or negative. 
Also, the units of moments of couples are the same as the .units 
of moments of forces. 


864. Physical concept of moment of a couple. 


Ifa couple is applied on а body, then the couple .cannot 
keep the body in equilibrium. For, if the body remains in 
equilibrium, then the algebraic sum of the moments of the 
forces constituting the couple about any point in their plane 
will vanish ; but according to Cor. of 8 62 this algebraic sum 
cannot be zero. If a couple is applied on a body, then the 
forces of the couple want to rotate the body in opposite 
directions and as a result the body undergoes a rotation. For 
example, while winding a watch, the key of the watch is 
rotated by applying a couple on the key with the help of two 
fingers. To spin a top we apply a couple on the top with the 


help of the thumb and another finger. 

865. Equivalent Couple. Proposition : Two co-planar 
couples acting on a rigid body cancel each other if their 
moments b2 equal but of opposite signs. 


Let (P, p) and (ә, а) be two co-planar couples acting on a 
rigid body and the moments of the couples P.p and а.д are 
equal in magnitude but of opposite signs. 


First let the forces P and @ be not parallel and let the line 
of action of a force P of the couple 
(Р, p) intersect the line of action of 
a force @ of the couple (a, q) at 
the point o and the lines of action 
of the other two forces P and ә 
intersect at the point o’. Since (Р, 
р) and (ә, 4) are two couples, so 
the lines of action of the forces 
intersecting at о will not pass 
through o' and conversely. Now, 


Fig. 58 


, draw perpendiculars o'w and O'N from the point o' on the 
lines of action of the forces P and @ acting at о. 2, ОМ? 
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and оме. Now the moments about О of forces acting 
at O are respectively Р.Ом and а.Ом ie. P.p and а.д 
which are equal in magnitude and the moments are of 
opposite signs and so the algebraic sum of these moments is 
тето. Hence the resultant of these two forces passes through 
O'. Similarly, the resultant of the forces acting at O' passes 
through the point O. Hence the lines of action and sense of 
> > 

the two resultants are ОО and ОО! respectivly. Also as these 
forces acting at О аге equal to the forces acting at o' and they 
are inclined at equal angles, so the two resultants are equal in 
magnitude, Hence the two resultants i.e, the two couples 
cancel each other. 

Next let, the force of the couple (P; p) be parallel to the 
forces of the couple (8,4) ` 
anda straight-line perpendi- & 
cular to these forces intersect 
their lines of action at A, B, 
c and p. Now, as the moments 
of the couples are equal, so 


P.AB—Q.CD:- (1) 


а 
vi 


Р 


H 
Let the line of action of P+ 
the resultant P+@ of the like Fig. 59 


— 
parallel forces acting at the point B and c intersect AB at L. 
S. вР.з=@.С et (2) 
Subtracting (2) from (1) we obtain P.AL = QG.DL. 


Hence the line of action of the resultant P--a of the like 
parallel forces P and @ acting at A and D also passes through L. 
But the senses of these two resultants are opposite and so their 
lines of action coincide. So, these two resultants and hence 
the two couples balance each other. 

Cor. From the above proposition we get the following 
important corolary. ^ 

If the magnitudes and sign of two coplanar couples are the 


same, then any one of the couples can be replaced by the 
other. 
Theorem. The resultant of any number of co-planar 


couples acting on a body is a couple whose moment is 
equal to the algebraic sum of the moments of the couple. 


Let (P, p), (а, 9), (R, 7), (S, 5) etc. be a number of co-planar 
couples acting on a body. 
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The moment of the couple (P, p) is Р.р, the moment of the 


couple (a, 4) is ag= "4p. 


Hence if the couple (=, poe such that the lines of action 


of the forces 9:7 coincide with the lines of a action of the forces 
р 


P and their senses be such that the moment of this couple be : 
of the same sign as that of the couple (a.g) then the couple 


(е; q) and 2 have moments of the same magnitude and 


sign. So, the couple (е, q) can be replaced by the couple 


РА 
" JA T 
ү Me ЭРЭ 
n 8 
R 


Y 


R 
Fig. 60 
(Мм, 2). Similarly let us replace the couples (в, 7), (S, s) etc, by 
р 


couples (©, г) (®, D etc, the forces of each couple acting 
р р 
along the lines of action of the couple (Р, p). Hence the given 
couples are replaced by a single couple whose arm is p and 
each force is of magnitude ЇР VELA Se) 
[Here each force is to be taken with its proper sign]. 
Hence the moment of the resultant couple is 


Qg,Rsr, 8.5 j 
р-23-21-2524..| рар,р+феа.9 +8. 5.54: 
( DEAN LEE 


= algebraic sum of the. moments of the given couples, 
Hence the resultant of a number of coplanar couples is 3 


couple and the moment of the resultant couple is equal to the 
algebraic sum of the moments of the given couples. 
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866. Resultant of a couple and a force : 


Theorem : The resultant of a couple and a force acting 


inthe same plane is a single force equal and parallel to . ` 


- the given force. 
Let a couple (P, p) and a force F act in the same plane. 


Now introduce two forces F and F in the same plane one acting 
along the line of action of the given force F in the opposite 
sense and the other like parallel to the given force Fata 


distance хе?Р from its line of action so that the couples (Е, x) 


and (P, p) have moments of the same sign. 


Now the moment of the couple (F, x) is F.x—F. Papp. 


Hence the two couples (Р, р) and (F, x) are equivalent, 
the resultant of the couple (Р,р) and the force F, is the 
resultant of the couple (F, x) 
and the force F, Now the two 


equal and opposite forces (F,F) < € 

acting along the line of action о c 

of the given force F balance X e3 

each other and we are left with N 7 RAAG < 
NZ ee 


the force F at a distance x="? 
Е 


and so this force F is the Fig. 61 
resultant of the given couple and the given force. 


Сог. 1. A couple and a force cannot produce equilbrium. 

Cor.2. The forces constituting a couple cannot have a 
resultant. For, if they have a resultant F, then the couple and 
a force equal and opposite to this resultant will produce 
equilibrium, 

5867. A force acting at a point of a body can be 
replaced by an equal and parallel force together with a 
couple. 

Let a force P be acting on a body at a point o. Let o' be 
any other point of the body. Now, at о’ introduce two equal 
and opposite forces each equal and parallel to the force p. 


Since these two forces balance each other, they do not affect 
the state of the body. 
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Now the force P acting at О and the equal and unlike 
y parallel force P acting at O' consti- 
tute а couple. Hence the given 


P “Р force P acting at О and this couple 
i together with the other force P 
О o acting at о’ are equivalent i.e., the 


given force сап be replaced by а 
couple together with an equal, like 
parallel force. 

Fig. 62 Also, the moment of the couple 
is —P.00' and the moment about О' of the given force P acting 
at the point o is —P.oo'. 

Hence the moment of the couple is equal to the moment of 
the given force about the point о’. . 


$68. If a number of forces acting in one plane can be 
reduced to a single couple, then the algebraic sum of the 
moments of the forces about any point in their plane is 
constant and is equal to the moment of the couple. 

Suppose a number of forces Pi, Pg, Рз etc. acting in onc 
plane can be reduced to a couple, To prove that the algebraic 
sum of the moments of the forces about any point in their 
plane is constant and is equal to the moment of the couple. 


proof. Let О be any point in the plane of the given forces. 
Now according to 86:7, each of the given forces can be 
replaced by a couple and an equal like parallal force acting at 
the point о, Also in each case the moment of the couple is 
constant and equalto the moment of the corresponding given 
force about the point o. 

So; the given forces can be reduced to a number of couples 
together with a number of forces acting at the point o. 

Now th: couples can be reduced to a resultant couple whose 
moment is equal to the algebraic sum of the moments of the 
couples i.e., Constant and is equal to the algebraic sum of the 
moments of the given forces about the point o, 

“Авай, if the forces acting at the point О be-not in equili- 
brium then they will have a single resultant. In this case the 
given forces are equivalent to a single couple together with а 
given force. But according to the given conditions the given 
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forces are equivalent to a single couple and a single couple and 
a single force cannot reduce to a couple (6 6*6). 


Hence the forces acting at the point o must be in equilibrium 
and the given forces will reduce to a single couple whose 
moment is equal the algebraic sum of the moments of the given 
forces about the point o. 


Thus, the algebraic sum of the moments of the given forces 
about the point о is equal to the moment of the resultant couple 
and is constant. 


$69. If three forces acting on a rigid body are re- 
presented in magnitude, direction and sense by the three 
sides of a triangle taken in order, then the forces are 
equivalent to a couple the magnitude of whose moment is 
twice the area of the triangle. 


Three forces P; a, R acting on a rigid body are represented 
in magnitude, direction and sense by the three sides BC, CA, A8 
of the triangle ABC taken in 
order, To prove that the forces сыы өл Ды odi 
are equivalent to .a couple and 
the moment of the couple is 
equal to twice the area of the 

2 в Р 
triangle. 

Through A draw pe parallel Fig. 63 
to Bc and inroduce two equal and opposite forces P, P at A 
along AD and AE. They will not alter the equilibrium of the 
given forces as being equal and opposite, these forces cancel 


C 


=> -» 
each other. Now the three forces P, along AE; @ along CA 


-» A 5 
and R along AB acting at the point A, are represented in 
magnitude direction and sense by the three sides of the triangle 
ABC taken in order. 


So, by the theorem of triangle of forces; the forces are. in 


equilibrium. The remaining forces P along Be and P along AD 
are equal and unlike parallel forces acting on a.rigid body; so 
they constitute a couple of moment P x AL [where AL is the per- 
pendicular from А on ВС| BC X AL=2 x BC X AL- 2m A ABC, 
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Ex. 1. Each side of the square ABCD is of length 10 cms. 
> > > > 
Forces 5, 7, 20 and 8 kg. weights act along AB; BC, CD and DA 


— -» 
and forces 8,/2 and 74/2 kg. weights act along Ac and pB; 
Determine the resultant of the forces, 


As 
The force 84/2 kg. weight along AC is equivalent to two 
components 8 ,/2 cos 45°; 8 ,/2 cos 45°, 


1 1 
Er 8 J2.—- 
ог, 8 J2. 7 апа 8,/ 5 


О 20 7 C 
ie., 8 kg. wt. 


7 v» аг NO 

8 7 and 8 kg. wt. along АВ and AD. Similarly, . 
> 

OPEN the force 7,/2 kg. wt. along pB is 


А 5 8 B equivalent to components 7 kg. wt. and 
Fig. 64 7 kg. wt. along ос апа DA. 

Hence the given forces.can be reduced to four forces 5--8 

=13 kg. wt. along A3 5 7 Кр. wt. along Bc ; 20—7=13 kg. wt. 


-» — 
along cD ; and 7+8—8=7 kg. wt. along DA. 


I 

Again forces, each equal to 13 Кр. wt. along АВ and CD; 
being equal and unlike parallel forces constitute a couple whose 
arm is 10 cms. and moment is 13.10—130 kg. cms. Similarly 


-» -» 
the forces; each equal to 7 kg, wts. along вс and DA, constitute 
a couple of moment 7.10 — 70 kg. cms, 


Hence the given forces are equivalent to two couples which 
in their turn are equivalent to a single couple of moment 
130--70--200 kg. cms. 


Thus the given force-system is equivalent to a couple of 
moment 200 kg. cms. 


Ex. 2. Two forces each equal to 10 kg. act along the sides 
АВ and Сб of the square asco in the senses from A to B and 
from c to р respectively, A third force of magnitude 12 kg, wt 


actalong CA. Find the resultant of the three forces, 
The two equal and unlike parallel forces each equal to 10 kg. 


. E mie . 
acting along АВ and cp constitute a couple of moment 10.AD. 
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Now this couple can be replaced by a couple (12, ФАО) of 
positive moment [the moment of the couple (10, AD) is positive 
in our figure] for the moment of the couple (12, 3AD) is 12.8AD 


^ z]10.AD. 


Now, this couple is taken in such a way that a force of 


magnitude 12 kg. act along ce, the line of action of the given 
third force in the opposite sense and the 
other force is an equal and unlike parallel 
force of 12 kg. at a distance AD from 


-» > 
CE on that side of СЕ; so that the moment 
of the couple (12, $AD) is positive. 

Hence in place of the given three 
forces we obtain two forces 12 kg., 12 kg; 


acting along СА апа сє anda third force 
12 kg. acting at a, and like parallel to the 


force acting along CA. ` The two equal 
and opposite forces acting at с balance 


Fig. 65 
each other and we are left with the force 12 kg. at а which 


is the resultant of the three given forces, 
Ex. 3. Five, forces. of f magnitude 1, 2, 3; А and 2 „/2 act 


along the side ^8, BC, со, DA and the diagonal AC XC of the square 
ABCD. Prove that "the forces are equivalent to a couple and find 


the moment of the couple. [C. U. ME 


The components c! АВ апа РА of the force 2 ,/2 along АС 
3 ә 1 
are 2 ,/2 cos 45°=2 ‚/2. 7? and 2 ,/2 sin 45°=2 42-572 
Hence the given forces can be 
D c reduced to forces 1--2--3 along АВ, 
2 along BC, 3 along CD and 4—222 


4 2 > 
along DA. Now these forces 
constitute two couples (i) 3 and 3 
А в -» -» 
1 along АЗ and со and (ii) 2 and 2 
$ -» -» 
Fig. 66 along BC and DA, Now the moments 


of these couples are 3a and 2a 2a [taking each side of the square 
as of length a]. 
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Again, the resultant of these two couples is а couple of 
moment 3a+2a=5a. Hence the given forces can be reduced 


to a couple of moment 5a. 5 


Ex. 4. Forces of magnitude 4,6, 4 and 6Кр. wts, act 


> > > -» 
respectively along the sides АВ, BC; CD and DA of the rhombus 
ABCD. If the length of a side of the rhombus be 6 metres and 
m / BAD = 60°, find the moment of the resultant couple. 
To find the distance of BC and AD draw BL, perpendicular 
from B on АС. Now EL=AB sin A 


=6 sin 60'S 4З 23 A/3 metres. 


. Again, the distance AM between 
АВ and CD is AD sin / ADM —6 sin 60° 


= =3 ,/3 metres. 


Now equal and unlike parallel 
forces each of magnitude 4 kg. wts, 


Fig. 67° 


acting along ^B and со constitute a 
couple of moment 4.АМ--4.3 ,/3 kg. metres 12 ,/3 kg. metres, 
Also, equal and unlike parallel forces each of magnitude 6 kg. 


wts. acting along BC and DA constitute a couple of moment 
6.8L—6.3 ,/3 kg. metres=18 ,/3 Кр. metres. 

Now, the resultant of these couples is a couple of moment 
123-18 ,/3—30 ,/3 kg. metres, 


Hence the given forces are equivalent to a couple of moment 
30 ,/3 kg. metres, 


Ex.5. The points of application of the forces of a couple 
ате A and B and the moment of the couple is G, If the lines of 
action of the forces are rotated through 90*, then the moment of 
the couple becomes н. When the lines of action of the forces 
are perpendicular to АВ, show that the moment of the couple 
becomes СМа?+н?. 

Let the magnitude of е 


Mos ach force is P and at first they are 
inclined at an angle 0 


; ) with АВ, In this case the arm of the 
couple is АВ sin Ө and the moment is Р.АВ sin 6, 


С. Q=P.AB sin 8...... (1) 
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In the second case the arm is A3 sin (90* --8) = AB cos 0 and 


the moment of the couple is P.AB cos 6. 
“, H=P.AB COS 0-7 (2 


In the third case; the lines of action of the forces being 
perpendicular to АВ, the arm of the couple is AB and the moment 
‚ of the couple is Р.АВ. 
Now, from (1) and (2) we obtain, 
аз Ен? — P248? (sin?0-I-cos?0) = P2.A8? 
P.AB— Ja? --H?- 
Hence the moment of the couple in the third case = Ja? +н2. 


Ex.6. Acouple (F; a) is acting in the plane of two like 
parallel force P and a. Prove that the resultant of the couple 


and the parllel forces is at a distance SEG from that ofthe 


resultant of the like parallel forces. 

Let the points of application of the like parallel forces P and 
о and their resultant P+@ be respectively A, B and с. Now 
according to § 6'6 the resultant of the forces P--a and the 
couple (F, а) is a force P+@ which is like parallel to the force: 


Ре acting at a point D such that CD BE s 
an g р CD 50) 


Ex.7. Forces P; @, R act along the tangents to the circum- 
circle of the triangle АВС at the vertices A, B; C taken in order. 
If the forces can be reduced to a couple, show that 

| P:Q:R-sin2A: sin 2з: sin 2С. 
Let the tangents to the circum-circle of the tria ngle ABC at 


the vertices A, B, C be respectively ЕЕ, FD, and DE. 

Now mZeac=m/B (angle of the alternate segment) 

=m / ЕСА 
from AEAC, we obtain; m / E= 180°—2m / 8. 

Similarly; m / F= 180" —2m / с and m / D=180°— 2m / A. 

Now, let the circum-radius of the triangle DEF be R' and 
pL LE. 
*, DL=DE Sin (180”--28)--2в” sin F sin 23. 


EF FD DE ; 
++ In ADEF, = == — =2 | 
[. ADEF, sinD sing sin F R 


=2R' sin 2c sin 28. 
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e 
Similarly if EM and FN be respectively perpendiculars on FD 
and bE, then EM=2R’ sin 2c sin 2А and FN=2R’ sin 2a sin 28. 
Now as the three given forces can be reduced to a couple; so 
the algebraic sum of the moments of the 
forces about each of the points А; В, С are 
constants. Now the algebraic sum of the 

moments of the forces about D 

=P.DL+@.04+ R.O 

` =p.2R’ sin 28 sin 2c. 
Similarly, the algebraic sum of the 
moments of the forces about E and F 


Fig. 68 are respectively @.2R' sin 28 sin 2c and 
R.2R' sin 2А sin 28. 


F A P_E 


D 


-. P2R'sin 28 sin 2c —Q.2R' sin 2c sin 2A 
, = R.2R' sin 2A.sin 2B. 
arse Blues Siege. а; 
' sin2A sin2B sin 2c 
Ex. 8. In the rectangle ABCD, AB—CD —/ and вс=рА=т._ 


> > ә ә 
Forces Р, 2, P, @ act along АВ, BC, CD and DA. Prove that the 
perpendicular distance of the lines of action of the resultants of 
el-4-Pm 
АР2--а2 
The resultant of the forces P and с acting at the point A, is 
a force ,Jp2-pg? acting at A and 
that of the forces P and @ acting 
atthe point c, is also a force 
- EIL А 5 Q Q 
„ЈРЗ +а?. again, the lines of m 
action of these resultants are " 


the forces acting at A and c is 


D P 1 С 


Оше to. a and co. | ль 


Hence these resultants constitute Fig. 69 
а couple (Урд +аз, d) [say]. 
Again the forces P and P acting long АВ and CD is a couple 


(Р; m) and the forces a and е acting along BC and DA isa couple 
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(a, 1). Hence the resultant of the couples (P, m) and (a; Й 
is the couple (/Р2--а2, 9) 
<. pm+al= Jp?+a2.d. 
и а= pm+el 
i Меё--ад 
Ех. 9. Three forces acting along the three sides BC, CA, 
AB of a triangle asc taken in order constitute a couple. Prove 


. that the three forces can be represented by those sides of the 
ч 


triangle. 

Let three forces P; @; R acting along the sides BC, CA; AB 
of a triangle ABC, taken in order constitute а couple. As the 
three forces constitute a couple, so the algebraic sum of the 
moments of the forces about every point in their plane is 
constant. 

Taking moments about A we get P.AD-- Q.0 -É R.O — P.AD 


AD 2^ 


(where AD is perpendicular from A on gc)-P.BC. =P. 


[A being the area of the triangle ABC] Similarly taking 


moments about B and c we get, the algebraic sum of the 
^ 


moments of these forces about these points are eA and roa 


respectively. 
Кез, p24 23.23 5 RASAR 
a b с a b с 
Hence the magnitudes of the forces are proportional to the 


sides Bc, CA; AB respectively. Hence the forces can be re- 
presented by the three sides of the triangle taken in order, 


Exercise 6 

1. The lengths of the sides of the square ABCD are 10 cms. 
each ; forces of magnitudes 1, 2, 8 and 5 kg. weights act along 
> > > E Ё 
АВ, BC, CD and DA and forces of magnitudes 5,/2, 2 „/2 kg. 

> > 

weights act along AC and ов respectively. Prove that the forces 
are equivalent to a couple and determine the moment of this 
equivalent couple. 
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2. Forces of magnitudes 3, 5,3 and 5 pound weights act 
along the sides of a Square taken in order. Find the resultant 
of the forces, ‚ [C. U. 1932] 

3. The moments of two couples are equal in magnitude but : 
are of opposite signs. If the forces of the two couples act along 

` the sides of a parallelogram, prove that the magnitudes of the 


forces are proportional to the lengths of the sides of the 
parallelogram. 


4. Three forces acting along the sides of a triangle taken 
in order can be reduced to a single couple, Prove that the 
Magnitudes of the forces are Proportional to the lengths of the 
Sides of the triangle. 

5. P and а are two like parallel forces. P+@ is a force 
acting in the same plane and is unlike parallel to the forces Р 
and а and its line of action is between the lines of a -action of 
P and a and isat distances a and b from the lines of action of ` 
the forces Р and а respectively. Find the moment of the 
resultant couple, 

6. . ABCD is rectangle and AS=CD=/,BC=DA=m. Two 
forces P, P act along ^D and cB and two forces а, е act along 


> > 
АВ and CD. Prove that the distance between the lines of 
action of the resultant of the forces Р, @ acting at А and that 
of the forces Р, a’acting at c is PI—9M - 
р? +a? 

7. ABCD and EFGH аге two parallelograms in the same 
plane. Four forces act along AE; FB, CG and AD in the plane. 
Prove that the resulant of the four forces is a couple. 


8. Find the resultant of a comple (4, 21) and a force of 
Magnitude 5 units acting in the same plane, 


9. Six forces are represented in magnitude; direction and 
Sense by the six sides of а. regular hexagon taken in order. 
Prove that the six forces are equivalent to a couple and find the 
moment of the couple, 


10. The lines of action of 


three forces acting at the 
vertices A, B; 


C of a triangle are perpendicular. to вс. Prove 
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that if the lines of action of the forces аге turned through the 
same angle in the same direction; then they reduce to a couple. 

11. The sides BC, CA, AB of the equilateral triangle are 
divided in the ratio 2:1 at the points D, Е, F respectively 
internally. Three forces each of magnitude P act perpendicular 
to the sides at these points. Prove that the forces constitute 
a couple of moment } P. a where a is the length of each side 


_ of the triangle, ЇН. S. Tech '72] 


12. Prove that if the algebraic sum of the moments of 
two forces about every point in their plane be constant, then 
the forces constitute a couple. — 

13. Each forces of a couple is 25 kg. and its arm is 4 cm. 
Each force of a couple equivalent to the former couple is of 
magnitude 20 kg. Find the length of this later couple. 


14. Each side of the square АВСО is of length 2 units. 
Forces a, b, c, d act along the sides AB, BC; CD and DA of this 
square taken in order. Forces р,/2 and 4 „2 act along АС 
and DB respectively, If p--q—c—a and p—q=d—b, then show 
that the forces constitute a couple of moment a+b+e+d. 

15. АВСО is a rectangle ; forces p.A8, 4.80, г.СО and 5.бА 
act along the sides AB, BC; CD and DA respectively. Show that 
the necessary and sufficient conditions for the forces to 
constitute a couple are p=r and 4=5. 


16. ` At the ends A and в of a weight less uniform rod kept 
in a horizontal position, act a vertically upward force of 
2 Ibs. wt. and a vertically downward force 2 lbs. wt. 
respectively, Ata given point c of the rod а force 2 165. wt. 
is applied making with the rod an angle 30* in the downward 
direction. Find the magnitude, direction апа point of 
application of the force which will keep the forces in 


` equilibrium, 


17. Six forces of magnitudes 1, 2, 3, 2, P and а acting 
along the sides of a regular hexagon taken in order constitute 
acouple. Find P and @ and also the moment of the couple, 


CHAPTER SEVEN 
CENTRE OF GRAVITY 


$7.1. A rigid body can be conceived of as the collection of 
particles of matter rigidly connected together, Now, according 
‘to Newton’s Law of gravitation, every material particle is being 
attracted towards the centre of the earth ; the force of attraction 
is proportional to the mass of the particle and is inversely 
Proportional to the Square of its distance from the centre of the 
earth and the force is towards the centre of the earth. This 
force of attraction is called the weight of the material particle. 
If the size of the particle is very small as compared to that of 
the earth, then the lines of action of these forces of attraction 
can be taken as parallel and so the forces can be taken as 
Parallel forces. The Point of the body through which the 
resultant of these forces of attraction passes is called the centre 
of gravity of the body. Hence to determine the Centre of 
Gravity of a body, one has to determine the resultant of a 
number of parallel forces, So; in the next article we discuss 
the method of determination of the resultant of a system of 
` parallel forces. 


$72. Centre of parallel forces. Let parallel forces 
Pi; Poyet, Py act at the points A15 Адуун An of a rigid body. 
We are to find the resultant of these parallel forces, 

We know from chapter four that like parallel forces of 
magnitudes P, and Po acting at points ^i and A, have as 
resultant the like Parallel force 
P, +P, acting at a point сү, 
dividing the line Segment aA, 
internally in the ratio Po iP, 
Again the resultant of like 
parallel forces Pi +P, acting 

Pn . at ће point c, and Р, acting 

Py+P2- Pn at the point A, isa like parallel 
PHPH- Ph. force Pi-RP.-kP, acting 

Fig. 70 at a point Cy of Cla, where 

C1C2 : C3A3 =P; : (P) +P,). In this way proceeding (п—1) 


he; АС] : AoC) =P3 : P}. 


BH Cn: qAn 
Ci 
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times we ultimately get a point c, , of the line segment 


Cao A, Where the resultant P] +Р2+ + +Pn, a force like 
parallel to the given forces acts and the point c _, is such that 
Саъ Са ӨР Ан PRE (Бү РУ +Pn_1). 


Let us now discuss the above analytically (i.e., by the method 
of co-ordinate Geometry), 
Let the points Ay, А), ‚ An lie in the same plane and let 


us take two convenient axes of co-ordinates ox and oY in the 
plane of the points. Let (X1, Y1), (Xo, Job » (Xn, Ул) be 
the co-ordinates of these points referred to these axes and 
(45 By), (Ko, Bg) (Хасу, Въ) be the co-ordinates of points 
Сү, Са, Сь-1- Now, as the point c, divides A, A, internally 
in the ratio P5: Ру, so from the formulas of Co-ordinate 
Geometry we obtain, S 
—P1%) HP2%9 8 aPivitPsve 
РҮ Рә,” | PP. C 
Again, the point c, divides суду in the ratio Рз : (Py 4-Р.) 


ay 


«y= +Po)<1 +P 3x3 


j РІ Po P3 
Руху Роха 
p, p,) Pi TPa?2 p pax 
zl 1+P2) [EXAM +Р» 3 Руху +Рохо-РзХз 
Р; Рә ЁР Pi +PetPs 


Аз(х25у2) 


Fs C2P,+P, 


Р. С.к, 


An(Xn Аз(Хзуз) 
КООР Rete Pay 
Cnr Cty) 


Cn-z 


Fig. 71 


29155552 HPs, 
Pi tPotPs 
Proceeding in this way we ultimately get the point 


Similarly ё, = 
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Cu-1 (5-1, Bn_y) as the point of application of the parallel 
forces Ру, ps, Р, as 


ВЗ СЕЗУ БЕРЙ Е-е ЕРУ» 
ОО MRRP acess TP. 


If we write the point С©»-1 аз the point a and its co-ordinates 
be (2, 5) 


Pic Pot 41) 
y Ph +Роу + 
Pi PoF 
Hence the resultant of the parallel forces P, Posete, P, 
acting at the points Ау, Адуун » An always passes through the 
Point а (5,9) and it is evident that the position of а does not 
depend on the direction of the forces Ру, p, ...... » Pn but on 


2: eras 
the magnitudes and the points of application of the individual 
forces, 


Note. (1) It is evident from the equations (1) that a system 
of parallel forces have one and only one centre, 


(2) If a system of parallel forces act at different points of 
a rigid body and if for any change of position of the body, the 
magnitudes of the forces remain unaltered and the forces remain 


parallel, then the centre of the System of parallel forces always 
remains unaltered, 


. (3) The above discussion has been made for like parallel 
forces. But if a force P, be an unlike parallel force, then in 


i )P, s d be replaced by —P;. It must also be 
noted that in this case the formulas can be used if xp5<0, 


§73. Centre of gravity of a rigid body and rigidly 
connected particles. 


At the beginning of this chapter we have said that a rigid body 
can be conceived of as a collection of rigidly connected material 
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particles and these particles are being attracted towards the 
centre of {һе earth ; the force of attraction is called the weight 
of the body. Now, if the body be small, then the lines joining 
the different points of the body with the centre of the earth 
can be taken as parallel straight lines (as the distance of the 
earth's surface from the centre’ of the earth is nearly 4000 
miles). Now, the weights of these material particles act along 

these lines, We can determine the resultant of these parallel 

forces by the method of $ 7:2 and the line of action of these 

parallel forces passes through a fixed point, The magnitude of 

the resultant is called the weight of the body and the centre of 

these parallel forces is called the centre of gravity of the 

body. Since the centre of parallel forces is independent of the 

directions of the parallel forces, so the centre of gravity of a 

body remains fixed for different positions of the body. 

Hence the centre of gravity of a body ог а collection of 

material particles can be defined as follows : 


Def. The centre of gravity of a body (ora system of 
particles) is the point through which the line of action of the 
weight of the body always passes, whatever be the position of 
the body. 

Note 1. The weight of a body is due to the gravitational 
attraction on the body, If the body is taken to a place; where 
there is no attraction of the earth, then the body will have no 
weight and the concept of centre of gravity will become 
meaningless, In those cases though the body will have no 
centre of gravity, yet one can have the idea of another centre 
of the body as follows : 


Definition : If parallel forces act on the particles of a 
system of particles, proportional to the masses of the particles; 
then the centre of these parallel forces is called the centre of 
mass Ог centroid of the system of particles. 


Since the attraction due to gravity on particles is proportional 
to the masses of the particles and the centre of a system of 
parallel forces remains unaltered if each force is increased or 
decreased in the same proportion, so the centre of gravity and 
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the centre of mass of а body is the same point, The centre of 
Bravity of a body does not exist in a place where there is no 


gravitational attraction, but the centre of mass exists 
' everywhere, . 


(2) Since every system of 


parallel forces has one and only 
Опе centre, soa body can have 


only one centre of gravity. 


centre of gravity. 


574. Method of findin 


Ё the centre of Éravity of a 
continuous body. . 


To determine the centre of gravity of à body or a collection 
of rigidly Connected material Particles, the body рг the 
Collection of material particles is generally divided in several 
Parts according to Convenience, so that the Weight and centre 
of gravity of the parts can be Separately determined, Now. 
the centre of gravity of these Separate weights is the centre of 
gravity of the body, 

Let oi, 95, © Бе the weights of 
бл»), (ха, Yo), (хэ, уз) Бе the co- 
of the particles with reference to a sui 
Of co-ordinates, If (5,5) be the co 
gravity of the collection of materia] p 
the formula-(1) 01872 


material particles апа 
ordinates of the positions 
table chosen Pair of axes 
-ordinates of the centre of 
articles, then according to 


z=% +4 X 04x54 p- Хоҳ 
i= = 2 

03 09 4-04 4... Xo 

and Je TP VU As зу, e. ушу 
OPES pay pam 2 


Let us now conside. 


intoa number of parts, 
centre of gravity of each Part are se 
be the weight of one Such part and (é, 
the centre of gravity of the part, 


Parately known, Let 50 
» 1) be the Co-ordinates of 
If (5, 5) be the centre of 
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gravity of the body, then х and 5 will be approximately IS 
50 


апа AS where the summation is taken over the whole body. 


Now let us make the number of parts indefinitely large so that 
the weight of each part sw tends to zero. In that case ёо, 
улоо and xw respectively tend to (54, [ydo and Јао and 
we shall get exact values of x and y and one can write 


where (5, 1) are the co-ordinates of the part of weight 5» and 
the definite integrals are to be considered over the whole body. 


If m be the mass of the part of weight го then ŝw= 257, 
g being the acceleration due to gravity. Then the above 
formulas can be written as, ° 


jdo [fgdm jdm 
_ (ndo _ fngdm _ [ndm | 770) 
Јао — fgdm [ат 
where the definite integrals are taken over the whole area. 


Note 1. Formula-(2) is the formula for detemination of 
centre of mass, 


2. From the formulas (1) and (2) it is evident that the 
centre of gravity and centre of mass are the same point. 


875. Determination of centre of gravity of elementary 
bodies. 

(A) Centre of gravity of uniform rod. Let АВ be a 
uniform rod of length /, i:e., A8—/. Let us take A as the orign, 
^B as the x-axis and a straight line perpendicular to АВ as the 
y-axis. LetP be a point of 


the rod ata distance x from А РОВ 
A and dx be the length of 5-2 dx X 
an element of mass at P. 

5 dx=pdm, where P is Fig. 72 


the weight of unit length ofthe rod. Here the limits of x are 
from 0 to /. 
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Evidently 520. Hence the centre of gravity of a uniform 


1 


-rod is at a point of the rod at a distance „ from A, ie, the 


2 


centre of gravity of a uniform rod is the middle point of the 


rod. 


(B) Centre of gravity of a lamina having an axis of 


symmetry. 


A straight line in the plane of a lamina is said to be an axis 
of symmetry of the lamina, if corresponding to every point of the 


Fig. 73 
the lamina will completely coincide, 


lamina on one side of the 
straight line, there exists 
another point of tne 
lamina on the other side 
of the straight line at 
an equal distance, Ifthe 
lamina is folded along 
an axis of symmetry; 
then the two portions of 


> 
Let oA bean axis of symmetry of a lamina. Let us take 


oA as the x-axis and a straight line perpendicular to the axis at 
the point О as the y-axis. Let paa’p’ be an element of area of 
the lamina ага distance x from the y-axis and dx be the width 
of this element of area, If the co-ordinates of P be (x, у) then 
the length of this element of area is pa =2y. : 

Hence if 5m be the mass of unit area of the lamina, then 


the mass of the element of area = m= 


2ysx. 


Now, since the lamina is symmetrical about the X-axis; SO 
the middle point of Ба is on the x-axis, Hence the co-ordinates 
of the centre of gravity of the element of area Paa’p’ will 


be (x; 0). 
ee леб, 
›—тдт_[0ат_ 
|4т [ат 


Hence the centre of gravity of the lamina will be on xo. 


Hence the center of grayity of a lamina having an axis of 
symmetry lies on the axis of symmetry. 
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Note : (1) The centre of gravity of a uniform elliptic 
lamina is the centre of the ellipse. For, the major and minor 
axes of an ellipse are its two axes of symmetry and the centre 
of gravity of the lamina will be on each of these axes of 
symmetry and so is the point of intersection of these two axes. 

(2) Similarly the centre of gravity of a uniform lamina in 
the form of a square is the point of intersection of the diagonals 
of the square, since the diagonals are two axes of symmetry 
of a square. 

(3) The centre of gravity of a uniform circular lamina or 
a uniform circular wire is the centre of the circle. For, every 
diameter of a circle is an axis of symmerty of the circle. 


(C) Centre of gravity of a uniform triangular lamina : 

Let Авс be à uniform triangular lamina. Divide the 
lamina into a number of thin strips parallel to BC. Paar’ 
is one such strip. Let D be the middle point of BC and AD 
intersect PG at Dy. Now, as PG 1 8C and D is the middle point 
of Бб, so D, is the middle point of Pa. The strip paa’p’ can 
be considered as a thin uniform rod and so, D, is the centre of 
gravity of the strip paa'p’. In this way you can see that the 
centre of gravity of every strip lies on 4B. So the centre of 
gravity of the lamina will lie on AD. Similarly by dividing the 
lamina into à number of 
thin strips parallel to СА, 
it can be shown that the 
centre of gravity of the 
lamina will lie оп the 
median BE of the triangle. 
Hence the centre of gravity : 
of the lamina is the point of Fig. 74 
intersection G ofthe medians AO and BE, which is the centroid 
of the traingle АВС. Hence the centre, of gravity of a thin. 
uniform lamina is the point of intersection of its medians, 1.е.. 


the centroid of the lamina. 


Note : We know tha 
medians divide the medians internally in the ratio 241, 


t the point of intersection of the 
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Corollary 1. If three equal weights are placed at the three 
vertices of a uniform triangular lamina, ‘then the centre of 
gravity of the three weights and the lamina will be the same 
point. 


Proof: Let ABC be a uniform triangular lamina and three 
cqual weights be placed at the vertices of the triangle and each 
weight be w. Now, the resultant of the weights w and w ata 
and c is a weight 2w acting at D, the middle point ofge. Now, 
the resultant of the weight w at A and the weight 2w at D acts 
at the point а on AD such that AG: DG=2:1. Hence G is the 
centroid of the triangle. Hence the centre of gravity of the 
three weights coincide with the centre of gravity of the lamina. 


Note: In problems: relating to centroid of triangular 
lamina of weight w, the weight w can be replaced by three 


weights Эр $ Е acting at the vertices of the triangular lamina. 


Ex. 1. The length of the base BC of the isosceles triangle 
ABC is 8 cms, and the other two sides are each of length 
5 cms, Weights 3, 4 and 5 
Y grammes are respectively 
placed at A, B and c. 
Find the centre of gravity 
of the three weights. 
Let the point B be the 


55 
B(00) вст. С(в,) X origin, BC, the x-axis 
, and а straight line 

Fig. 75 perpendicular to BC be 


the axis of y. Then the co-ordinates of the vertices of the 
triangle are B(0, 0), c(8, 0) and A(4, 3). 


[In the figure AD= ,Ja52 —852 = 452—423 23] 
Hence if о (x, y) be the required centroid, then 
#3.4+404-5.8 52_ 13 


34-5 12 3° 
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1 


Hence taking вх апа BY аз the axes of co-ordinates the 
co-ordinates of the centroid are (48, 2), unit length being one 
centimetre. - 

Ex. 2. The weight of a uniform square lamina ABCD is 
10 pounds ; weights 20 pounds, 30 pounds, 40 pounds and 50 
pounds are placed at the vertices A, B, C, D respectively. Find 
{һе centre of gravity. [C. U. 1945] 

Let the length of each side ofthe square be a. The weight 
of a square lamina acts at its centre О. Now let us take A as 


= 


— 
the origin and АВ and AD as the axes of x and y respectively. 
Hence the co-ordinates of the point A, в, C, D and o are (0, 0), 


(a, 0), (а, a), (0, а) and ($, $) respectively. 


D C(a,9) 
(0,0) 


A(9,0) B(ap X 
Fig. 76 
hen. 


20 x0-30 x 0-40 x a-F 50 x a- 10 x$ 95а 197 


a 
20-30 4-40 4- 50 -- 10 150 30. 


ЖЭ? : а 
Hence the required centroid is at distances ур a and 3 from 


78 and AD respectively and evidently the point is within the 


“square. 
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Ex. 3. Prove that the centre of gravity of a uniform lamina 
in the form of a parallelogram is the point of intersection of the 
Straight lines joining the 


Р F= F middle points of opposite 
sides of the parallelogram. 
ү) s ABCD is a uniform lamina 
in the form of a parallelogram. 
S x 5 Divide the lamina into а 
Fig. 78 number of thin strips parallel 
to AB. à 


Let iM be one such strip and its centre of gravity is its 
middle point с. 


If now E and Е be the mid points of АВ and CD respectively, 
then EF bisects all strips parallel to AB and so G' isa point of EF. 
So, the centre of gravity of each strip parallel (0 АВ lies on EF 
and so the centre of gravity of the lamina lies on ЕР. 


Similarly if the lamina is divided into thin Strips parallel 
to BC; then one can show that the centre of gravity of the 
lamina lies on НК, where H and K are the. mid points of AD 
and BC, 


,, Hence the centre of gravity of the lamina is the point of 
intersection G of ЁЁ and НК. 


Hence the centre of gravity of a uniform plane lamina in 
the form of a parallelogram is the point of intersection of the 
straight lines joining the middle points of the opposite sides of 
the parallelogram. 7 

Ex. 4. The sides АВ, BC, СА of the triangle АВС are three 
thin uniform rods made of the same material and are of the 
Same cross-section and D, E, F are Tespectively middle points 
of BC, CA and АВ. Prove that the centre of gravity of the 
three rods is the in-centre of the triangle DEF, 

The weights of the rods АВ 
and АС act at the middle points 
F and E of the rods, vertically 
downwards and are propor- 
tional to the lengths of the 
TOds, The resultant of these 
two parallel forces actsat a 
point H of EF and 
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FH _the weight acting at Е length of the rod AC 
HE the weight acting at F length of the rod АВ 


DF 
^u [^ бе=} Ас and ==} ^s] 

Hence DH is the bisector of / EDF. 

Again the resultant of the weight of the uniform rod ВС 
acting at the point D and the resultant weight of the rods АВ 
and AG will act at some point of 5A. Hence the centre of 
of gravity of the three uniform rods is a point of DH. 

Similarly, first considering the resultant weight of the rods 
^B and BC and then determining the resultant of the three rods 
it will be found that the centre of gravity of the three rods is à 
point of ЕК, the internal bisector of the angle DEF. 


Hence the centre of gravity is the point of intersection of 
the internal bisectors of the angles ЕОР and DEF ie, the 
incentre of the triangle DEF. 


Ex. 5. Weights W,, We; Ws аге placed at the vertices A, 8 
and c respectively of a triangle АЗС. Weights тү, Mo, т; are 
placed at D, E, F, the middle points of 86, Ca and АВ respectively. 
If the centre of-gravity of Wy, Wa and Ws be the same point as 
the centre of gravity of the weights ту, т, and ту, prove that 


Wi 22 малыг Ws | 
moms; m, +m - mms 
Let G be the centre of gravity in both cases and GL and AM 


be perpendicular on BC. 


Now, the weights ту, Ma, "s at p, E and F respectively 


4 3 Г à m m ST, тэ , 
are equivalent to weights 25 at B, =) atc; > atc, > at A 


А 2 ^ mam mam 
and 2 at A, T at B. i.e, Weights UR at A, = at 


8 andi Tons at c respectively. 


Now, taking moment about BC we get 


(Wy Wo +W3).GL=W1: AM. 
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and (m; +m +m,) GL — (m; +т,).АМ. 


TN Шал Wel к) . 
3(me+m,) m,+m,+m, 


Similarly, taking moments about CA and АВ опе can prove 
that ы 
We iid War ал. 
5(т, Tm) im, mg) j 


: Шинса Wel! ry x 
`7 ma4ms mam, m,ctm, 


Ex. 6. A thin uniform wire is bent in the form of a triangle. 
а, b, c are the lengths of the sides of the triangle and weights 
ш =“, апа e are placed in the Corresponding opposite 
vertices. Show that the centre of gravity of the triangular. wire 


coincides with the centre of gravity of the three weights, 


Let АВС be the triangle and w be the Weight per unit length 
of the wire. Hence weights aw, bw and cw act at the middle 
Points р, Е, F of BC, CA and АВ Tespectively, 


Now, the weight aw acting at p, is equivalent to weights 


F at B and W at С. The weights by ang cw acting at the 


points E and к are respectively equivalent to weights 5н апі w 


acting at the points c and A and weights > = acting at the 


points A'and'e, Hence the centre of gravity of the triangular wire 


is the centre of gravity of weights ы w, Ue w and гэ? w 


acting at the points A, в and C respectively, 
of gravity of these Weights is the centre of 
b+c cta ats. ? 

2” 43» `z Acting at the points ^; B, C respectively. Hence 


the centre of the gravity of the triangul 


Again, the centre 
gravity of weights 


ar wire and the 


centre of gravity of the weights е а n placed at A; B, 


C are the same point. 
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Ex.7. Find the centre of gravity of a uniform semicircular 
lamina of radius a. 


ABC is a uniform semicircular lamina and its diameter is AB, 


centre is О. .', OA=OB=4. 
ma t е Ў 
Let оү Бе perpendicular 


on АВ at о intersecting 
the circumference of the с 
lamina at c. Take o as the 


ГЕ -> " 
origin, OA as thc positive Р(х,у) 


direction of the x-axis and 


= ЭР EN в 
оү as the positive direction. О А х 


of the y-axis,- Hence the Fig. 80 
equation of the circumference of the lamina is x?-- y? =a?. 


Let the centre of gravity of the lamina be the point (5, 3). 
Since the semicircle is symmetrical about OC, i.e., the y-axis; so 
the centre of gravity is situated on the y-axis. 2, x-0. Now 
divide the lamina into a number of thin strips parallel to АВ. 
Let P (x; y) be a point on the circumference of the lamina and 
ра be the strip through P. Let the width of the thin strip be sy. 
So its area is 2xoy and the centre of gravity is its mid point 
(0, у). Now for the semicircle the limits of y are from 0 to a. 


- Гээд | уматэ 


Eb ди: : 
NL | азу? dy 


7 


a* ЇЕ sin 0 0820 49 А 
0 [putting у=а sin 01 


7 
ep со820 40 
о 
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Hence the co-ordinates of the centre of gravity of the semi- 


circular lamina is the point (0, =) i.e., the centre of gravity is 
T 
the point on OG at a distance 4а from o. 


Ex. 8. Find the centre of a gravity of a lamina in the form 
of the quadrant of the ellipse 
x2 у? 
23 Жр -1, 

Let the uniform lamina 
be the first quadrant АОВ 

, x2 ‚у? 

of the ellipse тз Къз =1. 


Divide the uniform lamina 

Fig. 81 into a number of thin strips 
parallel to the y-axis and let ра be one such strip and the 
co-ordinates of P be (x, y). The area of this strip is улх and its 


C.G. is its middle point (s 2). The limits of х in this quadrant 
is from 0 to a, 


Hence if the centre of gravity of the lamina be G (5, 5), then, 


a 
n x.y dx P 
X—7—— — — [Р = mass of unit area of the lamina] 
| y dx P 
о 5 
Lad [os 
ху ax = - 
== 22012123 йн 
р i кас == уш, 
f y dx ЇЇ 5 Ja2—x3 dx 
7 
aj? sin 0 со826 do 
- ULT ED [Putting x—a sin 0] 
aj 2 соѕ20 49 
0 
1 
"E 
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15 
20287 2 [Let x —sin 0] 
[> a? costo do 
o 
2 3 
Bud; oou 
Зайл, iE E 
т 3.1 


jn со820 40 
0 


Ex.9. Find the centre of gravity of a uniform lamina in 
the form of a sector of a circle. 

Let AOBCA be a uniform lamina in the form of a sector of 
a circle whose centre is О and radius a. Also let 2« be the 
measure of the angle subtended by the sector at the ceritre of 
the circle, i.e., m / АОВ —2« (in radians). 

Let OC be the bisector of / лов. Take о as the origin, ос 
as the x-axis and the straight line perpendicular to oc at O as 
the y-axis. $ 

АЗ ос is the bisector of / АОВ, so the sector is symmetrical 


about oc i.e., the x-axis. So the centre of gravity of the sector 
is situated on the x-axis. 

2, If a(x y) be the centre of Y 
gravity of the sector; then ў=0. 

Now; divide the sector of the 
circle into a number of thin uniform 
triangular strips through О. Let Poe 
be one such strip. Now, if m /РОХ 
-00 (in radians), then the area of 
| the strip Ро@=а? sin д0=}а°$6 
| [7 so is small, we can take Fig, 82 
sin 56-80] and the co-ordinates of its centre of gravity 


is (е соз б, E sin e. 


19 
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10. A uniform lamina is in the form ofa semi-ellipse, 
obtained by cutting an ellipse along the minor axis. Find the 
centre of gravity of the semi-elliptic lamina if the lengths ofthe 
major and minor axes of the ellipse be 2a and 2b, [C.U. 1964] 

11. Find the centre of gravity of a thin uniform lamina 
in the form of a parabola bounded by a double ordinate of 
length 8. [C. U. 1963] 


12. Find the centre of gravity of the area bounded by the 
x-axis, the straight line х= А and the parabola y? — 4ax. 


13. The length of a uniform rod АЗ is a and its density ‘at 
any point is proportional to the square of its distance from the 
end A. Find the с.с. of the uniform rod. 


14. Find the с.а of the area enclosed by the curve 
.y=sin x and the x-axis, 


15. Find the с.а of the area enclosed by the parabola 
У? =x, the x-axis and the ordinates x —2 and x=3. 
16. A thin uniform wire is bent into an are of radius 5 cms. 


If the distance between the ends of the wire be 8 cms, find the 
position of its с.с. 


$7.6. Centre of gravity of the join of two bodies. 


Let the weights of two bodies ADC and ABC be W; and Wg 
and their centres of gravity be Qi 
and а». We аге to determine the 
centre of gravity of the composite 
body formed by these two bodies. 
Let G be tlie centre of gravity of 
this composite body. Hence G is 
the point of application of the 
B resultant of the parallel forces 
Fig. 83 W and уу, acting at the points 
G, and бу, respectively. 3 
Wi Мә -Wi -Wg 
GG, GG, аа, 


_ he, eq, ом 8,8, and ссу = 


WIEN. аа. 


E EXE 
WitWe 


D 
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Now, Уул, Уу, and бу, Ga are known. Hence the position 
of б can now be easily determined. 
Note. If О be a point on G,G, Such that the distances oa, 


апа OG, are known, then taking moments about о we get 
W31.0G; -W5.0G5 — W.OG 


W,-0G) +Wo.0Gy 
t WIEWG US 5 . 
If with reference toa suitably chosen axes of reference, (x1, у) 
(Хо, Уз) and (x, y) be respectively the co-ordinates of Gi, Go 
and G, then, 


хма Маха, S, Wa Ja Мур 
Wi Wa Wi +W 


от, OG= 


$777. Centre of gravity of a cut off body. 


Let w be the weight and G be the centre of gravity of a body 


and a portion of the body of 
weight w, whose centre of 
gravity is G, is cut off from 
the body. We are to deter- 
mine the centre of gravity of 
the remaining portion of the 
body. Let Ga be the centre 
of gravity of this remaining 
portion, The weight of this Fig. 84 

remaining portion is w—w,. Hence w is the resultant of the 
two weights w; and w—w; acting at the points бү and Gs 
respectively. Hence G isa point on the line segment 8167, 


between G, and с„. 


W—W; М wo o. w 
Henoe, -----1--41- ~ саг GG. 
› “GG, G8, GG, 2 w—w, | 


Now, уу, Му; and GG, are known. Hence GG, and so the 
position of G4 can be determined. 

Note. 1. If О be a point on сат, then taking moments 
about о we get 


W.OG ZW,.0G; FH (W—W1)0G, г. оа = “081.09, 


W—W; 
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If (ху. уу), (Xs, Y2) and (x, y) be the co-ordinates of 8ү, G 
and G, respectively, 

then x 2 У: EE and p= WJ»—Wyn, 

w—w М 

Example. 1. zem the centre of gravity of uniform 
lamina in the form of a quadrilateral. 

ABCD is a uniform lamina in the form of a quadrilateral. 
We are to determinc the 
centre of gravity of the 
lamina. 

Join АС and let the mid 
point of AC be E. 

л Join ВЕ and ОЕ. 

Fig. 85 Let w, and уу, be the 
weights of the two triangular laminas AADC and ДАВС 
respectively. 


c 


Now if G, be the centre of gravity of AADC, then EG, 
=}Ер and if G, be the centre of gravity of ДАВС, then EG, 
= eps. Join G,G;. 

Hence if G be the centre of gravity of the whole lamina, 
then G is a point on сс, such that G,G : G95G—W; : W}. 
Similarly dividing the lamina into two triangles ДАВО and 
ACBD, whose centres of gravity are сз and G,, we can show 
that the centre of gravity с of the whole lamina lies on 8,0, 
and AGy=$AF, CG4 = СЕ, where F is the middle point of Вб. 

Hence the centre of gravity is the point of intersection of 
GG, and азо, where the positions of the points бу, Gp, аз, G4 
are known. 

Alternative method. Let the weights of AAGD and AAGE 
be w, and W, respectively. 

Now the centre of gravity of AACD is the same as that of 


welghts iuh and ын placed at the vertices of the triangle. 


Also the centre of gravity of the ДАСВ is the same as that of 


weights "m, T and T placed at the vertices of the triangle- 
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So, the centre of gravity of the complete lamina is the centre of 
gravity of weights Men Witwe, ЫН апа ын placed at 
the vertices, A, C, D and B respectively. 

Join BD and divide 55 in the ratio үү, : w,. So, the 


weights Y and “р acting at D and B respectively are equivalent 


DM 
P 
Aitw, 
53-2 2 
в» 
Fig. 86 
to the weight Wit at the point P, Hence the total weight 
3 


of the lamina is equivalent to weights Noms placed at each 
vertex of the triangle APC. But, the centre of gravity of these 
equal weights Witwe placed at the vertices of the triangle is 


the centre of gravity of the AAPC. Now the centre of gravity 
of ДАРС is the point G on PE such that Ро= РЕ. Hence Р 
and Е ( the mid pt. of AC ) being known, the position of с, the 
centre of gravity of the whole lamina can be easily determined, 
Ex. 2. АВСО is a square and E and ғ are respectively the 
middle points of АВ and Аб. If ДАЕЕ is cutoff from the 
square, determine thc position of the centre of gravity of the 
remaining part. 
Let а be the с.с of the whole square. Hence а is the 
c middle point of АС. Now if AG 
intersects EF at the point H, then H 
is the middle point of EF and дб. 


80, the 0.0, б,, of AAEF is such 
a point on АН that AG,-—8AH 
B Hence if аз be the centre of gravity 
of the remaining portion, then Gg is 
Fig. 87 а point on АС. Now let w be the 
weight of the square and / be the length of each diagonal. 


142 STATICS 


Hence the area of the square = 1? and т ЛАЕЕ=$ АН.ЕЁ 
=}.} AG. 1 BD=} AG.BD = 1.3 АС.ВОг 7. 
area of the square ABCD_ 1/? 


Hence - 
'  » area of AAEF тЇ? 


2. Weight of давк-3, and the weight of the remaining 


» . 


portion = jw. E 


Now as G; бү and G, are ће c.G's of the square, AAEF and 
the remaining portion of the square, 


Tw 
эр XSG2=4WX GG, .'. 66, 2360, = 1M gy! = АС. 
Hence the с.о of the remaining portion is a point Gp of AC 
and it is at a distance jJ, Ac from the centre of gravity of the 
square. 


Ex. 3. asc isa thin triangular lamina. Determine a point 
Р of the triangle such that if the portion Apac is removed 
‘from the whole triangle, then P will be thc c.G of the remaining 
portion of the triangle. 


Let G and G, be the c.G's of ДАВС and APBC respectively. 
Now if D be the middle point 


A сас : 
N of BC, then Gand G, are points 
PS. of AD and РО respectively, 
PR NN Now, if P be the centre of 
e gravity of theremaining portion 


B 
D C then G, G, and P must lie on 
Fig. 88 the same straight line. 2. Р 
must be a point on АС. 


Now as G} is the с.с. of APBC, .'. G,D—1PD, Again GD 
=}AD. 
Let Рр=х and AD=]. 


Let h and h, be the altitudes of Aasc and APBC and w 
and w, be their respective weights. 


Hence the weight of the remaining portion = W5 = W— Wi. 
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Now if w be the weight of unit area of the lamina, then 

w — Jac. h. w; М = }ВС. Лү. and wa = }вс(В— |). 

Now аз G, бү and P are respectively the c.G's of ДАВС, 
ANPBC and the remaining portion, 


Wil PG бг hy РЕ « i 


or, һувау=(Л—й\у)ра or Лу (GG, Ро) - A. PG 


P h 2 

ог, РО 2.7. Now, AD. Àh PG, Дер ,, 2рр 
PG fh, PD Лү PG РО—{}АО 3PD—AD’ 
l De 

or, ~= or, 3xl—/?=2x?2 

WTS R= Ч ү 


ог, 2х°—3х14-12 =0, or, (2x—I)(x—/)=0 
x=}! ог, | Ви х1 
хэ i.e.. the point P is the mid point of AD. 


Ex. 4. The radius of a uniform circular lamina is r and 
from it a circle drawn on a radius as diameter is removed, 
Determine the c. G. of the remaining portion, 


The radius of thc portion removed is 5. 


Hence the area of the given circle is 72, the area of the 
2 
removed portion is Эр and that of the 


remaining portion is їлг?. Hence if w be 
the weight of the whole circular lamina, 


then i and 36 are respectively the 


weights of the removed portion and the 
remaining portion. 

The centres of gravity of the whole Fig. 89 
circular lamina and the removed portion are their centres o and 
о’ respectively. Now if а be the centre of gravity of the 
remaining portion, then G, О and О' will lie in the same straight 

1 


: 3 1 , 17 r 
- . OGz2- W. OO =- W. -. 2 =- 
line and 7 №. 4 n w y e OG © 
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Ex.5. Find the eentre of gravity of a uniform lamina in 
the form of a segment of a circle, 


Let r be the radius of a circle whose centre is o. To 
Y determine the centre of gravity of 
a uniform lamina in the form of 
a segment ACBLA of this circle. 
The uniform lamina can be 


в regarded as obtained by removing 
the uniform lamina in the form of 
\ AAOB from the uniform sector 


OSS) С X  ' ofthe circular lamina АСВОА. 
Let now m / АОВ--2х and the 
A weight of unit area of the uniform 


Fig. 90 lamina be w. Let OL be perpendi- 
cular on АВ and let oL intersect the arc of the segment at the 


25 
point с. Take the centre О of the circle as the origin, oc as the 


x-axis and the perpendicular OY to the x-axis at the point о as 
the y-axis. As the segment of the circle is symmetrical about 
OG, the y-axis, so the y-co-ordinate of the C.G of the segment 
of the circle is 0. 


Now area of the sector ОАСВО ann гх, 

Hence the weight of the sector = r?«.w. 

Again; the co-ordinates of the c.G of the sector is 
( pins 0) [See Ex. 7. § 65] 
3 « 

Area of ЛОАВ = }01.АВ =}r cos «.zr sin « ^7? sin < cos < 

and the weight of this portion —7? sin « cos «.w. 
Again the co-ordinates of the c.a of ДОАВ are Gr COS «, 0) 


Hence if (x, у) be the с.а of the segment of the circle, then 


2 sin« b 
p?«,-.r ——.W —r? sin < cos 43 г cos «.W 
Яз» 3 « 3 


r2«.w — r? sin < cos «.w 
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.2,sin «—sin < cos? « 2 sin «(1—cos? «) 
73 Т «—sin < cos < 3! «—sin < cos < 
222 sin? « 

—3'4—sin « cos < 


Again, it is evident that 5 —0. 
Hence the required co-ordinates of the с.с are 
6 sin? < 
[Уу ымы п) 
3 «—sin « cos 4 | 
Ex. 6. The lengths of the parallel sides of a trapezium are 
a and b and his their distance. Show that the distance of the 
с.а of the trapezium from the side of length a is ha-t2b 
3 a+b 
Let ABCD be a given trapezium with АВ 1 DC, AB=a; CD=b 
and the distance between AB and DC be h. 


Now trapezium D b c 
ABCD = AABC+ A ACD. 

Let w be the weight of unit area 
of the trapezium. 

Now, m A asc = }АВ.В = gah. Re B 

and mAacD=}cp.h=}.bh. Fig. 91 

Hence the weights of the two triangles are Зай, w and }bh.w 
respectively. Again, the distances from AB of the centres of | 
gravity of ДАВС and AADC are Land 2 respectively. Hence 


the distance from АВ of the C.G of the trapezium 


1 h 1 2h h?w 
c 2 sbh х= =" (а+2Ь 
Peak AN d ZUM RES Ure, EHE 
Asie 1 hw Sapo" 
50107 5010) ЭТ. (a+b) 
Exercise 7B 


1. The diagonals of the square ABCD intersect at the point 
о. If ЛАОВ is removed from the square, then determine the 
position of the c.G of the remaining portion. 

2. Two isosceles triangles ABC and DBC are on the opposite 
sides of the same base BC. The heights of the triangle are Лү 
and ha respectively. Determine the centre of gravity of the 
quadrilateral ABCD. 
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3. Remove a circular portion of radius 12 cm. froma 
unifrom circular lamina of radius 36 cm., so that the с.с of the 
remaining portion is at a distance 2 cms, from the centre of 
gravity of the circle. 


4. A square hole is punched out of a circular lamina, the 
diagonal of the square being a radius of the circle. Show that 


5 : С 2 2 а 
the centre of gravity of the remainder is at a distance 574 


{тот the centre of the circle, where a is its diameter. 
d [ H. S. 1967 | 
5. AB and АС are two uniform rods of lengths 2а and 25 


respectively, If m/ BAC—0, prove that the distance from A of 
the c.c. of the two rods is 


1 
(a*--2a25? cos 04-53)? 
a+b 

6. The distances of the vertices and the point of intersection 
of the diagonals of a plane uniform quadrilateral lamina from a 
straight line in its plane are a, b, с, d and ¢ respectively. Show 
that the distance of the с.с. of the lamina from the straight 
line is 1(a4- 54- c+d—e). 

7. From a uniform triangular lamina one-fourth portion 
of the triangle is removed by a straight line parallel to the base 
of the triangle. Determine the centre of gravity of the remain- 
ing portion. 


[C. ©. 1939} 


8. From a uniform triangular lamina two triangular portions 

at the vertices В and с each of m area of the whole triangle 
п 

А p ar removed by straight lines parallel to 


the opposite sides. Determine the centre 
of gravity of the remaining portion. 


9. In fig. 92. ABCD is a square, BCE 


B C  isan isosceles triangle. Each side of the 
square is 12 cms. in length and the height 
of the triangle is 6 cms. Find the distance 

E of the с.с of the whole area ABECDA 
Fig. 92 from the straight line A5. 


10. The diagonals of the parallelogram asco intersect at О. 


ABoc is removed from the paralielogram. Find the centre 
of gravity of the remaining portion, 
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Miscellaneous Examples on Centre of Gravity 


Ex. 1. Find the distances of the centre of gravity of a 
uniform lamina in the form of a right angled triangle from the 
sides containing the right angle. 

Let ABC be the right angled triangle of weight w and B-be 
the right angle. Now, the c.G of the lamina is the same as 

www 
3155? 3] 
So, if а be ће с.с of the lamina, and GL be its distance 


the c.G of three equal weight placed at the vertices, 


from вс, then taking moments about BC, we get W.GL.— 3. АВ 


So, the distance of the с.о from Bc is T 


Similarly the distance of the c.a from АЗ is EZ 

Ех. 2. From а uniform circular lamina a circular portion 
of diameter lr is punched out, If the circumference of this 
portion passes through the centre of the lamia, find the c.a of 
the remaining portion of the lamina. 

The area of the whole lamina is лг? and that of the punched 
out portion is n(2) ату 

n 6) — 36 

So if the weight of the whole lamia be w, then the weight 
of the punched out portion is 3 and that of the remaining 


inne SOW 
portion 18 36 


The с.а of the whole lamina is its centre О. If G be the 
с.а of the remaining portion, then G will lie on the line joining 
o with the centre of the punched out portion on the opposite 
side of o in which the centre of the punched out portion lies. 


wr уш сүр 
3694-08-54 676 `7 “з 6х35 210 
Ex.3. From a uniform circular lamina of radius 3 ft. a 


circular portion of radius 1 ft. is to be punched out so that the 
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c.G of the remaining portion will be at a distance of 2 inches 
from the centre of the bigger lamina. Find the centre of the 
portion punched out. 

Let o, be the centre of the given lamina, C that of the 
punched out portion and с be the c.G of the remaining portion. 
According to the problem, оа=2 іпсһеѕ= 1 ft. Now if w 
be the weight ofthe whole lamina, then that of the, punched 
71? 
7132 
portion is w—}W=5W- 


out portion = w=}w. So, the weight of the remaining 


So. taking moments about О, We get $w.oG = 5W.OC 
or, 8.08-0С 
ос=8.06= 8.1 ft.=4 ft. 
So, the centre of the punched out portion is at a 
distance 1} ft. from the centre of the whole lamina. 

Ex. 4. АВСОЕР is a regular hexagon. Five particles of 
equal weights have been placed at the angular points A, B, C, D 
and e. Find the c.c of the particles. 

Let the weight of each particle be w- Due to symmetry 
the c.G of the particles placed at A, 8; D and e is situated at the 
centre о of the hexagon. Now if G be the c.G of the five 
particles then the resultant of the weights 4w ato and о at c 
act at а. So, 4woG=".Gc=“(0C —og) ог, 5.08-0С 

ов=}ос. 

Ex. 5. A thin uniform wire is bent into two coplanar 
circular rings of radii r and r’, touching each other externally. 
Find the distance of its centre of gravity from the point of 
contact it rr. [Н. S. 1978] 

Let A and 8 be the centres of the co-planar circular rings of 
radii r and 7 respectively touching each other externally at О. 

Now the с.а of the ring of radius 7 is its centre A and its weight 
is 2mr.e, where р is the weight of unit length of the wire. The 
с.а of the ring of radius г is its centre B and its weight is 27r’.P. 

Аз г>, so the second ring is heavier than the first. 50, 
the с.о. G of the composite wire is nearer to B. 50, the 
resultant 2n(r-- r)?g of the two parallel forces acting at A and 
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B respectively passes through c. So, taking moments about О 

we get, 2m.rP.g.OA—2nrP.g.OB = —2n(r+r')P.0G ; 

2nr2—2nr? ж 
Ule 


TES) oa=r and 03-11 


ос= 


Cpu <a 

So, the с.а of the two rings is at a distance (r —7) from o 
towards B. 

Ex.6. A uniform lamina is made of a rectangle АЗСО and 
an isosceles triangle СОЕ outside the rectangle. Find the 
distance of the с.о of the lamina from the side Ag, where 
AB = 10 cms., AD —4 cms. and ce=DE=13 cms. 

Let L and M be respectively the middle points of со and АВ 
respectively. Due to symmetry, the C.G of the lamina is 
situated on the line ELM. Let Gy and G respectively be the 1 
c.G's of the rectangle and the isosceles triangle. 

| MG, =2 cms, and EL= 4133 — 52 = 12 cms. 

s. MG,-ML--)EL =4+4=8 ems. 

Let x be the distance of ће C.G of the lamina from АЗ. 

Now the weight of the rectangle — 10 x 4 sq. cms. —40 sq.cms. 

The weight of the isosceles triangle =} x 10 x 12 sq. cms. 

= 60 sq. cms. 
Hence if Р be the weight of unit area of the lamina, 
рх 2--60.p x8 _80+480 560 

QEPT 08777 — cm$— 155 cms — 5:6 cms. 

ares are constructed on cach side of an isosceles 


Find the с.а of the figure thus formed. 
ted triagle and A be the 


Ех. 7. Squ 
right angled triangle. 

Let asc be the isosceles right ang 
right angle. 

Let AB— АС — d, 50 Bc? =а2 +4? —2a?. 

The squares constructed on each of АВ and ac are equal 
and let area of each be w. Then the weight of the square on 
gc is 2w and that of the triangle A8c —3w [as A^BC 7 }а°). 
The c.G's бү, бо of the squares on AB and AC are equidistant 
from A and so the total weight 2w of these squares act at A. 
The с.в, of the triangle is а point оз of the median AD and the 
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с.а of the square on вс is a point G, on this median produced, 
Let AD produced intersect the square on BC at E, Hence the 
C.G. of the whole figure is on the straight line ADE. Let x be 
the distance of the с.с from A. 

2w x 0--13w.2AD4- 2w(ao-+28) 


DX Esc 


2w+3w-+2w 
—JAD--2AD--2AD 26 
3 Ег = rum Ar AD. 
2 
Ex.8. Froma thin uniform triangular lamina ABC; the 
portion constituting the inscribed circle is removed. Prove 
that the с.а of the remaining portion from the side BC is 


A. mA, A being the area, and s {һе semi-perimeter 
of the lamina.  . [U. Р. 1953; С, H. 1965] 


Let o be the weight of unit area of the lamina. 
'. The weight of the lamina w- Ло and that of the 


inscribed circle- gr?o- л (^) EE [From trigonometry] 
5 


Let p be the length of the perpendicular from A on Bc, So 
if ау be the с.а of thc whole lamina, then the distance of о, 


p 
from вс= 3 


Now if x be the distance ofthe с.с of the remaining portion 
from Bc, then 


M E $ 2.63 59) 
y A)? А? 
д-т) ra AR E 
2A ASA? 
05 
2 AT D. da-^] 
A-—m7-—. 
5 


a(2_7A (A 
22 (2 53 MS 34558 | Д 2s3—3ma^ 
А(-я2| 5°—л/\ —3as SETAE. 
52 s? 
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Ex. 9. DE is parallel to the side Bc of a triangle АВС. If 
from the triangle ADE is removed and a and be the distances 
of BC and ОЕ from a, then the distance of the с.с of the 


remainder from Bc is a o [C. U. 1938] 
Let, y be the distance of the Tequired с.а from ВС; A the 

area of the whole triangle, A, that of AADE and Az and AM be 

perpendiculars from A on ОЕ and вс respectively. 


qe 2 p2 2 
Now, Аз =DE? _ Az 123 ай b 


A BC? AME az? АА 
: b b2 
Lae а | да: 
5." la (а |+} ode заз (3а 2) 
е Чи b2 UR, a9 —b2 
(1-5) a? 
_1 a? —3ab? 4-255 ы (a—b)(a? +ab—26?) 
Lea E а?—}% 
„l a?+ab—252 
3 a+b 


CHAPTER EIGHT 


CONDITIONS OF EQUILIBRIUM OF 
COPLANAR FORCES 


881. Theorem. Ifa finite number of co-planar forces 
acting on a rigid body be not in equilibrium, then they can be 
reduced either to a single force or toa single couple. 

Let п coplanar forces Рү, Po Po; Pa acting on a rigid 
body be not in equilibrium, To prove that the forces can be 
reduced either to a single force or to a single couple. Before 
proving this theorem we shall prove the following proposition, 

Proposition ; If three co-planar forces act on a rigid body, 
then they can be reduced to two forces. 

Let the three forces be P, Q, R. Now if the forces P, & be 
intersecting then (shifting the points of application of the 
forces to the point of intersection), the forces can be reduced to 
a single resultant force F. Hence we obtain two forces F and 
R in place of the three forces P, @, R. 

Let now the forces P, à be like parallel or unequal and 
unlike parallel. In each of these cases the forces Р and @ will 
have a resultant F and so in every case we get two forces F 
and в. If P and @ constitute a couple, then the resultant F, 
of P and R and the force a are the two forces. If P and R also 
constitute a couple, then @ and R will be like parallel forces 
and will have a resultant force @+R. This resultant force 
Q--R and P are the two forces in this case. Hence we find 
that in all cases the three forces can be reduced to two forces. 

Now, according to the above proportion, the three forces 


Ру, Pa, Pg сап be reduced to two forces @, and Qo. Again. 


the three forces а, @, and Р, can be reduced to two forces 
R, and Rs. The three forces R}, Rs and p, in their turn can 
be reduced to two forces 51, Sə. In this way the given п 
forces can be ultimatly- reduced to two forces Т, and T4zPn- 
Now the two forces т; and т, will have either a single resultant 
or they will constitute a couple. Hence the theorem is 
completely proved. 
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882. Theorem. А finite number of coplanar forces 
acting on a rigid body can ultimately be reduced to a single 
force acting at a given point together with a couple. The 
resolved part of the single force in any direction is equal to 
the algebraic sum of the resolved parts of the forces in the 
same direction. Also the algebraic sum of the moments of 
the forces about the given point will be equal to the moment 


of the couple. 


Let P4, Pa, Ра ре п coplanar forces acting on a rigid 
body and o be a point of the rigid body. Now, at O 
introduce two equal and opposite forces equal each to P,, (hence 
one is like parallel and the other unlike parallel to the given 
force P). These forces Р, and P, being equal and opposite, 
cancel each other and do not alter the state of the body. Now, 
the given force P, and the unlike parallel force at О constiute а 
couple. Hence corresponding to the given force P}, we obtain 
a couple and an equal, like parallel force acting at O. Similarly 
corresponding to each forces Ру, Ps," p, we shall get forces 
Po, Pay Pn acting at o and like parallel to the respective forces 
and (n—1) couples. Hence in place of the given forces Р}, 
Р дуг”, Ра WE obtain n-couples (Pi; pi (Po; po) (Pos Pn) 110 
Da», Pn are the lengths of the prependiculars from о on the 
lines of action of the forces Py, Ps, P» respectively] and л 
forces Р, Pa, Pa,» Pa acting at О and respectively like 
parallel to the given forces Py, Poi 5 p, Now then couples 
can be reduced to a single couple and the 7 forces acting at the 
point o can be reduced to a single force. Hence the given 
forces can ultimately be reduced to a single force. Hence the 
given forces can ultimately be reduced to a single force F and a 
single couple (P, р). 

Now as the single force acting at O is the resultant of the 

, Pa acting at о which are respectively equal 


forces Ру; Po, 77 
and parallel to the given forces Py, Pg» , Pn 50 the resolved 


part of F along any direction is equal to the algebraic sum of 
the resolved parts of the given forces Ру, Раул , Pn along 
the same direction. Also the resultant couple (P, p) being the 
_ resultant of the couples (Ру, Bib (Por Pade" (Ps, Pa), its moment 
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is equal to the algebraic sum of the moments of the couples 
(Py, P1). (Pa, Р»), (Pas рл) | 
SPPP EPa ps Eea ЖР.Ра | 
=algebraic sum of the moments of the given forces Р, 
Pa, P4 about the given point o. 


-» 
Example 1. Three forces Р, ә, R act along the sides BC 


> > 
CA, AB of the triangle taken in order. 
Prove that the resultant of the three forces is 
Jp?+a2+R?2—2aR cos <—2RP cos f —2Pa cos У 
(«=m ВАС, В=т / АВС, » 2m / ВСА]. 
Let F be the resultant of the three forces and its line of 


action intersect вс at an angle 0. 
Now, resolving the three given forces and their resultant F 


along and perpendicular to вс wc obtain 
F cos 0 —P—4Q соз BCA—R COS ABC 
=P—a@ соз y—R cos B (1) 
and F sin0=@ sin BCA—R sin ABC 
=@ sin Y—R sin f- (2) 


M 
| А 
V^ 


Fig. 93 


Squaring and adding (1) and (2) we obtain, 
F?(cos?0-Fsin?0) = (P—a cos у —R cos В)? 
+(@ sin » —R sin £)? 

— P?-F G? cos?» +R? cos?8--2àR cos f cos y —2RP cos 8 

Р —2Pa cos +Q? ѕіп?у + R? sin28—2ar sin В sin У 
or, Р? =Р? +a? (cos*y+sin2y)+R2 (cos? -- sin?) 
+2aR (cos В cos y —sin £ sin у) 
—2RP cos B—2Pa cos 7 
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=P? +Q? +R? 4-22 cos (f-- y) —2RP cos &—2Pa cos y 
=P*+e2+R?2+2aR cos (180”--«) 

—2RP cos B—2pacosy [. <«+8+y7=180°] 
=p2+a2+R*—2aR cos «—2RP cos f.—2pa cos y. 


F= JP2-La?--R* —2aR cos « —2RP cos f —2Pa соз y. 
Ex.2. Four forces of magnitudes 7, 6, 9 and 10 kg. wts. 


A > = = 1-2 E 
act respectively along the sides AB, Bc, CD and DA of a square 
ABCD. Prove that if the resultant of the forces intersect AB at 
О, then 0A — 4. 


The resultant of the unlike parallel forces 7 kg. wts. and 
9 kg. wts. is a parallel force 2 kg. wts. and like parallel to the 


un 
force 9 kg. wts. Let EF be the line of action of this force. 
Again, the resultant of 


the unlike parallel H / 

forces 10 kg. wts, and | A 

6 kg. wts, is a force Е<— ЁОЛ M. >E 

4kg. wts, and like эд | 

parallel to the force 

10 kg. wts. : 
Let HK be the line 

of action this force. 
Hence the resultant 

of the given forces is 


the resultant of the 
two forces 2 Кр. wts, 


Fig. 94 


- — 
and 4 kg. wts. acting along EF and. HK. So ultimately the 
resultant force is ,/22 642 —2 ,/5 kg. wts. 

" < 
Let now the line of action of this resultant intersect АВ at о. 
Now the algebraic sum of the moments of the given forces 
about o = moment of the resultant about О. 
2. 7.0--6.084-9.4D —10.0A — 0. 
[.' the resultant passes through О] 
ог, 6(0A--AB)-4-9.48 —10.0A —0 [. АВАР 


or, 15АВ-44.0А4 .'. ОА=13АВ. 
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Ex. 3. Prove that а force acting in the plane of a triangle 
can be resolved into three components acting along the sides of 
the triangle. - 

Let F be a given force acting in the plane of the triangle 


asc and the line of action of Е intersect вс at D. Join AD. Now, 

— ao 

resolve the force F into two components along DC and DA. 
Ё x4 T 

Again, the component along DA can be resolved into two 


> > 

components along АЗ and Ac. Hence ultimately the given force 
F is resolved into three components acting along the sides of the 
triangle АВС. 


If the line of шээс of the given force F be parallel to вс, 


then let it intersect EA at the point e and now the force can be, 
as in the previous case, resolved into three components acting 
along the sides of the triangle A3C. 

If the line of action of the force F be any side of the 
triangle, then the required components are F, 0, 0. 


Ex. 4. The algebraic sum of the moments of a coplanar 
system of forces about three non-collinear points A, B, C in their 
plane are L, M and n respectively. Prove that if the system of 
forces has a resultant F, then 

p2 = a? (L—MY(L—N) 

4A? 
of the sides and area of the triangle respectively, 

Every force of the given system of forces can be reduced to 
three forces acting along the sides of the triangle (see Ex. 3 
above) Hence the given system of forces can ultimately be 


reduced to three forces P,'@, R acting along the sides of the 
triangle, 


Hence the algebraic sum of the moments of ES forces 


, Where a, b, c and A are the lengths 


about A—L = moment of the force P acting along 5с about A 
[as the other two forces a and R pass through А] 


: 2 
у B: 5 =L (Бог, the distance of A from вс=^^ 
а 


see = 9(i) chapter 51 
: au 


ин et Similarly ac and R= s 
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Again, as in Ex. 1 above, Е being the resultant of the forces 
Р, Ө, К, FA =p2+a2+R2—2arR cos A—2RP cos B—2FQ cos С 
аз? b2M2 , c?N? 


2bcMN 2сам!. 2abLM 
— 4A2 cos B— 4A? 

Íxg2,2—x (x 

хаё. X2bcMN 55: | 


[Putting the values of cos A, cos B, cos c] 


cosc 


1 
4A? 
= pita? (L?+MN—NL—LM)} 


(za2,2 — 3MN(^? 4- c?—a?)] 


Ex. 5. A system of coplanar forces are equivalent to a 
couple of moment сү. If the lines ofaction of every force is 
rotated about its point of application through 90°, then the 
forces becomc equivalent to à couple of moment Gy, Prove 
that if the line of action of every force is rotated through an 
angle 0 about its point of application, then the forces can be 
reduced to a couple of moment G=G, cos 0+9 sin 0. 

Let the co-ordinates of the points of application of the forces 
with respect to a convenient set of rectangular 


^ 
n 
Y Anni) Ne 
A»(X2:172) 
пону 202172 
Р, 


1 
Рсоѕ%1 ё, 
») As(X3:3) 


Р cos <4 


Bry Py Be 


х 


Р, ѕіп «: 


Fig. 95 


axes bo (х1. 71 Ut ys), Yn) respectively. Let also 


158 STATICS 


Ki, Coste" хь be the inclinations of the lines of action of the 
forces Ру, Po , Pa respectively with x-axis. 

Now, resolve the forces into components Р, COS «ү, 
Р, COS kget P4 COS 4n and P, Sin «|, Po Sino, » Pa Sin dn 


parallel to Ox and ov. Now introduce at о along ox and бү 
equal and opposite pairs of forces equal and parallel to these 
components. Every pair of forces thus introduced being equal 
and opposite cancel each other and their application do not 
alter the state of the body. 

Now the force P, cos хү acting at (x;, y,) and. the equal 
unlike parallel force P, cos «, acting at O constitute a couple 
of moment —y,P, cos <; ; Hence the component P, COS «ү of 
the given force P, acting at (Хү, уу) is equivalent to a couple of 
moment —y,P, соѕ <; and an equal .and like parallel force 
P, COS <; acting at О. 

Similarly the component P, sin<, of the given force P, 
acting at the point (Хү, Уу) is equivalent to a couple of moment 
xP, Sin х and. an equal, like parallel force P, sin «, acting 
at o. 

Hence the given force P, acting at the point (Хү, уу) is 
equivalent to forces P, cos «,, Pg cos «у along the x and y axis, 
anda couple of moment x,P, sin <) —y,P, cos «,. Similarly 

„for the forces P5, Р, сс: , Pa we shall get (i) forces Ро cos «,, 


23 
Р; COS X5," „Pa COS dp. acting ato along ох (ii) forces 


Po Sin 4g, Рз SIN X5, 07th P,Sin«, acting at о along oy and 
(iii) couples of moments хәр Sin 45 —JP COS «5, ХУР; Sin dy 
—JsPa COS 43, n7 ‚ XaP 5 SID 44 —) «Ps COS <. 


ше 
Now the forces acting at О along Ox сап be reduced to a 
— 
single force >Р, cos <; along Ox and acting at o, the forces 
-» 
acting at o along OY can be reduced to a single force XP, sin «, 


m 2 
along oy and acting at О and.the л couples сап be reduced to а 
single resultant couple of moment z(x,P, sin <; —y,P, COS «,). 
So, the given forces Py, Pg, + , P, aré equivalent to forces 


=> -» 
XP, соз <; and £P, sin <; both acting at О along Ox and OY 
respectively and a couple of moment s(x,P, sin <; —y,P, 008). 
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Now, as the forces are equivalent to a single couple of 
moment G,, 50 XP, COS 4; =0= P, sin «үг (1) 

and а; = 2(X1P1 sin 4, —y,P; cos «ү) 502). 

Now; when the line of action of each force is rotated through 
an angle 0, then the algebraic sum of the resolved parts of the 


forces along ox and oY are respectively P, cos («, +8) and 
XP, sin (x, +9). 
Now, ХРү cos (<; 4-0) — =P (Cos <; cos 6—sin «, sin 6) 
=cos OEP, cos <] —sin 02Р sin «ү 
= cos 6.0 —sin 6.0 [from (1)]— 0. 
Again, XP, sin (4, +6)= EP, (sin <; cos 8--cos «ү sin 6) 
—cos OEP, Sin «, -Fsin OEP, cos «ү 
— cos 6.0+sin 6.0 (from (1)]=0. 
Hence in this case also the force system will reduce to a 
couple and the moment of this couple is 
а= {хур} sin («, 4-0)—J,P4 cos («, -6)) 
= S{x,Pj (sin <; cos 6+cos «, sin 6) 
--УүуРү(с08«, cos g—sin «| sin 6)} 
—cos:0[x(x1P, sin.«, —y;P, COS «4) 
-Fsin 03 (x4P, cos «,-Fy,P, sin «eeu (3) 
Now if 0— 90°, i'e., if the lines of action of the given forces 
be rotated through a right angle about their respective points of 
application then the forces will reduce to a couple of moment 
а» and hence from (3), 
ак: X(X,P, COS «, JP, sin <1) 
Hence from (3), G=Gj cos 0--G, sin 0. 
Ex. 6. Forces proportional to 1, 2, 4 and 3 act along the 


т > > > -» s 
sides AB, BC, AD and DC of a square ; the length of each side of 
the square is 2 ft. Determine the magnitude and line of action 
of the four forces. 

Let the magnitudes of the four forces be 1, 2, 4 and 3 units 
respectively. 

Now the resultant o 

> 

and ос is a like parallel force of 

the resultant of the like parallel forces 


ke parallel force of magnitude 6 units. 


f the like parallel forces 1 unit and 


2 
3 units acting along A8 
magnitude 4 units. Also 
2 units and 4 units is a li 
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Now as ABCD is a square, so these two resultants are inclined 
at a right angle. 


Hence the resultant of these two resultants, ie., the 
5V2 resultant of the four given forces is 


D 3 € 4424-63 —2 J13 units and the line 
of action of this resultant force is 
-» = 
4 inclined with AD at ап angle 
à tan^! 3. 
A Let the line of action of the 
1 B 


resultant force intersect AD ate. 
Fig. 96 Now, the algebraic sum of the 
moments of the given forces about E—the moment of their 
resultant 2 ,/13 about E —0. 
Л l.AE--2.48—3.DE—0 ог, АЕ-+2х2—3(2—АЕ)=0. 
2. AES) S. ЕО-2-Ї-- 1. АЕ:ЕО-1:3 


Ехегсїве 8А 


1. Prove that ifa system of co-planar forces be not in 
equilibrium, then they can be reduced to two forces acting at 
two given points. 

2. Prove that ifa system of co-planar forces be not in 
equilibrium, then they can be reduced to two forces, one acting 
at a given point and the other acting along a given straight line. 


3. The algebraic sums of the moments of a system of 
co-planar forces, not in equilibrium, about two given points in 
their plane are zero, Prove that the algebraic sum of the 
resolved parts of the forces along a straight line perpendicular 
to the straight line joining those points is zero. 


4. Three forces P, @; R act along the sides Be, СА, n of a 
triangle ABC taken in order and have a resultant r. The 
moments of the force Е about the points A, B, С are respectively 
а, напі к. Prove that 


Р Q в 


аа bH cK’ 
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5. Two systems of forces P; е, R and P', a’, R' act along 


: > > > А 
the sides ВС, СА, АВ of а triangle АВС ; prove that their 


resultants will be parallel if 
(aR'—a'R) sin A-- (RP'—R'P) sin B--(Pe'—P'a) sin c=0. 
(Lucknow, 1929] 
6. Three equal forces each equal to P act along the sides 


> > > Л Ы 
BC, CA, АВ of a triangle aac. Prove that the magnitude of the 


resultant of the three forces is 


A eB sen С 
eJ (1-8 sin 2А 5 sin 9. 


7. asc is an equilateral triangle ; forces 4, 2 and 1 lb wt. 
act along the sides AB, BC, CA respectively, in the senses 
indicated by the order of the letters, Find the magnitude; 
direction and the line of action of the resultant. 

8. Forces proportional to АЗ, 8C and 2ca act along the 
sides of.a triangle ABC taken in order ; show that the resultant 
is represented in magnitude and direction by СА and that its line 


of action cuts BC produced at a point р, where CD is equal 
to BC. 

9. The moments of a system of co-planar forces (not in 
equilibrium) about three collinear points A, B, C in their plane 
are Gj, Gs, Gs, prove that (with due regard to the siga) 

G,.BC - Ge.CA-- Q4. AB =0. ГР, U. 1939] 

10. If six forces of relative magnitude 1, 2, 3, 4, 5 and 6 
act along the sides of a regular hexagon, taken ‘in order show 
that the single equivalent forcc is of relative magnitude 6 and 
that it acts along a line parallel to the force 5, at a distance 
from the centre of the hexagon 3} times the distance of a side 
from the centre. (M. T. 1908] 

11. The algebraic sum of the moments of a system of 
forces, acting in the plane of a lamina in the form of a square 
Ascp, about the points A, B and c are respectively Өү, Q and 
G,. Prove that the algebraic sum of the moments of the system 
of forces about D is G, — 9: +з, [Burdwan 1969] 


-planar forces act along the six sides AB, BC, СО, 


. Six СО 
12 : СОЕЕ; АВ =1 ft. and the 


БЕ, EF and FA of а regular hexagon ^B 
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magnitudes of the forces are respectively 10, 20, 30, 40, P and 
@ lbs wt, If the forces are equivalent to a couple, determine 
the values of P and а. [P. U. 1930] 


$83. Condition of equilibrium of three co-planar 
forces. 

Theorem : If three co-planar forces acting on a rigid 
body be in equilibrium, then they are either concurrent or 
are parallel to one another. 

Three forces P, a, R acting on a rigid body аге in 
equilibrium. To prove that the forces are either concurrent 
or are parallel to one another. 

Proof. The two forces P and @ are either (i) intersecting 
or (ii)parallel. : 

First let the forces Р and о intersect at the point о. So, by 
the parallelogram law of forces; their resultant R' can be 
determined, Now, as the three forces P; a, R are in equilibrium, 
80 R and R' must balance each other and so they must be equal 
and act in opposite senses along the same line. 


So, R must pass through o апа the three forces Р, @; R are 
concurrent at o. 


Next let P and a be parallel. 


Now, P and.& cannot constitute а 'couple. For, in that 
case a couple and the force R will be in equilibrium which is 
not possible. So, the resuitant R' of P and а tan be determined 
and the force R' will be parallel to the forces P and a. 


Now as the forces Р, @, R are in equilibrium; so R and R’ 
must balance each other and so R and R' must be equal and 
act in opposite senses along the same line. Hence the force R 
must be parallel to the forces P, a. : 


Hence the three forces in this case are parallel, 


Note. Ifthe forces be concurrent, then in solving different 
problems one can use any one of the following methods ; 
(1) Resolution of the forces in any two mutually perpendicular 
directions. (2) Converse of triangle of forces. (3) Use of 
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Lami's theorem, (4) Determination of moments about а 
point, 

Example 1. A heavy uniform rod is in equilibrium with 
one end resting against asmooth vertical wall and the other 
against a smooth plane inclined to the wall at an angle 6. 
Prove that if « be the inclination of the rod to the horizon; 
then tan <=} tan 6. [ C. U. 1963] 

Let АВ be the rod, CA the smooth vertical wall and cg be 
the smooth plane. Now the forces acting on the 10d are (i) the 
weight w of the rod acting at 
its centre of gravity G vertically 
downwards ; (ii) the reaction 
в of the wall in the horizontal 
direction and (iii) the reaction 
s of the inclined plane acting 
at the point B perpendicular 
to CB. As в and ware not 
parallel and the forces are in 
equilibrium, so the lines of 
action of the three forces are Fig. 97 
concurrent at a point o. Now; the three forces W, R and. S 
acting at the point O are in equilibrium. Hence by Lami's 


theorem 
xv a CARENS. SOE, 
sin 579) sin (90°+8) sin 90 


OT, = — 33 


forces about the point B, we 


Again taking moment of the 
he length of the rod es 2I). 


get уу! cos « 2 R.2l sin « (taking t 
ie М2 tan «(i 
R 
Now; combining (i) and (ii) we get 
tan0—2tan« or, fan <=} tan 0 


Ex. 2. А heavy uniform rod AB rests on а smooth wall 
at the end А and the rod is kept in equilibrium by а cord BC į 
the point C is vertically above А. If АВ = J2^c, then 
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determine the inclination of the rod with the wall and the 
reaction of the wall. [H. S. 1963] 
Let the rod be АВ and it rest against the smooth vertical 
wall cL at the end A. Now, the 
forces acting on the rod are (1) the 
weight w of the rod acting vertically 
downwards at its middle point G ; 
(2) the reaction R of the smooth 
wall at the point A in the horizontal 
direction and (3) the tension T of 
the cord. з 
Fig. 98 Since the forces w and R are not 
parallel and the forces are in equilibrium, so the line of action 
of the tension T of the cord must pass through the point o, 
the point of intersection of w and R. 
Now, in ДВАС; @ is the middle point of BA and Go is 
parallel to AC. 
O is the middle point of BC. 
Again, in ABCL, the point О is the middle point of BC and 
OA is parallel to BL. 
.. A is Ше middle point of CL i.e., AL=AC. 
Now if 6 be the inclination of the rod with the vertical; 
А. АС) AC 1 9 
A) 289 DG o Xi p 
(“2 АВ J2.Ac (given) 1 


cos 0— 


0-45. 
Hence m / ABL =45° and ві. = А = Сі. 
Now, let mZaoc=m/.Bpo=¢ 


tan ф= 00.280) 
BL BL 


D 


Now the three forces w, R and T acting at the point o are 
in equilibrium, Hence by Lami’s theorem 


TEAMS. Je tel in At indie id М-ы 
sin (180°—¢) sin (90°+¢) ° sing cos¢ 


S. R=weot $-w4-7. 


. 


| 
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Ex. 3. One end of a heavy uniform rod rests on a smooth 
horizontal plane and a string tied to the other end of the rod is 
fastened to a fixed point above the plane ; find the tension of 
the string. 

Let АВ be the rod of weight w acting at the middle point а 
of the rod vertically downwards. Again the reaction к of the 
smooth horizontal plane act 
vertically upwards. Let T be 
thé tension of the string. 
Hence the three forces R, W 
and T are in equilibrium. 
Now the force R and w are 
parallel, Hence the tension T 
must be parallel to R and w. 
Hence the tension T of the 
string is also acting vertically 
upwards. So the resultant of Fig. 99 
в and T must be equal and opposite to w i.e., the resullant 
of R and T is a force w acting at G vertically upwards. 


R-FT2wandl-—-1 .. RST. 
T AG 


Ex. 4. Provethata heavy rod cannot rest in equilibrium 
with its ends on two smooth planes, one of which is horizontal 
and the other inclined to the horizontal plane at any angle. 


Here the reaction of the smooth horizontal plane and the 


weight of the rod both acting in the vertical direction are 
parallel. Again since the two smooth planes are intersecting 
and their reactions on the rod act in directions perpendicular 
to the planes, so the reactions are also intersecting. Hence of 
the three forces acting on the rod two are intersecting and two 
are parallel ; hence the three forces cannot be concurrent or 
parallel to one another. So the forces cannot remain 1n equili- 
brium i.e., the rod cannot remain in equilibrium. 


ing along the perpendiculars of the 
(all inwards or all outwards) are in 
e forces are proportional to sin A, 


Ex. 5. Three forces act 
Sides of the triangle ABC 
equilibrium. Prove that th 
Sin B and sin C. 
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Let three forces P, а, R acting along the perpendiculars at 
A D, E, F of the sides BC, АС, АВ 
respectively of the triangle ABC (all 


inwards or all outwards) are in 
F E equilibrium. Hence no two of the 
/ forces are parallel and so the three 
forces are concurrent, and let o be 
: the point of concurrence. Now the 
B D C three forces P, a, R acting at the 
point O are in equilibrium. Hence 
Fig. 100 by Lami's theorem. 
P 
а Ro 24) 


Sin EOF sin FOC sin DOE 
Now, as m / OEA— m / OFA —90"; м 
s. the quadrilateral АРОЕ is cyclic. 
m / A4-m / ЕОР--1807. 
sin EOF=sin (180°—A)=sin А. 
Similarly, sin Fop =sin в and sin DOE=sin С. 
Hence from (1) we obtain. 
slp = а AR 
SinA sing sinc 
Ex. 6. A heavy smooth sphere in contact with a smooth 
Vertical wall is Supported by a string fastened to a point on 
the surface of the Sphere, the other end of the string is attached 
to a point on the wall The length of the string is equal to 
the radius of the sphere, Find (i) the inclination of the string 
with the vertical ; (ii) the tension of the string and (iii) the 
reaction of the wall. 


Let the radius of the sphere be ғ В 

2. length of the string is r, Now the forces acting on the 
sphere are (i) the-weight w of the 
sphere acting at the centre c of 
the sphere vertically downwards ; 
(ii) the tension T of the String at 
the point B and (iii) the reaction 
R of the smooth vertical wall. 

Now, as the sphere has 
touched the wall at the point д 
so its radius СА 18 perpencular to 
the wall and hence the line of 
action of the reaction R passes Fig. 101 
through the centre c of the sphere. Hence two of the forces R 
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and w intersect at c. So, considering the equilibrium of the 
sphere, the line of action of the third force i.e., the tension 
T will also pass through с. ., CL=cT+TL=r+r=2r. 
Now sin Arc - £^- 7 = 
cr 2r 
Hence the inclination of the string with the vertical is 30° 
Now as the forces are in equilibrium, so resolving the forces in 
the horizontal and vertical directions we get 


m / АЬС-- 30°. 


3E 


T cos ALC=W Or, Т=- 


2wl-. м 
43:2 37131 

Ex 7. The weight of a gate is 60 kg. and it is supported 
by two hinges at a distance of 90 cms in the same vertical line. 
This vertical line is at a distance of 120 cms. from the с.а of 
the gate. If the upper hinge shares the whole load, find the 
reactions of the hinges, 


and R=T sin 30°= 


Let the hinges be A and B and AB —90 cms. ; the weight 
60 kg. wts. of the gatc act at 
the с.а. а of the gate vertically 
downwards. Since the lower 
hinge does not share any load; 
its reaction R at the point A 
acts in the horizontal direction. 
Hence the lines of action of 
the forces 60 kg. and R will 
intersect. Let the point of 
intersection be o, Hence as 
the gate is in equilibrium, 


90cm. D 


» 


Fig. 102 
the reaction 6 of the upper hinge 


22 
will pass through О and its line of action is ОВ. 
Now, for the equilibrium of the forces, taking moment about 
the point B we get, 
120 
Roe олоо ее 0020 50 X 120 — 80 kg. wis. 


21 
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Again resolving the forces in the vertical direction wc get, 
S.sin 6=60 kg.wts:--(1), where m / АОВ--0 (say). 
Now, ов= „Јод +АВ = 1202-902 = 150 cms. 


5 АВ 90 3 
ag түш: 
. _ 60 kg. wts. 
Now from (1) we get, gut kr wis eos BOUM хэ 
sin 0 5 
= 100 kg. wts. 


Ex. 8. A uniform beam of length 2a, rests in. equilibrium, 
with one end resting against a smooth vertical wall and with a 
point of its length resting upon a smooth vertical rod which 
is parallel to the wall and at a distance 5 from it ; show that the 


1 
inclination of the beam to the vertical is, 517! (=) ў 


Let the rod be АБ, а its mid point ог с.б. and 0 be the 
inclination of the rod with the vertical. Now the forces acting 
on the rod are (i) the weight w of the rod acting at the point G 
vertically downwards, (ii) the reaction s of the smooth rod at 
the point c, normal to the rod and (iii) the reaction к of the 
smooth wall acting in the horizontal direction. 

As W and R act respectively in the vertical and horizontal 
directions, hence their lines of 
action will intersect at a point O- 
Hence, since the forces are in 
equilibrium, the line of action of 
S will pass through О. 

Now resolving the forces in 
the vertical direction; in consi- 
deration of the equilibrium of the 
rod we get; s sin 9—w=0. 

Fig. 103 or, s sin 0=w---(1) 
Again, taking moments of the forces about a we get, 
s.b cogec 06 — w.a sin 0— 0. 
ууа sin? 6 w уа ai 0 


", $= ог, 
сан b ! sind 


[From a )] 


gee sing Ge! or, sin se)" 
a a 
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Ex. 9. A beam whose centre of gravity divides it into two 
portions a and b is placed inside a smooth sphere ; show that, if 
0 be its inclination to the horizon in the position of equilibrium 
and 2« be the angle subtended by the beam at the centre of the 


sphere; then апо=р2 tan «. 


Let the rod be АВ and а beits c.a. Now the rod is in 
equilibrium under the action of the 
following forces. 

(i) The reaction R of the sphere 
at the point A. 

(ii) The reaction s of the sphere 
at the point B. ^ 

(iii) The weight w ofthe rod 
acting at its c.a. vertically down- 
wards, 

Now; the lines of actions of the Fig. 104 
reactions R and s pass through the centre o of the sphere, so 
the line of action of w will also pass through o. Hence а and 


-» . 

o will Бе in the same vertical line, а below o. Let oa intersects 
a horizontal line through A at N. 

S. m4 GAN—0 and m / GNA=90°. Let op be perpendicular 
on the rod, 

2, mAOD-m/BOD-«. 

and m / Doa — 90'—m / DGO — 90^ —m / AGN —6 

. @_AG_AD—GD_ OD tan AOD—OD tan GOD ; 

* "5$ eB BD--GD ор tan вор +ор tan GOD 


tan <—tan 0 
tan «-tan 0 


Now, by componendo and dividendo we obtain, 


b— a_ tan 6 2 
b+a Stana аг 


tan 6--2-22 tan 4, 
b+a 
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l. A heavy uniform rod of length ‘a’ rests with one end 
against a smooth vertical wall, the other end being tied to a 
point of the wall by a string of length /. Prove that the rod 
may remain in equilibrium at an angle 0 to the wall, given by, 


EE [C. U, 1941] 


2. A uniform rod is Supported by means of two strings 
attached to a fixed point and to the ends of the rod. Show that i 
the tensions of the Strings are proportional to their lenghs. 


С0820-- 


3. A heavy uniform rod АЗ can turn about its extremity A. 
The rod has been kept horizontal by a string tied at the other 
end of the rod at an angle of 45°. Prove that the tension of the 
string and the reaction of the rod at the point A are equal. 

`4. A uniform rod АВ is inclined at an angle 60* with the 
Vertical and rests against a smooth vertical wall at the end A. 
The rod is tied at a point at a distance 1 ft. from the end B 
with à ring by a string. The length of the rod is 4 ft, and the 
ring and the point A are in the same vertical line. Find (i) the 
Position of the ring (ii) the tension of the string and (iii) the 

reaction of the wall, 

5. А uniform square lamina rests in equilibrium under 
gravity in a vertical plane with two of its sides in contact with 
two smooth pegs in the same horizontal line at a distance с 
apart. Show that the angle 0 made by a side of the square with 
the horizontal in a non-symmetrical position of equilibrium is 
given by, c(sin 6+cos 6)=a, where 2a is the length of a side of 
the square. [C. U. 1946] 

6. A uniform rod can turn freely about one of its ends, and 
is pulled aside from the vertical by a horizontal force acting at 
the other end of the rod and equal to half its weight, Show 
that the rod rests at an inclination of 45° with the vertical, 

[С. U, 1945] 

7. A heavy uniform rod 40 cms. long and of weight 50 kg. 
is suspended from a nail by strings fastened to its ends, the 


lengths of the string being 32 cms. and 24 cms. ; find the 
tensions of the strings. 
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8. A rod whose centre of gravity divides it into two portions 
whose lengths are a and 5, has a string of length 1, tied to its 
two ends and the string is slung over a small smooth peg ; find 
the position of equilibrium of the rod, in which it is not 
vertical. Also find the tension of the string in this position. 

9. A heavy uniform rod 150 cms. long is suspended from 
a fixed point by string fastended to its ends, their lengths being 
90 cms, and 120 cms. ; if 0 be the angle at which the rod is 
inclined to the vertical, show that, 25 sin 0= 24. 


10. A weightless rod 3 metres long is supported horizontally, 
one end being hinged to a vertical wall and the other attached 
by a string to a point 4 metres above the hinge ; a weight of 
180 kg. is hung from the end supported by the string. Calculate 
the tension in the string and the pressure along the rod. 


11. A picture bangs symmetrically by means of a string 
over a nail and attached to two rings in the picture. What is 
the tension of the string when the picture weighs 16 kg., the 
string is 36 cms. long and the nail 12 inches above the horizontal 
line joining the rings. 

12. A picture of 10 kg, wts. is hung with its upper and 
lower edges horizontal by a cord fastened to the two upper 
eorners and passing over a nail, so that the parts of the cord at 
the two sides of the nail are inclined to each other at an angle 
of 120°. Find the tension of the cord. 

13. A uniform rod АВ is in equilibrium at an angle « with 
the horizontal, with its upper end A resting against a smooth 
peg, and its lower end в attached to a light cord, which is 
fastened to a point c оп the same level as А. If the cord is 
inclined to the horizontal at an angle f, then 

tan £—2 tan « 4-cot «. 

14. A uniform rod of weight w rests with its ends in 
contact with two smooth planes, inclined at angles « and g 
respectively to the horizontal and intersecting-in a horizontal 


line, If be the inclination of the rod to the vertical, show 


that .2cot 0—cot f—cot <. 
Also find the reactions at the ends of the rod. (P. U. 1933] 
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15. A uniform rod of-length 2/ rests with its lower end in 
contact with a smooth vertical wall, It is supported by striag 
of length a, one end of which is fastened to a point in the wall 
and the other end to a point in the rod at a distance b from its 
lower end. If the inclination of the string to the vertical be 6, 

show that, cos?0— DID [C. U. 1940] 

16. A uniform bar of length a rests suspended by two 
strings of lengths / and /' fastened to the ends of the bar and to 
two fixed points in the same horizontal line at a distance b 
apart. If the directions of the strings produced meet at right 
angles, and if T, and Т» be the tensions of the Strings, then 

Ty аны 
T. albi 


Short Answer Type Questions 


In the Higher Secondary Examinations short answer type 
questions are set in Mechanics, Below is a list of such questions 
on Statics. These questions or their answers are in the main 
body of the text in some forms or others. So, without giving 
complete answers of those questions, we have referred relevant 
sections, worked out examples or exercises of the text in order 
to avoid repetitions. In some cases hints have also been given. 

Correct or justify the following statements with reasons, 


1. (а) The greatest and least resultants of two forces of 
magnitudes 12 kg. and 8 kg. acting at a point are 20 kg, and 
4 kg. respectively. [4ns. True, See $ 2:3 Cor. 1 & Cor. 2] 

(b) The greatest and least resultants of two forces acting at 
a point are 17 kg. and 7 kg. respectively. When the forces are 
are inclined at an angle 90°, their resultant is 12 kg. 

[Ans, False, correct statement 13 kg. See $ 2:2 Cor. 3] 

2. Two forces P and а acting at a point are inclined at 
angles 0 and ф respectively with the line of action of their 
resultant. Р:>2 and so 07 4. 

[Апз. not correct ; Correct Ans. 6<$; See $ 23 Cor. 5] 

3. The resultant of two equal forces each equal to Pand 
acting at a point and inclined at an angle ð with each other is 
[Ans. not correct ; correct statement : 2P cos 9 B 

See $ 23 Cor. 4] 


4, The resultant of two unequal forces acting at a point 
has the least value 4 units and if the angle between the forces 
is 90°, their resultant will be 20 units. The resultant of the 
forces has the maximum value 28 units. 

[4ns. Correct. See $ 23, Cor. 1, 2,3. Sec Example 7, 
worked out after 8 2:3 (a)) 

5, Two equal forces act at a point and are inclined at an 

angle 120° with each other. The resultant is aiso a third equal 


2P cos 0. 


force P. 


[4ns. Correct. See § 2:3 Cor. 4. Compare Ex. І, after 


§ 2:3 (0) 
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6. A weightless wire of length 6 ft. is suspended between 
two points A and B on the same level. A weight 10 Ibs is hung 
at the middle point of the wire and causes it to drop 1:5 ft. 
below the middle point. The tension of the string is then 10 Ibs. 

[Ans. Correct] 
[Hints: If т be the tension of each portion of the string, 
then 2T cos x=10 165 where 2x is the angle between the two 
: : 115:11:201 
portions of the string. Here cos «= ЗҮГ =з]. 
С. 2T.§=10 lbs, or т=10 Ibs, 
7. The magnitude of the resultant 
forces can be made аз larg 
of their lines of action, 


of two given concurrent 
€ as possible by proper adjustment 


[4ns. Incorrect. See 82:3 Cor. 1] 

8. The greater is the angle betwee 
point; the greater is their resultant. 

[4ns. Incorrect, Correct statement; the less 


п two forces acting at a 


is the 

resultant. See 8 2:3, Cor. 6] 

9. The line of action of the resultant of two equal forces 
acting at a point bisects the angle between the forces, 

[4ns. Correct. See § 2:3, Ex. 2 worked out] 

10. A weight is suspended by two cords of equal length 

which are attached to two Points on the same horizontal line. 


If the lengths of the cords are equally increased, then their 
tensions will also increase, 


[Ans. Statement not correct. Correct Statement : will aiso 


decrease. See Ex, 10 after § 2-3 (а)) 

If the resultant of two forces P anda acting at a point 
he angle between the forces, then P-Q, 

[Ans. Correct Statement] 

(Hints: In fig. 4, 7Bac= 2.АСВ. So АВ-вс or, P=a@,] 

12. The component of a force 100 kg 

making an angle 60° with the direction of the 

(Ans. Not true, Correct statement reso] 


13. A System of Co-planar concurrent 
equilibrium if the algebraic sum of the resol 


11. 
bisects t 


- in a direction 
force, is 50 kg, 
ved part.] 

forces will be in 
Ved parts of all the 
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forces along any direction is equal to the algebraic sum of the 
resolved parts along the direction perpendicular to the previous 
direction. [4ns. Incorrect. See § 2-7] 

14. The magnitudes of two forces acting аба point are 
іп the ratio ,/3 : 2. Show that the resultant of the forces 


cannot be inclined at an angle greater than? with the line of 


action of the greater force. [Ans. Statement correct. Use $ 2:4] 


15. R is the resultant of two forces P and a acting at a 
point and so, the line of action of R bisects the angle between 
P and a. 

[Ans. Statement not correct. For justification of falsity 
of the statement assume Pa.] j 


16. The resultant of two forces ОА and ОВ is represented 
by 206, where c in the middle point of АВ. 
[Ans. Correct. See cor. $ 2:8] 


17. The resultant of three forces represented by OA, OB, 
ОС is ЗО), where i is the incentre of the triangle ABC. 
[Ans. Incorrect statement. See Example 1 after $ 2:8] 


18. Forces PA, P8, PC, PD keep a particle placed at P at 
rest, if P is the middle point of the line segment joining the 
middle points of the diagonals of the quadrilateral ABCD. 

[Ans, Correct statement. See Ex. 4 after $ 2:8] 


19. aB and ср denote two equal and parallel.chords of a 
circle, P is a point on the circumference of the circle equi- 
distant from. A and B. Show that the resultant of forces acting 
at P and represented by PA; PB, PC; PD is constant. 

[Апз. Correct statement] 


20. The resultant of two forces represented by BC and СА 

is represented by АВ. [H: S. 1979] 
[Ans. Incorrect statement. See $ 2°3(а)] 
21. Ifthree forces acting at a point act along the sides 


ЗС. СА AB of a triangle ABC; taken in order, then the forces 


BC, CA AB 
are in equilibrium. [Ans. Incorrect statement. See $ 3:1] 
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22 If three forces are represented in magnitude, direction 
and sense by the three sides of a triangle taken in order then 
the forces are in equilibrium. 

[Апз. Incorrect statement. See 5 3:1] 

23. АВСОЕ and A'B'c'D'E are two polygons with corres- 
ponding sides parallel. Forces acting along sides of the 
polygon ABCDE taken in order and acting at a point are in 
equilibrium. The forces can be represented by the sides of 
the polygons A'8'C'D'E, taken in order. 

[Ans. The statement is not correct. See Note $ 3:4] 


24. Three forces P, @, к acting at a point are in equi- 
librium ; they will continue to be in equilibrium if each force 
is increased by the same amount. [H. S. 1978] 

[Айз. Incorrect statement] 

25. Two forces P, a acting at a point have a resultant R ; 


their resultant will remain unaltered if each force is decreased 
by the same amount. 


| Ans. Incorrect | 
26. (a) Three concurrent forces acting in a plane can 
produce equilibrium for some arrangement ofthe force if the 
sum of the magnitudes of two of them be less than that of 
the third force. 
{Ans. Incorrect statement, See Example 1 after $ 3-2] 
(b) Three forces acting at a point whose magnitudes are 
in the ratio 5 : 13 : 7 cannot produce equilibrium [H. S. 1980). 
[Ans. Correct statement, See Example 1 (ii) after $ 3:2] 
(c) Three forces acting at a point whose magnitudes are 
in the ratio 5 : 12 : 7 cannot produce equilibrium. 
[Ans. Incorrect statement. See, Ex. 1 (ii) after § 3:2] 
27. Forces of magnitudes proportional to 2: ,/2: J3+1 
act at a point and are in equilibrium. The angle between the 
first and third forces is 30°, 
[Апз. Incorrect statement. See. Ex, 2 worked out after § 3:2] 
28. АВС isatriangle; D, E, F are the middle points of 
the sides BC, CA, AB respectively. The forces acting опа 


particle and represented by the straight lines AD, BE, CF are 
in equilibrium. 


[Ans. Corcect statement, See. Ex. 11 exercise ЗА] 


SHORT ANSWER TYPE OUESTIONS 177 


" 29. E ш a point within a parallelogram АВСО. The forces 
PA, PC, BP, ОР produce equilibrium for every position of P. 
[Ans. Correct statement. See. Ex. 8 Exercise 3A] 
30. asco is a parallelogram. Show that the resultant of 
the forces АС and BD is 28С. 
(Ans. Correct statement. See. Ex. 9 Exercise 3A] 
31. If three equal forces acting at a point are in equi- 
librium, then the forces are equally inclined to one another. 
(Ans, Correct statement, Apply Lami's theorem.] 
32. If three equal forces acting at a point are equally 
inclined with one another; then the forces are in equilibrium. 
[Ans. Correct statement. Apply converse of Lami’s theorem.] 
33. If three forces acting at a point be in equilibrium 
and are equally inclined with one another, then the forces are 
equal in magnitude. 
(Ans. Correct statement, Apply Lami’s theorem.] 
If three forces acting at а point along the sides of a 
order, be in equilibrium, then the forces are 


he lengths of the corresponding sides. 
Converse of theorem of triangle 


34. 
triangle taken in 
proportional to t 

[Апз. Correct statement. 
of forces.] 


35. Three equal forces acting at a point parallel to the sides 


of an equilateral triangle taken in order are in equilibrium. 
[Ans, Correct statement. Theorem of Triangle of forces.] 
36. А cord cannot bear a weight more than 151bs A 

weight of 30 165. is tied with the cord on a smooth inclined 

plane of inclination 40. It is not possible for the cord to 


roduce equilibrium. 
i [Ans. “Correct statement. Compare Ex, 11 worked out 


after § 3°6] w rise 

37. If forces (m—n) ОР, (з-4) ов. and (--т) oR be in 
P, @, R are collinear. 
Correct statement. See, Ex. 12. Exercise 2C] 
rces P and @ act at point A and B 


t of the forces act at а point c on 


equilibrium, then 
Ans. 


38. Two parallel fo 
respectively, The resultan 


^B. Ifp>e then АС>ВС. Ї 
[Апз. Incorrect Gatement. See, Note 1 $42 and Note 1 


£43] 
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39. The magnitude and point of application of two like 
(or unequal and unlike) parallel forces depend on the direction 
of the forces, — [4ms. Incorrect statement. See, Note 4. $ 42] 

40. (а) The magnitude of the resultant of two like parallel 


forces will remain unaltered if each force is increased by the’ 


same amount, 

(b) The magnitude of the resultant of two unequal and 
unlike parallel forces will remain unaltered if each force is 
increased by the same amount. 

[Ans, (а) Incorrect statement. (b) Correct statement. 

Hints: (а) (P+rR)+(a+R)¥P+a. 

(6) (P-R)—(&--R)- P—e. ] 
41. The point of application of the resultant of two like 


(or unequal and unlike ) parallel forces remains unaltered if 
each force is decreased by the same amount. 


[4ns. Incorrect statement. See, Example 3 worked out 
after § 4:4] 

42. A man carries a bundle at the end of a stick; placed 
horizontally over his shoulder. In order to decrease the 
pressure on his shoulder, he will decrease the distance between 
his hand and shoulder. 

[Ans. Incorrect statement, See, Ex. 7, Exercise 4.] 

43. (а) The resultant of three like parallel forces acting 


at the angular points of a triangle passes through the incentre 
of the triangle. 


(b) The centre of gravity of three equal weights placed at 
the angular points of a triangle is the incentre of the triangle. 

(c) The centre of gravity of three equal weights placed 
at the middie points of the sides of a triangle is the incentre 
of the triangle. [Ans. All the three Statements are incorrect.] 


Hints. In each case replace the term 
‘centroid’, See. Ex. 17, 


§ 7°5(с).] 


‘incentre’ by the term 


Exercise 4. Cor. 1 and Cor. 2. 


44. The centre of gravity of a uniform triangular lamina 


is the same as that of three equal weights 3 placed at (i) the 
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angular points or (ii) at the middle points of the sides of the 
triangle, where o is the weight of the lamina. 
{Ans. Correct statement. See, Cor. 1, Cor. 2 of $ 7:5(0)| 

45. Three like parallel forces P, @, R act at the angular 
points of a triangle. ЇГ their resultant passes through the 
centroid of the triangle whatever be the common direction of 
the forces, then P=@ =R. 

[4ns. Correct statement. See Ex. 18, Exercise 4.1 ; 

46. Three like parallel forces proportional to the lengths 
of the sides BC, CA, Аз of a triangle АВС act respectively at the 
vertices A, B, C of the triangle. The resultant of the forces 
passes through the centroid of the triangle. 

Гап. Incorrect statement. Replace the term ‘centroid’ 
by the term ‘Incentre’. See Ex. 22 Exercise 4] 

47. Two like parallel forces have a resultant R. If one 
of the forces undergoes a displacement, then the resultant will 
also undergo the same displacement, 

(Ans, Incorrect statement. See Ex. 19 Exercise 4] 


48. The algebraic sum of the resolved parts of a pair of 
parallel forces (not forming a couple) along any line in their 
plane is equal to the resolved part of their resultant along the 
same line. [Ans.. Correct statement. See Ex. 16, Exercise 4] 

49. A body can have more than one centre of gravity. 

[Ans. Incorrect statement. See $ T3. Note (2)] 


50. The centre of mass and the centre of gravity of a body 
are the same point. J d 
[Ans. Correct statement, The statement may be modified 
as “The centre of mass and the centre of gravity (when it exists) 
of a body are the same point. See § T'3, Note (2)]. 
51. A body always possesses à centre of gravity. 
[Ans. Incorrect statement. ` See Note (3) 8 7:3] 
52. The centre ofa gravity is necessarily a point of the 
body. [H. S. 1978] * [Ans, Incorrect statement] 
Hints: The centre of gravity of a circular wire is the 
centre of the circle which is not a point of the wirc. 
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53. Ifa number of like parallel forces act at points or 

a given straight line, then the centre of the parallel forces 15 
oollinear with the points of application of the parallel forces. 

[Ans. The statement is correct. See 54741 

54. A finite number of parallel forces will always have а 

resultant forcc. [Ans. Incorrect statement. See § 44] 

55. The position of the centre of a system of parallel 

forces (when it exists) depends upon the direction of the forces. 

[Ans. Incorrect statement. See Note § 4:4] 

56. P and а are two equal and unlike parallel forces, 

acting at A and B respectively, AHand BK represent respectively; 

the resultants of the two forces P and a force F acting at A along 


> -» 
АВ and the two forces а and a force ғ acting at в along BA. 
AH and BK are produced. They will intersect at a point. 


[4ns. Incorrect statement, See Note 4, 5 4:3] 
57. The moment of a couple cannot be zero. 


(Ans. Correct statement. See § 62 and its corolary] 
58. The forces constituting a couple can have a resultant, 
[4ns. Incorrect statement. See Note 4. 8 4:3, and 
cor. 2. $ 6*6] 
59. A couple and a force cannot produce equilibium. 
[4ns. Correct statement, See Note § 6:6] 


60. The resultant of a couple and a force is a Single force 
equal and parallel to the given force, 


[4ns. Correct statement. Ѕее § 6-6] 

61. If three forces acting опа rigid body -are represented 

in magnitude and direction by the three sides of a triangle 

taken in order, then the forces are in equilibrium. 

[4ns. Incorrect statemeut. See 8 6:9] 

62. The moment of a cou 

unlike parallel forces each of 
of the direction of the forces, 


[4ns. Incorrect statement. See Ex. 5 worked out, chapter VI] 


63.. If three forces acting along the three sides of a triangle 
taken in order reduce to a couple; then the forces can be 
Tepresented by the sides of the triangle. 


ple formed by two equal and 
given magnitude is independent 
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64. A couple acting on a body cannot produce any motion 
ef translation of the body. [Ans, Correct statement] 
65. If the algebraic sum of the moments of a finite number 
of coplanar forces not constituting a couple about a fixed point 
of their plane be zero, then the forces are in equilibrium. 
[Ans. Incorrect statement. See Cor. 3. $ 5°6] 
66. 1 a finite number of co-planar forces possess a 
resultant, then the algebraic sum of the moments of the forces 
about every point of the line of action of the resultant is zero. 
[Ans. Correct statement. See Сог. 1. $56] 
,67. If the algebraic sum of the moments ofa finite number 
co-planar forces about every point in their plane be zero, then 
the forces are in equilibrium. › 
[Ans. Correct statement. See Cor, 3. § 5*6] 
68. Ifa finite number of co-planar forces be in equilibrium, 
then the algebraic sum of the moments of the forces about 
every point in their plane is Zero. 
[Ans, Correct statement. See § 5°6 and its corolaries] 
с touching a smooth vertical 
ose one extremity is 
other to a point B of 


69. A heavy uniform spher 
wall, is kept in equilibrium by a string wh: 
attached to the wall at a point L and the 
the sphere. The centre of the sphere is collinear with the points 
L and B. [4ns. Correct statement. See Ex. 6 after $83] 


70. Itis impossible for a heavy rod to rest in equilibrium 
with its ends in two smooth planes; one of which is horizontal 
and the other is inclined to the horizontal at an angle other 


than 90°, [Ans. Correct statement. See Ex. 4, worked out 
after 8 8:3] 
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Exercise 1 
1. 1ст.=5 kg. wts, 3. (8) is true. 5. No. 


Exercise 2A 
1. (i) 16 kg. wts. (1) 23:7 kg. wts. (iii) 60° 
(iv) 45 kg. wts, 2. (а) 60° (c) 90° (f) 3 ibs, 1 Ibs. 
. 48 kg. wts. and 14 kg, wts. 
79 kg. wts, and 21 kg. wts, 
12 kg. wts. and 5 kg. wts. 6. 120°; 8. 90°. 
13. P+@; (5р а). 


ив 


Exercise 2B 
1. The resultant is 2 kg. wts. and it is incline: 
120° with the sense of the force 2 kg. wts. 
2. 14:64 kg. wts. and 10:35 kg. wts. 


d at an angle 


3. 15075 kg. wts. and it makes ап angle tant with the 


Sense of the given 300 kg. wts. 4. 50 lbs. wt. 

5. Each component is 1994/3 gm, wts. 
part is 50/3 gm. міз; 6. 65k 
tan"! (55) with the eastern direction 


Each resolved 
8. wts. inclined at an angle 


7. The magnitude of the other force is 104/5 lbs. making 
an angle шал with the vertical, 


8. 1; 30° with Ap. 9. 10 Ibs. ; 60° with ag, 
10. Р,/З lbs, wt, making an angle 210° with the force р, 
ll. 4/3 s; making an angle 90° with в. 


12. rFV2, 135, 17. 971a, tan-119 V3 
5 


with Ag, 


Exercise 3A 
1. (i) ; (ii). 2. Equilibrium is possible if the three 
forces act along the same Straight line and the smaller two 
forces act in the Opposite sense of the biggest force, 
4. 48 kg. wts, > 64 kg. wts, 4. 1331 kg. wts. 
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6. Reaction 32 ,/3 kg. wts. and tension 39.3 kg. wts. 
7. $1225 kg. wts, (nearly) ; R=13-7 kg. wts. (nearly), 


| ' Exercise ЗВ 
| | 11. 60 kg. wts & 25 kg. wts, 17. 48 Ibs. & 64 Ibs. 


Exercise 4 
1. (i) 10 kg. wts, ; at a distance of 18 cms, from the point 
of application of the 4 kg, wt, force, 
(ii) 800 gm. wts. at a distance of 20 cms. from the point 
of application of the 600 gm, wt. force. 
(tii) 14 Ibs. wt. ; at a distance of 44 inches from the point 
of application of the 3 165, wt, force. 
2.() 6kg.wts; at a distance of 24cms, from the 
| 75 kg. wt. force and the nearer to the 7} kg. wt. force than the 
13 kg. wt, force, 
| (ii) 12 kg. wts,; at a distance of 30 cms, from the 
16 kg. wt. force and nearer to this force than tbe other. 


(iii) 200 165. wt. ; at a distance of 112:5 ft. from the 
1000 Ibs. wt. force and nearer to it than the other, 


3.(a) 24 kg. wts, and at a distance of 2 metres from the 
8 kg. wt, force. 


| (0) 8 kg. wts. and at the other end of the rod. 


4. Like parallel to the bigger force and the line of action 
is at a distance of 72 cms. and 90 cms. respectively from the 
bigger and smaller force. 


5. The measure of the larger force is 20 dynes and its 
iine of action is at a distance of 71 cms. from the smaller forcc, 


6. Ata distance of 13 cms. from the larger force, 


7. The pressure is inversely proportional to the distance 
between his hand and shoulder, 


8. 96 kg. wts. 9. 8j kg. wts. and 31 kg. wts, 
10. 3 metres and $ metres. 
11. Ata distance of 4 ft. from the weaker man, 


- 
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12. Pressure on one support will decrease by 20 kg. wts. 
and on the other increase by 20 kg. wts, 


a 
15. 20 Кр. wts. ; уш.; $m. 26. (1—8) 


Exercise 5 
1. (i 5000 kg. metres (ii) 285 Ibs ft. 
2. Force About A About в About c 
Atta 2kg. wts. 0 + 40 Кр. т. --20kg. m. 
Atp 12 kg. wts, + 48 Кр. m. —192kg. m. —72 Кр. m. 
Ate 4kg.wts. + 48 kg. m. — 32kg. m. + 8kg, m. 
AtB 6kg. wts. —120 kg. m. 0 — 60 kg. m. 


3. 10 J3 kg. cm., 20 ;/3 kg. cm., 40 ,/3 kg. cm. 
(All of the same sign) 


5. About a point at a distance 74, metres from the 
point A, 


6. 100; kg. wts., 894 kg. wts. 
8. Within a distance of 13 ft, from the middle point. 


9. Within a distance of үу of its length from the 
middle point of the rod on bothside of the middle point, 


10. The weight is 3} lbs and the point is at a distance of 
1 inch from the middle point. 


11. 5 tons wt. and 4 tons wt, 


12. If the length of the cord bz 1, then it is to be attached 
at a height 4/ ,J2, 


13. 4} tons wt, on the pillar nearer to the lorry and 3} tons 
wt, on the other pillar, 


14. 2 J2 в, parallel to GA and at a distance 


—$l from A 
[ is the length of the side of a square]. 
15. 21; meters from the father, 


16. Divides in the ratio 2 : 3. 

17. 37 unit force (nearly), the line of action of the force is’ 
tangent to the circumcircle of the triangle ABC at A and its sense 
makes an angle 51071 2, with ^B. 

18. (20, 0), 3 gms. and 1 gm. 
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Exercise 6 
1. 80 kg. ст. 
2. If a be the length of a side of the square, then a couple 
of moment 8a. 5. Pac-ab. 


8. 5units of force at a distance of 2 units from the given 


force. 
9. Ifthe the magnitude of a force be P and the length of 


each side of the regular hexagon be a, then the moment of the 


couple is 3 ,/3a.P. 13. 5 cms. 16. 700 kg. cms. 
17. Р-1, 8-4, Ifa be the length of each side of the 
13 за 


hexagon, then the moment of the couple is 585) 


Exercise 7А 


1. ¿(Zi +Z2+Z3). 

2. (i) Point of intersection of the medians. (ii) Let one 
unlike parallel force be applied at c and к the mid. point of AB ; 
the point G on cr produced is the required с.с. where CF=FG. 

3. Eandrare points on АВ and CD such that BE=}aB 
and pF=$cp,. Тһе centre of gravity G is a point on EF such 


Ев 3 
that с=т. 
4 Each one carries a load lw. 
10. The c.G is a point on the major axis of the ellipse at a 
distance 22 from the centre of the ellipse. 
T 


11. If the length of the latus-rectum of the parabola be 4a, 
the с.а is a point on the axis of the parabola at a distance 
12 from the vertex of the parabola. 

12. The co-ordinates of с.с is (Л, $ Jak). 

13. The с.о is a point on the rod at distance 2a from the 
point A, 

14. The co-ordinates of the с.о are (55) 


39 J3—4 J2 


15. Co-ordinates of the c.G are {М — м< 
25183 3228 


эбе NT 
8(3 3—2 m) 


SEH езе dd BSF 


$ТАТ1С$ 
^36 


i А joining the 
16. The c.G is a point on the line segment e 
centre of the arc and the middle point of the arc at а dis 


A cms, from the centre, 
Sin! ў 


Exercise 7B 


1. If the Perpeadicular = 


= , the 
СЕ on Gd intersects CD at E; 
C.G.G is a point Ой OE such th: 


at 08:10. 
2. опАба!а distance 2h +h 
ә 


3. The Centre of 
cms, from the 


2 from A. 


«tg nce 
А distan 
the portion to be removed is at a 
2 centre of the vied 
M M. eec io i aod 
цаас TS c such tha 16, 
RE & of AAS, then the c.a of the remaining 
cousin uh dide GA in the ratio ( Jn—1) : (n Ji—3 Ja+ 1). 
Ба 
9. 72 cms. 
10. If G be the c.a of the remainin 
the line through o parallel to 58 and G 


Ч 5 ABC; 
заав BE of trYangle 
% АБ. 


5 portion; then G lies on 
О — jap. 
Exercise 8A 
7. A force of 3 ,/3 155. wt. alonga st 
to BC at a point dividing BC in the ratio 1 
12. Р=10 Ibs. wt., a=60 Ibs, wt. 


‚ line Perpendicular 
“2, 


Ехегсїве 8В 


4. Tension=w., 5 Reaction =w 1 


WB (w is the weight 
of the rod.) If p be the Position of the ring, then ap=3 ft. 
7. 40 kg. wts, and 30 kg. wts, 
8. Ifthe weight of the гой be w and the rod Subtends an 
angle 2« at the peg, and also 0 be the required slope of the тоб, 
L sin < 
then cos 0-- Saks 


Т aud required Баас Sec «, 
10. 225 апі i35kg, wis, 11. 12 kg. wts. 12. 10 kg. wts. 
W. sin 8 W. Sin « 3 : 
CULMEN e =~ respect 

Яп (849) ^^^ sin (+p) SPectively, 


Бесе 


Higher Secondary Examination, 1978 
Mathematics—Second Paper 


GROUP A 
1. (a) А function f(x) is defined as follows : 
Дх) = —x when х<0; 
=x when 0<х<1. 
Draw the graph of f(x). 
From this graph find the value of f(x) at х= —} and state 
whether f(x) is continuous at x —0, 
(b) Find the limit of any one of the following : 
: 1—cos x. Lfd te эн 
O n 90%; 0 мы Ц.ЛЗх- ЛА) 


z—0 


1 
2. (a) Find 27 p: ifya 
For what value of x it is not possible to 804 2 їп {һе 
above ? 
(b) Find 2 n any two of the following : 
(i) y= seex; (i) уе 25, 


x42 


SEG Le pi 
(1+5): (iv) yox. —tan x?. 


(iii) y= 
3. (a) If y=x®, find the value of 2 from the definition. 


(b) If y=4 cos 5x, prove that Es —25y. 
(с) If x>}, show that x(4x9— 3) is steadily increasing. 


GROUP—B 
4, Evaluate any two of the following : 


9-2 (ii) jx? cos x8 dx ; 


Шу уд Uu) | агсанх 
(iii) Jort” sin?x cos?x 


ti J 
5, Evalutate any two of the following : 
л 
m 4 P 
(i) [e ё dx; (0) (+ x cos x dx ; 


л 
(iii) | ювхах; (iv) р iade 
6. (а) Define definite integral as the limit of a sum, 
(b) TE c= fe? cos x dx and з= '4* sin x dx, prove that 
cr 5 e* sin x, 
(с) A plane area is bounded by y=x?, у=0 апі x=1; 
find its area. 
7. Solve any two of the following questions - 
0) y(L+x)dx+x(1+ y)dy =0 ; 
ш  - ИН бю Po as: 
(ү) Z= (under the condition thaty=2 when x=0), 


GROUP C 

8. Correct or justify giving reasons any two of the follow- 
ing statements : 

(i) Three forces P, @ and R acting at a point are in equi- 
librium ; they will continue to be in equilibrium if each force 
is increased by the same amount, 

(ii) „с.а. of a body is bound to lie within the body. 

(iii) A thief jumping from the roof of a building with 8 
heavy box on his head will not feel the weight of the box while 
he is in air. 

(iv) While a train moves at a constant velocity, the pull 
of the engine balances the resisting forces. 


9. (а) Two like parallel forces P and R act at the points ^ 
and B respectively of a rigid body ; find the resultant completely. 

(0) The resultant of two forces ЗР and 2P acting at a point 
is R ; if the first force is doubled in magnitude, the resultant is 
also doubled in magnitude, Find the angle between the forces. 

10. (4) Three forces P, а and R acting on a rigid body 
keep it in equilibrium, If а and в are known to meet at a point 
C, prove that the line of action of P must also pass through С. 


[ ü | 
(b) A thin uniform wire is bent into two coplanar circular 


d г", touching each other externally. If rr, 


rings of radii гап 
f the centre of gravity of the system from the 


find the distance О 
point of contact. 

11. (а) State Newton's Second Law of Motion, and deduce 
the formula pemf. 

(b Two particles start together from the same point along 
a given straight line, the first with a constant velocity и and 
the second with a uniform acceleration / starting from rest. 
Prove that before the second particle catches the first, the 
greatest distance between them is и? /2/ at time uff from the 
start. : 

12. (а) ^ particle is projected horizontally from the top 
of a tower; show that the path of the projcctile will be a 
parabola. 

(b) A particle starts from rest at a distance a from a fixed 
point o, and moves under the action of a force which is always 
directed towards О, and is proportional to the distance from o. 
Find the distance of the particle from o after a time г from 


the start, 


Higher Secondary Examination, 1979 
MATHEMATICS—Second Paper 
GROUP А 
1, (a) A function f(x) is defined as follows : 
Дх)=х—1,‚ when x20 
=—}, when x=0, 
=x+1 when x<0. 
Draw the graph of f(x). From the graph find the value of 
f(x) at х=—% and state whether f(x) is continuous at x=0. 
(b) Find the limit of any one of the following : 


Lt sin (x--h)—sin x 
(i) 1-0 h $ 


[ iv ] 
: Lt x?—l 
0) xol Pepa JA 
2. (4) Define thc derivative of a function and apply it 
to obtain the derivative of —2x, 


(b) Find E in any two of the following cases : 


(i) x=a cos » y=b sin 5 (1) y=xsin 2л 
(iii) у= 3 log (x+ Jx?—az). (iv) уед sin" 22. 
3. (a) If х=1 апа y=f(x), show that 


(b) If x>0, show that iog (1--3) «х, 
2 
(с) Are the two functions х and ~ the same? 


Give 
reasons for the answer, 


GROUP B 
4. (a) State the formula for integration by parts 


(0) Evaluate any two of the following : 


(i) [5° зїп x dx; (ii) [log x?dx ; (iii) [е ( 


1 
-2) ах. 
5. Evaluate any two of the following 5 
5 2x41 iy fx sin-lx 
(i) [axis (ii) es. 
m l dx 
i 2 
em STE 


(iv) [p Sin*x cos3x dx, 
6. (a) Obtain | 


4х 
-= byt ituti 
Je—N@=x) У the substitution, 
Хс05204-2 sin 29, 


ax 


Hence deduce the value of | рои 
1 J(x—12—3xy 


() А plane area is bound, 


ed by the Curve у=х (4—x) and 
the x-axis ; find its area. 


iy] 
(c) Is the following statement correct ? 
1 т 
Wir Їлэ dx= je) dx then f(x)=¢(x)", Examine by а 
0 


suitable example. 
7. Solve any two of the following : 
(i) x Jy2—1 dx—y Jx2—1 dy —0. 
(ii) (6x--9y — T)dx — (2x --3y —6)dy. 
(iii) dx— dy -- ydx4- xdy — 0. 
(iv) 2-5, under the condition that y=0 when x=0. 


GROUP C 

8. Correct or justify giving reason any two of the foliowing 
statements :— 

(i) If two forces P and @ be represented in magnitude and 
direction by the sides Bc and CA of a triangle, then their 
resultant is represented in magnitude and direction by the 
side AB. 

(ii) A force and a couple cannot produce equilibrium, 

Gii) Ifa ball is let fall from the hand of a passenger in 
a moving train the ball hits the floor of the train at exactly the 
same spot where it would fall if the train were at rest. 

(iv) Ina ball-throwing competition, a competitor should 
throw the ball at an angle of 60° to the horizontal direction to 
get the best result. 

9. Obtain the magnitude, direction and point of applica- 
tion of the resultant of two unlike and unequal parallel forces 
рапа а acting at the points A and B respectively of a rigid 
body. 

If P and a(P>a) are both increased Бу S, show that the 
point of application of the resultant will shift through a 


diina da PAD: 
P—& 


10. (a) Forces 1, 2, 3, 4 and 2/2 1b. wt. act along the 
sides AB, BC, CD, DA and along the diagonal AC of a square 
ABcD. Show that these forces аге equivalent to а couple and 
find the moment of the couple. 


[Кун] 
(b) Find the С, С. ofa uniform triangular lamina, 
11. (a) Prove the formula s=ut+}ft?, for a particle 
moving with uniform acceleration along a straight line, 


(b А steamer is moving with a velocity of 15 km. per 
hour towards the north-east, To а passenger on board the 
steamer wind appears to blow from the north with a velocity 
of 15 ,/2 km per hour. Find the magnitude and. direction of 
the true velocity of the wind, 


12. (а) Show that for a Projectile, H the greatest height 
attained, R the horizontal range and T, the time of flight 
are given by 


2 qur А 
н sin?«, RES Sin 2« and т=® Sin «; 


where u is the velocity of projection and « 


is the angle of 
projection, 


(b) А particle is projected vertically upwards, the greatest 
height attained by it is 144 feet. Find when it will be at a 
height of 80 feet after projection, 


= 


Higher Secondary Examination, 1980 
MATHEMATICS—Second Paper 
GROUP A (Answer any two questions) 
1. (а) A function is defined as follows ; 
J(x)=x, when x«l 


—l-cx, when x>1 
=3, when х=]. 


Draw the graph of f(x) and examine whether f(x) is conti- 
nuous at x=} and at x — 1, 


(b) Find the limit of any one of the following : 


| —3 n tan (x -- 4) — tan x 
i "Demetr s ШЫ — АГА 
0 23 /х—2— J4—x (i) Dii h 


2. (a) Find, from definition, the derivative of x2, 


[ vä 1 


(b) Find 2 (any two) :— 


2 27 358) Р, ned 
(Leo) Са) (i) y=sin үгс 
fem ТЕЕ i XU log x 
(ii) y JE (iv) y=(sin x) T 


3. (а) х=а cos В, y=b sin 6, find 2 
() Find n when x?4-)224. 
(c) y=x sin x, prove that 
dy 5d» 
20 Y —2x— 4 
х2 2х дк КОБУНО: 
GROUP B (Answer Q. No. 7 and any two of the rest) 

4. Evaluate any ‘wo of the following : 


à [5 238 : ір fx*sin x de 
(ii) [ot (iv) [cos-!x dx. 
5. (4) Define definite integral as the limit of a sum. 


(b) Evaluate any two of the foilowing : 
А 31-х 27 ° 
— d 269 
(i) fi EF x (iii) f. е" dx 


ло. А 2 
(1) | sin?x cos?x dx (iv) | x log х dx. 
0 1 
6. Draw the sketch graphs of the functions ye x? and 
yx? and shade the areas of ў x? dx and Й х% ах. 
o 


What will be the value of the area enclosed by these two 


curves ? 
7. Solve (any two) : 


j ду. 2 E 2 
(1) {ап x alt", when X ; and y 1 


ud ul 
(ii) (ee #=х—› (i) x? Z=y?—Sy+6 


| viii | 
(iv): y (1--х2) dy ex (1--у2) dx 


(v) a Зх when х=1 and y=1. 


GROUP C (Answer О. Мо, 8 and any two of the rest) 
8. Correct or justify giving reasons any two : 


(a) Three forces acting at a point whose magnitudes are in 
the ratio of 5 : 13 : 7 cannot produce equilibrium. 


(b) The resultant of three equal and like parallel forces 
acting at the vertices of any triangle passes through its centroid, 
() A stone is let fall from the roof ofa building. 1t 
reaches the ground in 2 seconds. The height of the building 
is not less than 20 metres. 
(d) If the angle between two velocities actin 
on a body is increased, the magnitude of the т 
will be increased. 
9. (4) State and prove the theorém of triangle of forces, 
(0) Two forces P and а acting at a point have gota 
resultant R, If a is doubled, R is doubled. Again, і, а is 
reversed in direction, then also m is doubled. Show that 
PLQIR-IJ2:4/3: ,/2, 
10. (а) Find the resultant of two e 
forces acting on a rigid body, 


в simultaneously 
esultant velocity 


qual and like parallel 


(b) А square hole is punched out o 


fa circular lamina, the 
diagonal of the square being a radius 


of the circle, Show that 
the centre of gravity of the remainder is at a distance _@_ 


7— 
from the centre of the circle, where a is its diameter, 
11. (а) Define velocity and acceleration. 
Prove; with usual notations, the formula у2=и2 4 27% 


(b) A stone is dropped into a well 
after 2:5 seconds, If the velocity of so 
second, find the depth of the well, 


and its splash is heard 
und be 330 metres per 


12. (a) A bullet moving with a veloc 
second penetrates a body through a dist: 
a resistance of 4 х 106 dynes, 


ity of 20 Metres per 
i ance of 16 cms against 
Find the mass of the bullet, 


[ж] 
(0) Prove that the equation of the path of a projcetile in 
vacuo тазу be written in the form у=х tan « ( = where « 


3s the angle of projection and A the horizontal range. 


Higher Secondary Examination, 1981 
Mathematics—Second Paper 
GROUP A: (Answer апу two questions) 


1. (а) A function f(x) is defined as follows : 
Дх) = х, when x>0 
= х, when x<0. 
Draw a graph of f(x). From the graph examine whether Дх) 
is continuous at x=0. 
(b) Find the limit of any źwo of the following : 
WWE | v= 
(i) Lt 1 1 x? (ii) ш cos(x -- й) — cos s 
х-э0 x? n0 h 
Gi) Bee 
л COS X 
17 
2. (a) Find, from first principles, the differential coefficient 
of x?. 
(b While a train is travelling from rest to the next 
station, its distance x km from the start in ¢ hours is given by 
x=9012—45t3. Find its velocity and acceleration after 


6 minutes. 


d: 


x Е d?x ? 
СХ -усїюсцу and PX _ acceleration) 
dt X dt? 


() Find 2 алд its aumerical value wnder given conditions 
(any one) : 
(i) x=a sec?0, у=а tan? ; when =F 


(ii) 1ов,(ху)= x? +y” ; when х=1, yzl. 


[x ] 
d ка 5 " 

3. (a) If ax 09 51800, will f(x) be equal to g(x)? 
Give reasons for your answer. 

(b Find E and reduce it to the simplest form (any one) : 
cos x— cos 2x se 2tan-1 £08 X 
face апу 
(11) «2У-4хук 4. 

(с) If y=ae™* +b cos mx, show that 


() у= 


ТУ ту e 2am*en 


GROUP В (Answer Question Мо, 7 and any two from the rest) 


4. (а) Write down the formula for the integration by parts 
of the product of two functions. 


(b) Evaluate any two of the following : 


(i) f(e+1)2 logxdx ` (i) [2 


(ii) f cos5x dx. 


1 
5. (a) Evaluate f. х dx from the definition of definite 


integral. 
() Evaluate any two of the following : 
к : 
ame fiet үнү [2 
(i) Ї 5їп?х dx (їп) f, log x dx 
Kr ECCE Ч 
(i) jl J4—xà (iv) й X* sin x dx, 


6. (а) Find the value of : [ Jta. 
1—x ` 


(0) Draw a graph of the curye y. 3,2 
x 2. 
area enclosed by the curve, the +2x+4. Shade the 


X-axis : 
and x=3, Find the area of the ilis and the lines х=—1 


ded regi 
of integration. region by the method 


7. Solve (any two) : 


A dy 1 
(i) (1--х9) 5 =2y ; when x=2, y=1. 
(ii) tan х0 ап y ; when хэ and у= 


un o GY _ у 5 dy E 
(iii) хор y+x tan (0) (iv) TCU УЛЫГ 


GROUP C 
(Answer Question No. 8 and any two from the rest) 


g. Correct or justify, giving reasons, any two of the 
following : ; 


(a) If two forces Р and а (Ра) inclined ata certain angle 
act on a particle, the angle that their resultant makes with @ is 
less than that it makes with Р. 


(b) If three particles of equal weight are placed at the 
vertices of a triangle, then the centre of gravity of the three 
particles and the centre of gravity of the triangle will be 
identical. 

() A swimmer will have to swim perpendicularly to the 
direction of the current in a flowing river in order to reach the 
other bank in shortest time. 

(d A particle is projected vertically upwards from the 
surface of the earth with a given velocity. Its time of rise will 
equal to its time of fall to the surface of the earth. 

9. (а) A particle moves from rest with an initial velocity 
and a uniform acceleration. Its distance after 4 seconds from 
start is 56 cms. If it goes through a distance of 88 cms. in the 
next 4 seconds; find its initial velocity and acceleration. 

(b) Whatis a simple harmonic motion? Prove, under 
usual notations, that the equation of simple harmonic motion 
can be written in the form : 


dx 
Zo- ат), 


[ хи j 


10. (0) A particle is projected with an initial velocity v at 
ап angle « with the horizontal. Find expressions for the 
horizontal range (R) and the maximum height (H) in terms 
of v and «. Proye that : 16g4? —8y?n-- gg2 = 0. 

| (b) A body acted upon by a force moves through 1 metre 
ia 10 seconds from test, Find the ratio of the force to the 
weight of the body. (Take 8-981 cms.[sec?). 

(c) A bullet fired into a farget with a given velocity loses 
half its velocity after penetrating 3 cms, What further 
distance will it penetrate till it comes to rest 7 

11. (4) Prove that if thre 
equilibrium, then each force 
angle between the other two. 


с forces acting at a point be in 
is proportional to the sine of the 


(6) Three equal forces 


acting at a point are in equilibrium, 
How are they inclined to о 


ne another ? 
(c) If the Position of the те 


forces R and sis unaltered when the Positions of R and s are 
interchanged, Show that rR =з. 


12. (а) Define the following : moment of a force about a 
point, a couple, moment of a Couple, 


Find the resultant ог a force and a couple in magnitude 
and direction, 


sultant of two like parallel 


(6) From a circular disi 
passes through the centre a 
C.G. of the remainder, 


© of radius у is cut o 


ut a circle which 
nd whose 


diameter is r]3, Find the 


msi 


ANSWERS TO H. S. QUESTIONS 


. 1978 
Differential Calculus 
1. (4) See Chapter II Ex. 3, Graph of |x|]. At х=—ф, 


f(x), continuous at х=0. 


(Б) (i) 1, (1) 1. See Ex. 12 (i) w. out after $ 3:6. 
2, (a) -41.х-0, (b) (i) c*secx (tan x+1)3 


xi? 


(i) 2008 ®1овх—з1х. (iii) 2х2 +4х+13 
Xlogx? — C {х= 1(х+5)* ' 
(iv) 5х+— &—2 sec?x?. 3, (а) 6х5. 


Integral Calculus 

4. (i) tan-1 (e*)4-c [ Ex. 9. Bx. IID ] 
(i) З зіп хэс. [Ex.S. Ex. ПС) (iii) 34/3x? +1+с. 
(iv) tan x—cot x-c, [ See Ex. 9. зу, out Examples I ] 

23 дад 4 
5.) e—2, (ii) ws (4--4)-1, (iii) log 5, 
dv) 3, [Ex 2.Ex IVB]. 6. (9 3. 7.) хув Уг 
(1) x-+c=3(x+y)—} log (4х--4у-4-2) [ See Ex. 5. Ex, VE J 
(11) х+с=2/у—х+2 log ( Jy—x—1) [See Ex. 2, Ex. VC J} 
üv) yz2e-?*. 

Mechanics 

8, (i) Incorrect [ See Statics Short Answer type question 24 ] 
(ti) Incorrect [ See Statics Short Answer type question 52 1 
(iii) Correct. (iv) Correct. 
9. (0) See Statics § 4:2, (9) 120°, See Ex. 6. Exercise IIA 
10. (а) See Statics § 8/3, (b) (r'—7) ; See Statics Ex. 5 w. out 


page 148. 11. (a) See Dynamics $ 54, 855. (b) See Differential 
Calculus Miscellaneous Ex. 4. Ex. 23 w. out 12 (a) See 
Dynamics § 75. (b) See Dynamics § 82. 


1979 
Differential Calculus 
1. (а) When x= -—}, x)=}. Discontinuous at x=0. 
(b) (1) cos x [ See Ex. 3. Ex. 8 ж. out ]. 
(ii) —4. [See Exercise 3D, Q. 2011) 1. 
5a 


[ xiv ] 
=, (a) (i) —2. [See Exercise 4B, О. 1()] 
(Б) (0) -b cot х [ See 8 48 Ex. 1 w. out 1 


(ЦЧ) xsin 35 cos 5 log х sin 3] 


M. -3 i 2 „out 
(її) урт [See Miscellaneous Example 2(У) w. out | 
(8) a - 3. (а) [Exercise 4. Q. 13() ] 


(b) See Miscellaneous Examples Chapter ГУ, Ex. 15. 
(c) Different. [Sec $ 3:3. Note after Ex. 5 } 


Integral Calculus 


4. (а) See 83, (b) (i)  —x?cos x+2x sin x+2 cos x--c. 
(ii) 2x (log x—1)+c. [See $ 3:2 Ex, І w. out. Сог] 


(iii) er. Les 5. (i) Mlog x+5 log (х4-3) сс. 


(ii) — Ji—xssin-! x-x-c- (Н) J3— 4/2, (iv) 2 


) de. 
6. (а) =, (b 22. (с) Not correct, 
7. (i) 


Nx?—1= Jy3—1- c [ Exercise VB. 6 1 
(i) xem (2x+3y)—, log (2x+3y—3), 
(iii) (1+y)dx—(1—x)dy=0. [8 5-6 Бх, 2 w. out ] 
(iv) y?=4x[ See Ex. VB, 101. 

Mechanics 
8. (i) Incorrect [ Statics Short Answer Type Q. No. 20 ] 
(ii) Correct [ See Statics $ 6:6, Cor. 1 ] 
(11) Correct [ Sze Dynamics, Short Answer Type Question 1 
(iv) Incorrect. Ans. 45° [ See Dynamics $ T'2 Note (ii) 1 
9. (a) See Statics $ 4:3. (b) See Statics Ex. 3, Page 69. 
10. (4) See Statics Ex. 3, Page 113. (b) See Statics 8 7:5 (c) 
11. (c) Dynamics $ 44. (b) 15 km/hrin S, W. direction. 


12. (а) See Dynamics $ 7:2. (b) 2 secs or 3 secs, 


1980 
Differential Calculus 


1. (ау Continuous at x=} ; discontinuous at х=1. 
(6) G) 1. (ii) sec?x[ Ех. 8 (11) Exercise 3 ] 


L xv 1 
2. (а) 2x[ See Ex. 9(i) Exercise 3 1, 


: " 2x: 2. 4 es —2xy 
oo э 2]. o zm 


Е sin x 
Ej 


dii) (у) y +cot x log х Ї 


1 
(1-85),4/2х--1 
3. (а) —Pcote[See Ex. 1 § 48]. (6) 5 [ See Ex 1847] 

Integral Calculus 

4. () Jie pate, 
(ii) —x3 cos x+3x2 sin x+6x cos x—6 sin x t c. 
-1 2x+1 

A3 ( 
(Чу) x cos-!x— J1—x24c [ See Ех, 1 w. out сог. $ 3:3 1, 
5. (b) (i) log 4—1) [See Ех." w. out Examples 4]. 
(ii) 0. Чїй) e?. (iv) log4—3. 6. 1s Sq, units. 


Т) 
(ül) = 1 57 
(ш) Fi tan +e [See Ex, 2, w. out § 2'8 J. . 


77. (i) tan-!y—log sin хэр (ii) y9?--2xy—x?zc. 
1 
(ш) I (у) (14+x2)=¢e(1+y2) [ Ex. 5. Ex. УВ] 


(v) 2у2--2у-гх3-нх--2. 
i Mechanics 
‘8. (a) Correct. See. Ex. 1. w. out Statics Page 41. 
(b) Correct, See Ex. 17 Statics Exercise 4, 
(c) Incorrect (less then 20 metres). 
(d) Incorrect ( will be decreased ) See Short answer Type 
. Questions Statics Ex, 8. Replace Force by velocity. 

`9. (a) See Statics 8 3:1. (b). See Statics Ex, 11 Exercise 2A. 
10. (а) See Statics § 4:2 and Note 2. 

(b) Exercise 7B, Ex, 4. Statics. 
41. (a) See § 44 Dynamics. (b) 286 metres ( nearly ), 
12. (а) 32gms, (b) See Ex 8 у. ont Chapter VII. 


1981 
Differential Calculus 


' L (a) Continuous. See Ex; 3. w. out § 2:5. 


40) (i) d [See Ex. 12 (iii) 5 3:6]. 5 
(i) —sin x [See Ex. 80) Exercise 3]. (iii) —2. 


[ хи 1 
2. (a): 3x?. (b) 161$ km.jhour ; 153 km.|hour?. 
(су @) $. Gi) —1. 3. (a) No. See Ex. 8 Page 155.. 
() à) —2sinx. Gi) —} [See Ex. 4. Ex. 4(i) Page 151 1 


(it) —%) See Exercise 4(1) Ex. 1 (XIV). 
x 


Integral Calculus 
А x: x? 
4. (Б) (i) 3(x5--333 4-33) log х--Х-- 00 +6. 


+ [See Exercise II (J) ; Ex. 21). 


(ii) sin t 


(ii) sin x2 шх Эн, 

5. (a) 3. (0) (i) 2 (Exercise IVA 5]. (ii) sin“. 

(й) log4—l. (iv) a—2. 

6. (a) sin~1x— J1—3x3-c. See Ex. 3 w. out before Ex. ПЕ. 
(b) 52 square units. 


7.0 >=} zn. (ii) sin у= J3sinz. 
(iii) sin E (iv) e*-"-x-4c. 
Mechanics 


8. (a) Incorrect [ See Statics сог. 5, 52:3 1, 

(b) Correct, See Cor. 1, $ 7:5 (c) Statics. 

(c) Correct [See Dynamics Short Answer Type questions] 

(d) Correct [See Dynamics, $ 6:6]. 

9. (а) и=10 cms.sec. f=2 cms./sec?. 

(b) See $ 8:2 Dynamics. 

10. (a) Ex. 7 worked out (second part) Chapter VII Dynamics- 
(b) 2: 981. () 1cm. 


11. (a) See§3°5. (b) 120° [See Statics Short Answer Type 


| 


«question No. 31. (c) See О. 14, Exercise 4 Statics. 
12. (a) 866566 (0) At distance E from the centre ОЁ 


the disc, [See Ex. 2. w. out Page 147]. 
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Group—A 
( Answer any two questions ) 
1. (a) A function f(x) is defined as follows : 
f(x) =3+2x, when х<0 
=3—2x, when x>0. 
Draw the graph of f(x) and examine whether /(3) is continuous 
at x—0. 
(b) I ed (p, q constants ), show that fto) fe) fle) 
—f(a-4-b-4- c)e?* 
(c) Evaluate any one of the following limits : 


Ф Lt sin 3x (8) Lt х2-3х-2 
х->0 sin 2x х-»1 x3 — 4x43 


2. (a) Define the derivative of a function f(x) and find, from 
the definition, the derlyative of tan x. 


(6) Find 47 (апу оле): 


А x sin x--cos x 
1 muc шул тыйы zl x 8 2 
O y= EIE (8) УОС + Ax? +а?). 


у= шаш (а Ty) 


3. (a) If sin у=х sin (a4-»), prove that 7- TEL 


(Here апл, n=0, 1, 2,---) 
0) If y—tan-! 1 х z and x—sin- 


2t dy — 
z Show that ШОО 


(c) If y=a cos li ЕС sin log x, where d, b are constants, 


show that x? oy УАЙ d +9=0. 


Group B 
( Answer Question No. 7 and any two from the rest ) 


4. (a) Show that pa dx=log | 700 | +° 


(с is ап arbitrary constant ) 
(b) Evaluate any two of the following : 


n x? sin? x 
(i) [254 Ur Gi) [= Ёоо 
(iil) laces (iv) (ce log х-Е1) dx. 


[ xviii 1 


5. (а) State the Fundamental Theorem of the Integral Calculus. 
(b) Pa any two of the following : 


л 


0) нэ (ii; [не x cos? x dx 


0 
1 1 : 
(iii) [хк LEE (iv) p tan-!x dx 


ts (ау Evaluate c dx from the definition of definite Integral. 
(b) Shade the area enclosed by the two parabolas p2=dx and 


x? ==4р and find, by integration, the area of the shaded region 


7. Solved ( any two ) i 

() xy? 6 ах убх +-1)dy=0 Gi Wisin (y). 

(iif) (x2+y2)dx—2xy dy=0; given that y=0 when x=1. 
(v) tan x dy— tan y dx=0 | giyen that у=5. when Хар, 


Group—C 
( Answer Question No 8 and any two from the rest ) 


8. Correct or justify, with arguments, any two of the following : 

(а) The resultant of two equal forces acting at a point at an 
angle of 120° with one another is equal to each of the forces. 
(b) If three forces acting upon a rigid body can be represented im 
magnitude, direction and line of action by the three sides of a 
triangle, taken in order, then the forces will be in equilibrium. 
(c) Fora given velocity of projection, the horizontal range of a 
projectile is maximum when the angle of projection is 45°. 


(dj The presure of a body reeling ona horizontal plane moving 


vertically upwards with a uniform velocity is greater than the 
weight of the body. 


0. (a) Prove, with usual notations the formula «sut 1 ft*. 
ын that the average velocity of a particle moving ‘along 4 
straight line with a uniform acceleration during any interval of 
time is equal to the mean of the initial and the final velosites of 
the particle in that interval. 


( xix ] 


(b) The velocity ofa particle moving along a straight line is: 
у ft/sec. when the particle is at a distance of х: ft. from a fixed; 
point on the line. If the relation between v and. x at.any instant: 
15 given by y2=x2+42x+3, what is the acceleration of the particle 
when it is at a distance of 2 ft. from the fixed point ? 

(c) A particle thrown vertically upwards from the ground takes. 
5 seconds to reach a height h and in 3 seconds more it reaches the 
ground again, Find h, if g=32 ft/sec?. 

10. (a) Prove that the path of a projectile in vacuo is a parabola. 

b arti ccuting simple harmonie metion has the 

4 f pariisi EXECHUDE ШНА Ие Р, ї 

velocities 12 ft/sec. and 13 ft/sec. when a is ION ЕН ive EERIE 


are § ft, and А ft. respectively. Show that the periodic time of the 
motion ls Тет 880, 


11, (a) Enunciate and prove the theorem of the Triangle of 
Forots, 

(b) © is the circum-centre of the triangle ABC. Three forces 
Р, а, R acting along OA, OB, OC are in equilibrium. 

Prove that p : à : R=sin 2A : sin 2B : sin 2c. 

(c) Two equal forces act at a point. If the resultant of the 
forces, when the angle between them is 2« be twice as great as when 
the angle between them is 28, prove that cos 4=2 cos B. 

12. (a) Find the magnitude and the line of action of the resul- 
tant of two like parallel forces 5P and 7P acting upon a rigid body. 

(6) Forces of magnitudes 1, 2; 3, 4 and 2/2 act respectively, 
along the sides АВ, ВС, CD, DA and the diagonal AC of the square 
ABCD of side a. Prove that the forces form a couple 

(c) Equal weights are placed at the vertices of a uniform 
triangular lamina, Show that the centre of gravity of the weights 
coincides with the centre of gravity of the triangle. 


1983 


Graup=A ( Answer say ore questions) 


1. (а) А function f(x) is defined as follows : 
Да) =ғ-+-1, when 2Si=3—d=*, when 2> 1. 
For what value of a will д) be continuous? W 
ofa draw the graph of fixi. 
(b) If fix) has a derivative fia) а} x=% show that 


NR E (а) oi) =f(a)=4 f(a): 


ith this value 


[ хх 1 
(c) Evaluate апу one of the following limits : i 
puso] OA hts зох 
Xm OW) i Eme 
2. (a) Find from the definition the derivative of x3 +2x, 
(b) Answer any two of the following : 

` dy dx_ 
(i) If y—e* cos t, х=“ sin ż, verlfy that PRA 
ii) If y=tan-1 [l—cos x dx 
(i) Ify Ecos х” And di 
(1) If y=(sin х)195 * find 2, 


3. (а) If 2x? -5xy-- 3y? —1, find 2 


() Show that X? —3x? --3x, increases as x increases. 
(с) If x—sin 7, y=sin kt, show that 


а?у dy 
=x?) 26У F k?y=0. (k= ? 
(1—x Ex UTE К2у--0 (K constant) 


Group—B 


( Answer Question No. 7 and any two from the rest. ) 


4. (a) State for what value of n, the formula 
n+l 
рег +e, c constant, is not true, Find the value of the 


integral for that particular value of n. 
(Ф) Evaluate any two of the following : 


dx D^ dx 
1 racc _ dx, 
o [Кес 24 D fee 
m exe y z 14-2x? 
db [жут 60 [rds 


5. Evaluate any two of the following : 

ELE 1 1 1 1 

0) тээ 2 gt xcu 
a хас ү Wm. 

ii 258 (iii) х?е dx 

(ii) Rz х 1 


2) . 
dv) ie sin x cos x 


A TAL 
5 2 cos?x+3 sin? x 


[ xxi] 


6. (a) State the formula for integration by parts and evaluate 
f log x dx with its help. 


2 
(b) Evaluate | 5x? dx from'the definition of a definite integral 


as the limit of a sum. 

(с) Find by integration the area of the figure bounded by 
y?=2x+1 and x—y—1=0. 

7. Solve ( any two ): 


(i) log ФУ 4x —2y—2, given that y=1, when x=1. 
(1) (2x—2y-+5)dy=(x—y+-3)dx. (ii) Da? tan z. 


(iv) Dy sec x, given that y=1, when хэс 
Group С 
( Answer Questlon Мо, 8 and any буд from the rest ) 

8. Correct or justify with arguments any дуо of the following : 

(i) The centre of a uniform triangular lamina 1s the same as 
that of three equal particles placed at the middle points of its three 
sides. 

(li) A man carrles a load at the end of a stick one metre long 
which is placed on his shoulder, In order that the pressure on his 
shoulder may be least he should place his hand at the middle point 
of the stick. : 

(iii) The velocity at a height A of a particle projected vertically 
upwards from the ground will be the same in magnitude as that due 
to fall from rest from maximum height H to the same height, 

(iv) The pressure of a mass resting on a lift will increase ЇГ the 
speed of the lift decreases during downward journey. 

9. (a) Using the usual symbols prove the formula y2-u?--2fs 
for a particle moving with uniform acceleration along a straight line. 

(b) Ifa, b,cbethe spaces described in the р”, q!* and rt} 
Seconds by a particle starting with a given velocity and moving with 
uniforms acceleration in a straight line, show that 

a(q—r)- b(r—p) + «(p— q)—0 


[ xxii’ ] 


10. (a) State Newton’s Sccond Law of Motion and prove the 
formula P —mf. i 


(b) Ina Simple Harmonic Motion the distances of a particle 
from the centre of its path are, respectively, 4 cm. 6 cm, and 8 cm. 
in the 157, (4-1) Р and (7--2)*^ second of its motion ; find the time. 
of a complete oscillation, 

11, (4) State and prove Lami's Theorem. á 

(b) Two like parallel forces P and a are acting on a rigid body 
and the distance between their points of application is x. If two 
equal and unlike parallel forces s are added to Р and а, show that 


the new resullant is at a distance $t from the 014, 


12. (a) АВСО is uniform lamina in the form of a trapezium 
whose parallel sides АЗ and ср are of lengths a ard b. Prove that 


the distance of the centre of gravity of the trapezium from the side 
‚„ ha+2b : 2 Б Ё 
АВ is т. DP. (h is the height of the trapezium.) 


(b) Define a couple and its moment. 
"Three forces are represented in magnitude, direction and position 
by the sides of a triangle taken in order, Show that the forces 


form a couple, whose moment you are to find. What happens if 
the above forces act at a point > 


—— 
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Group A 


Answer any fo questions 


, e 

1, (4) Draw the graph of f(x) = 1 3 | for x40 and Л\0)=0, 
From the graph examine whether f(x) is continuous at х=0. 
(b) Find from the definition the derivative of sin x? 

(c) Find the limit of one of the following : ; 
р Lt ух—Б—х/ i 

1 а-5 2 0 К: - 

(1) d = »9>b; (ii) а асова) 


RC. v t 
2, (4) Find 22 of the following ( Answer апу two ) : 


(1) уг sin X cos? х; (ii) 22:10 7 
(1) y=cos-1 1=* 
1+x 


[ xxiii 1 


d. 6—4 Ч, Дд 
(6) Iff(x)- т RIP findf'(x) Also determine the values. 


of x for which /(х):50. 
3. (a) If fix)=4x8+ 6x? —24x 1, show that f(x) decreases in 
the interval (—2, 1). і 
(b) Given that cos у= х cos (a t») prove that dy CS буй 
dx sina 
where a(7£0) is a constant. A 
(с) If Е(х)-4/(х) Ф (3) and f'ix) Ф (5) 20, (а, constant), show 


JERES 72 ” 2а d? d А 
that - Tta ie where m and LE F(x)#0. 


Group B 
Answer Question No. 7 and any two from the rest 
4. (a) Prove that [а= 4^ үс where 0200 and с is a 
log,a 
constant: Ts the formula valid when a=1? 
(b) . Evaluate any two of the following : 


: dx Ч dx 
E Jx+1 in ЁС 2х--3 sin*x : 


ui sin X dA xc 
stant; (iV e x? dx. 
(iii) laren dx, a consta (iv) { 
5. (a) State the fundamental theorem of Integral Calculus. 
(b) Evaluate any two of the following : 


л 2 
T dx 
i 2x dx ; п еве раар) 
g р ss о Гон 
e л|2 
(ii) | ов, »9* de; v) f cos!x sin?x dx. 
0 0 
6. (a) From the definition of definite integral as the limit of æ 
1 
sum evaluate | 22 dx. 
ч 9 


(b) Shade the portion of the area above the x-axis bounded by 
у=4 sin 6 and 


the parabola y?—4x and the circle (x—4)=4 cos 6, 
Obtain this area by integration. 


[ xxiv | 
7. Solve any two of the following : 
(а) y(l+x)dx+x(1+y)dy=0 ; 


(0) ту? dx--»? J1—x? dy=0; 


T ду ( » dy B Pes =1- 
(су у-х axe 1--х 21 given that y=1, when х=1; 


(d) d) (HE, given that y 21, when х=0. 


Group C 
Answer Question No. 8 and any ‘wo from the rest 

8. Correct or justify with arguments any two of the following : 

(а) The coplanar forces P, О апа К acting at a point are in 
equilibrium. If each of the forces is increased by the same amount, 
then the new forces will also remain in equilibrium. 

(0) Two forces P and 2P act on a particle. If the angle between 
the forces is 120°, then their resultant makes a rlghtangle with the 
force Р, 

(с) For vartical motlom under gravity the time taken by a 
particle to reach the maximum height from the point of projection 
is greater than the time of fall from the maximum height to the 
point of projection. 


(4) Newton’s Second Law of motion gives a method of 
measuring a force. 


9. (а) Without assuming any formula prove that fora particie 
moving with uniform acceleration along a Straight line sut 4-3 ft?, 
where the symbols have their usual meanings, 

(0) A particle projected vertically upwards returns to its point 
of projection after 7 seconds, Find the greatest height attained by 
the particle, its velocity of projection and its height from the point 
of projection after four seconds. [ Take g—32 ft.|sec? ] 

10, (4) Find the path of a particle Projected in vacuo at an 
angle 60? with the horizontal with initial velocity V. 

[ The motion is supposed to b2 in a vertical plane. 
ration due to gravity is 32 ft |sec?, | 

(0) Ina Simple Harmonic motion the velocities of a particle are 


9 сш. sec. and 15 cm./sec. when the distances from the centre of 
the path are 10 cm. and 6 cm. respectively, 


The accele- 


Find its time-period. 


[xxv] 


11, (4) State and prove the triangle law of forces. 

Examine the correctness or otherwise of the statement: The 
converse of the polygon of forces is true. T 

(b) inthe triangle ABC, D; E and ғ are the middle points of the 
sides BC, CA and АВ respectively. Prove that three forces acting at 
a point and represented by AD, BE and CF maintain equilibrium. 

12. (4) Two unlike parallel forces of magnitudes 3P and 2P act 
at points A and B of a rigid body. Find the magnitude cf the 
resultant and its point of application. 

(b) ABCD is a uniform square lamina whose centre is O. E ard 
= are the middle points of the sides АВ and BC respectively. If the 
triangle BEF be cut off, find the distance of the centre of gravity of 
the figure AEFCD from the centre О. 


— 
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Group A 

Answer any two questions 

1. (a) A function f(x) is defincd as : 
Д(х)=1+2х when ха! 
—3—x when x71. 1 
Draw the graph of the function and examine whether fe is 
continuous at x—1. 

(b) Find the derivative of sec 3x with respect to * f 


definition. 
(c) Evaluate any one of the following : 


rom 


4 Е Ух-2 2 22 
(i) lim 23 і 
x4 5—4 Gi) x0 sin? x 


2. (a) Find D in the simplest form (any two): 


: _1+cos 2x 

(i) tan*)—1-— cos 2x 

(i) x'mo* Gil) 7108, [x+ Ve +a? 1 
йу; 

(b Ifx=a (0 +sin Ө), yza (1+cos ө), express о. in simplest 


x 
form and show that Be —1 when 0555: 


[ xxvi 1 


3. (а) Find points on the curve у=х+} where 220 


and give geometrical significance of Bao, 


(5) Rate of change of radius of a clrcle is z Find the rate of 
change of (i) circumferential length and (ii) area of the circle 
at the instant when the radius is 2 units, 

(c) If y—(sin-!x)?, then find the value of 


d*y | dy 
—x2) 2 + 
am ) ds dx ‘b 


Group B 


Answer question No. 7 and any fwo from rest, 
4. (а) State formula for integration of product of 
u and y and apply it to find J log,x ах. 
(b) Evalvate ( any two ) of the following : 


two furctions 


: 4х u 
n [ер (ii) "[x' (log, x) 2dxe 
(35 (vtan x А dx 
(iii) I = dx > (іу) hs 
5. (a) Perform the following definite integrals (any two): 
2 а 
А 4х Ё : 2х 
( -1 
(i) | атову (ii) | sin груз 


п 


z 1 
(iil) Í Sin*x dx (iv) | CMT EM 
0 8 
(^) Using the formula f fix) аха х) ах, 

0 0 


т 


2 
prove that | log tan x dx—0, 


0 
6 (a) State definite integration as the limit 


of sum and apply 
it to evaluate / 3x2dx, 


4 
(b) Shade the area bounded by y2=8x and y 


‘ ) i =x along positive 
direction of X-axis and use integration to find the 


area of that part, 


[ xxvii 1 


7. Solve ( any tivo): 
(а) x cos?y dx—y cos?x dy=0 
(b) («2--у2)ду-ху dx=0 
(ys o edema t 
dx 2х-2у-3 


ly 1--у? 
222287 
(4) dx xy 


when x=1, y=0. 


Group C 
Ans ver question No. 8 and апу /wo of the rest. 

8. Correct of justify with arguments any two of the following 
statements : 

(4) A particle executing simple harmonic motion always moves 
with uniform velocity: d х : 

(b) Three like parallel Гогссє Р, Р, P act at the vertices of а 
triangle. Their resultant will act at the centroid of the triaagle. 

(c) The equation of motion of a particle moving along a 
Straight line, given by x=16¢+52°, shows that the particle moves 
With uniform acceleration. 

(0) Three forces, ina plane acting at a point, represented in 
Magnitude, direction by three sides of a triangle taken in order, 


are equivalent to a couple. 

9. (a) State “parallelogram law of forces”, Find the magnitude 
and direction of resultant of two forces Ry, Ro acting at a point 
inclined to an angle « wita each other. Hence find greatest and 


least value of the resultant. 
(0) A transversal meets the lines of action of two forces P 
and а ( acting at a point ) and their resultant R at points А, B and 
‘C respectively. Prove that 
Pa Je! Ris toy 


SSS awe 


OA “ов OC s 

10. (4) State and prove Lami's theorem 
(b) Th: resultant of three like parallel forces Р, а, R acting 
cat the vertices of the triangle АЗС passes through the Incentre of 


Y а R 
thet Se Ip PUB LONE 
triangle. -Prove that sin 2А sin2B sin 2С 


[ xxviii 1 


11. (a) Without assuming any formula, prove that v?—u? --2fs 
for a particle moving along a straight line with uniform acceleration 
( symbols have their usual significance ), 


(b) А stone, dropped from the top of a tower ( freely under 
gravity ) covers Ath of the height of the tower in last second of 
its motion. Find the height of the tower, 


12. (а) A particle is projected in vacuum with a velocity of 


projection и and angle of projection x. Find the equation to its 
path. Hence show that 


Horizontal Range, Rae sin 2x ; 
Time of flight, r= 24 Sin « 
8 


(b) A train starts from Howrah and stops at Kharagpur. Its 
velocity uniformly increases and reaches to y. 
decreases uniformly. 
the train is z, 


The velocity then 
Time taken from Howrah to Kharagpur by 
Prove that the distance between the Stations is J vz. 


